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Preface.

These'? are the notes for Math 776, University of Michigan, Winter 1997, slightly
revised from those handed out during the course. They have been substantially
revised and expanded from an earlier version, based on my notes from 1993 (v2.01).

My approach to class field theory in these notes is eclectic. Although it is possible
to prove the main theorems in class field theory using neither analysis nor cohomology;,
there are major theorems that can not even be stated without using one or the other,
for example, theorems on densities of primes, or theorems about the cohomology
groups associated with number fields. When it sheds additional light, I have not
hesitated to include more than one proof of a result.

The heart of the course is the odd numbered chapters. Chapter II, which is on the
cohomology of groups, is basic for the rest of the course, but Chapters IV, VI, and
VIII are not essential for reading Chapters III, V, and VII. Except for its first section,
Chapter I can be skipped by those not interested in explicit local class field theory.

References of the form Math xxx are to course notes available at
http://www.math.lsa.umich.edu/~jmilne.

Please send comments and corrections to me at jmilne@Qumich.edu.
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INTRODUCTION 1

Introduction

Class field theory relates the arithmetic of a number field (or local field) to the
Galois extensions of the field. For abelian extensions, the theory was developed
between roughly 1850 and 1927 by Kronecker, Weber, Hilbert, Takagi, Artin, and
others. For nonabelian extensions, serious progress began only about 25 years ago
with the work of Langlands. Today, the nonabelian theory is in roughly the state that
abelian class field theory was in 100 years ago: there are comprehensive conjectures
but few proofs. In this course, we shall be concerned only with abelian class field
theory.

Statement of the main problem. For a finite extension L/K of number fields
and a finite set S of prime ideals of K containing all those that ramify in L, let
Spls(L/K) be the set of prime ideals p of K not in S that split completely in L,
i.e., such that pOp = [1B; with f(B;/p) = 1 for all i. For example, if L = K|a] =
K[X]/(f(X)) and S contains the prime ideals dividing the discriminant of f, then
Spls(L/K) is the set of prime ideals p such that f(X) splits completely modulo p. If
L/K is Galois, then Splg(L/K) has® density 1/[L : K], and it follows that Spls(L/K)
determines? L. Thus the problem of classifying the Galois extensions of K ramified
only at prime ideals in S becomes that of determining which sets of primes in K arise
as Splg(L/K) for some such L/K.

For quadratic extensions L/Q, the answer is provided by the quadratic reciprocity
law:

Let m be a positive integer that is either odd or divisible by 4, and let
S be a finite set of prime numbers containing all those that divide m.
For a subgroup H of (Z/mZ)* of index 2, let

Pr(H) ={(p) | p a prime number, p ¢ S, p mod m lies in H}.

Then the sets Splg(L/Q) for L running over the quadratic extensions
of Q ramified only at primes in S are exactly the sets Pr(H).

For example, let p be an odd prime number, and let .S be a finite set of prime numbers
containing p. Let p* = (—1)1)2;11), so that p* =1 mod 4. Then Q[,/p*]/Q is ramified
only at p. A prime number g # p splits in Q[y/p*] if and only if p* is a square modulo
q, i.e., (%*) = 1. But if ¢ is odd, then the quadratic reciprocity law says that

(= () ()0

and so (%) = (%). Therefore ¢ splits in Q[y/p*] if and only if ¢ is a square modulo
p. The same is true of ¢ = 2. The group (Z/pZ)* is cyclic of order p — 1, and so
has a unique subgroup H of index 2, namely, that consisting of squares. Therefore,
the sets Spls(Q[+/p*]/Q), p an odd prime number not in S, are precisely those of the
form Pr(H) with H the subgroup of (Z/pZ)* of index 2. The proof of the general
case is left as an exercise.

3A proof of this, essentially independent of the rest of the course, is given in Chapter VI).
4We are considering only the extensions of K contained in some fixed algebraic closure of K.
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By extension, any result identifying the sets Spls(L/K) for some class of extensions
L/K is usually called a reciprocity law, even when no reciprocity is involved.

Classification of unramified abelian extensions. Let I be the group of frac-
tional ideals of K, i.e., the free abelian group generated by the prime ideals, and let
i: K* — I be the map sending a € K* to the principal ideal (a). The class group C
of K is I/i(K*). To give a subgroup H of C' is the same as to give a subgroup H of
I containing i(K*).

By a “prime” of K, we mean an equivalence class of nontrivial valuations on K.
Thus there is exactly one prime for each prime ideal in O, for each embedding K —
R, and for each conjugate pair of nonreal embeddings K < C. The corresponding
primes are called finite, real, and complex respectively. An element of K is said to
be positive at the real prime corresponding to an embedding K — R if it maps to a
positive element of R. A real prime of K is said to split in an extension L/K if every
prime lying over it is real; otherwise it is said to ramify in L.

Let H be a subgroup of the class group C' of K. An extension L of K is said to be
a class field for H if

(a) L is a finite abelian extension of K;
(b) no prime of K ramifies in L;
(c) the prime ideals of K splitting in L are those in H.

The condition (b) means that no prime ideal of K ramifies in L and that no real prime
of K has a complex prime lying over it, for example, Q[/—5]/Q fails the condition
at 2,9, 00.

THEOREM 0.1. A class field exists for each subgroup H of C. It is unique, and
C/H =~ Gal(L/K). Moreover, every extension L/K satisfying (a) and (b) is the
class field of some H.

The existence of a class field for the trivial subgroup of C' was conjectured by
Hilbert in 1897, and proved by his student Furtwéangler in 1907—for this reason, this
class field is called the Hilbert class field of K. It is the largest abelian extension L of
K unramified at all primes of K (including the infinite primes); the prime ideals that
split in it are exactly the principal ones, and Gal(L/K) ~ C'. Hilbert also conjectured
that every ideal in K becomes principal in the Hilbert class field, and this was proved
by Furtwéngler in 1930 (Principal Ideal Theorem) after Artin had reduced the proof
to an exercise in group theory.

EXAMPLE 0.2. The class number of Q[v/—5] is 2 (Math 676, 4.6), and its Hilbert
class field is Q[v/—5, v—1].

Classification of ramified abelian extensions. In order to obtain ramified
abelian extensions, we need to consider more general class groups. A modulus m is a
function

m : {primes of K} — Z

such that

(a) m(p) > 0 for all primes p, and m(p) = 0 for all but finitely many p;
(b) if p is a real prime, then m(p) = 0 or 1; if p is complex, then m(p) = 0.
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Traditionally, one writes

Let S = S(m) be the set of finite primes for which m(p) > 0, and let I° be the group
of S-ideals (free abelian group generated by the prime ideals not in .S). Let Ky, be the
set of nonzero elements of K that can be expressed in the form ¢ with (a), (b) € I°,

b
and let Ky, ; be the subgroup of a € Ky, such that

ordy( — 1) >m(p) for all finite p with m(p) >0
a is positive at all real p with m(p) = 1.

Let i denote the map sending an element o of Ky, ; to the principal ideal (o) it defines
in I°. The ray class group for the modulus m is defined to be

Co =17 )i (K1)

ExaMpLE 0.3.  (a) If m(p) =0 for all p, then Cy, is just the usual ideal class
group.

(b) If m(p) = 1 for all real primes and m(p) = 0 otherwise, then Ky, consists
of the totally positive elements of K, i.e., those that are positive in every real
embedding of K, and Cy, is called the narrow class group.

(c) Let m be an integer that is either odd or divisible by 4, and let m = (m)oo
where oo denotes the real prime of Q. Then

S = {(p) | plm};
I° = set of ideals of the form H(p)r(p), ged(p,m) =1, r(p) € Z;
Qum = {b/c|bceZ, gcd(bym)=1=ged(c,m)};
Qui = {a€Qn|a>0, ord,(a—1)>rifp"|m,r>0}.

If ¢ € Z is relatively prime to m, then there exist d, e € Z such that cd+me = 1,
and so ¢ becomes a unit in Z/mZ. Each a € I° can be represented a = (b/c)
with b and ¢ positive integers. Therefore there is a well-defined map® map
(b/c) — [b][c] 7' : I® — (Z/mZ)*, which one can show induces an isomorphism
Cn — (Z/mZ)*.

To give a subgroup H of Cy, is the same as to give a subgroup H of I8 containing
Z(Km71>.

Let H be a subgroup of the ray class group Cy, of K, and let S = S(m). An
extension L of K is said to be a class field for H if

(a) L is a finite abelian extension of K;
(b) m(p) =0 = p does not ramify in L; N
(c) the prime ideals not in S that split in L are those in H.

THEOREM 0.4. A class field exists for each subgroup H of Cy. It is unique, and
Cn/H ~ Gal(L/K). Moreover, every finite abelian extension L/K is a class field for
some m and H.

°Here, and elsewhere, I use [x] to denote an equivalence class containing .
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Ray class groups were defined by Weber in 1897. Theorem 0.4 was proved by
Takagi in a series of papers published between 1915 and 1922—see especially his talk
at the 1920 International Congress, where he states his results almost exactly as we
have (Collected Papers, p168, QA3.T341).

The class field L for the trivial subgroup of C\, is called the ray class field for m.
It is ramified only at primes dividing m, and Cy, ~ Gal(L/K).

EXAMPLE 0.5. The field Q[v/6] has class number 1, and so equals its Hilbert class
field. However, its narrow class group has order 2, and indeed Q[\/(g] does possess
a quadratic extension, namely, Q[v/—2,v/—3] that is unramified over Q at all finite
primes (but is ramified at both infinite primes).

For any finite set S of finite primes of K, Takagi’s theorem completely solves
the problem of determining the sets Splg(L/K) for abelian Galois extensions L/K
ramified only at primes in S.

EXAMPLE 0.6. Let d = p} - - - p; where the p; are odd primes and p; = (—1)1)2;11%, as
before. The field K = Q[v/d] is ramified exactly over the primes pi, ... ,p;. Consider
K[\/pf]. Tt contains Q[\/p’{ S pr_ Dy -+ pf), which is unramified over p;, and so p;
can’t be totally ramified in K[/pf]. As p; ramifies in K/Q, it follows that the prime

above p; in K does not ramify in K[/p;]. No other prime ramifies, and so K[/p}] is
unramified over K. From Kummer theory, we find that

L= KL/pi\/pss o /pid]

has degree 27! over K, and Gal(L/K) ~ (Z/2Z)"'. Let Cy be the narrow class
group of K. The above construction shows that (Cy : C%) > 21 In fact, with a
only a little more effort one can prove the following:

Let K be a quadratic extension of QQ in which ¢ finite primes ramify.
Then (Cy : C2) =271, (Koch 1992, 2.114.)

This result was known to Gauss (by different methods, and in a different language).

In particular, we see that, by using class field theory, it is easy to construct
quadratic extensions of Q such that (C': C?) is very large. By contrast, as of 1991,
no quadratic field was known with (C : C3) > 35. All methods of constructing ele-
ments of order 3 in the class groups of quadratic number fields seem to involve elliptic
curves.

The Artin map. Takagi showed that if L is the class field for H, then Cy/H
is isomorphic to Gal(L/K). Any modern mathematician looking at this result will
immediately ask whether there is a natural isomorphism C/H — Gal(L/K). Surpris-
ingly, this question seems not to have occurred to Kronecker, Weber, Hilbert, Takagi
et al.. Artin did show that there is a natural isomorphism, but even he did this to
obtain another result that interested him.

Let L/K be a finite Galois extension with Galois group G. Recall that the de-
composition group D(P) of a prime ideal P in Oy is the set of 0 € G such that
oB = P. Any o € D(PB) acts continuously for the P-adic topology on L, and so
extends to the completion Ly of L at B. In this way, we obtain an isomorphism
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D(B) — Gal(Lyp/K,), p = P N K. When P is unramified over p, then the natu-
ral map Gal(Ly/K,) — Gal(l/k) is an isomorphism. Here [ and k are the residue
fields at P and p. Therefore, there is a unique element (B, L/K) € D(*B) inducing
the Frobenius map = — 2%, ¢ = (Ok : p), on the residue field. It is the unique
o € Gal(L/K) such that:

(a) oP=P;
(b) for all « € O, oo = a? mod B.

If 9 also lies over p, then Q = 7P for some 7 € Gal(L/K), and (Q,L/K) =
70 (B, L/K) o1t Therefore, to each prime p of K that is unramified in L, we have
attached a conjugacy class

(p,L/K) £ {(PB,L/K) | BN Ok = p}

of elements in Gal(L/K'). Note that each element in (p, L/K) has order f(/p).

In an abelian group, conjugacy classes consist of single elements, and so in this case
we can regard (p, L/K) as an element of Gal(L/K).

THEOREM 0.7. Let L be an abelian extension of K, and let S be the set of finite
primes ramifying in L. Then, for some modulus m with S(m) = S, the map

p— (p,L/K): I° — Gal(L/K)

factors through 1°/i(Ky1), and defines an isomorphism Cyp/H — Gal(L/K) where
H s the ray class group corresponding to L.

If the map were not surjective, then there would be a proper extension of K in which
every prime of K splits. It is easy to see analytically (much harder algebraically) that
no such extension exists. The difficult point to prove is that there exists a modulus
m such that kernel of the map I® — Gal(L/K) contains i(Ky 1) for some m.

Theorem 0.7 was proved by Artin (published 1927), and the homomorphism Cy, —
Gal(L/K) is called the Artin (or reciprocity) map.

ExAMPLE 0.8. Let m be a positive integer that is either odd or divisible by 4, and
let L = Q[¢] be the field generated by a primitive m™ root of 1. Recall (Math 676,
Section 6) that there is an isomorphism

(Z/mZ)* — Gal(L/Q),  [n] = (¢ — (7).

Let B be a prime of L lying over a prime p not dividing m. Because Op /B has
characteristic p, for any a = > a;(*, a; € 7Z,

O i)’ => " a;i ™ mod P.
Let o € Gal(L/Q) map ¢ to ¢?. Then this congruence shows that o € p = oca €
B, i.e., that 0P =P, and that o acts x — aP on OL/P. Therefore o = (P, L/Q) =
(p, L/Q).
Let m = (m)oo. It follows easily from the above remarks that p — (p, L/Q) :

I5m — Gal(L/Q) factors through Cy = (Z/mZ)*, and defines an isomorphism
Cn — Gal(L/Q).
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Explicit class field theory. Takagi’s theorem states that with every modulus for
K there is associated a ray class field L, but it does not explain how to construct L.
For the Q, the ray class field for m = (m)oo is generated by ¢ = €2™/™. In the 12
of his famous problems, Hilbert asked whether the ray class fields for other number
fields can be generated by the special values of explicit holomorphic functions. There
are some very beautiful results on the problem, but they remain rather special: in
general, we don’t know how to construct class fields explicitly.

Nonabelian class field theory. For abelian extensions, class field theory shows
that each set Splg(L/K) is described by congruence conditions. For nonabelian ex-
tensions, this is no longer true, and any description of the sets must be analytic. I
briefly explain what is expected to be true. For simplicity, I take K = Q.

Let L/Q be a finite Galois extension with Galois group G, and let S be the set
of finite primes ramifying in L. From each prime (p) ¢ S, we obtain a conjugacy
class (p, L/Q) of Frobenius elements of G. One group whose conjugacy classes we
understand is GL, (C)—this is the theory of Jordan canonical forms—and so it is
natural to fix an injective homomorphism p : G — GL,(C). Then p maps (p, L/Q)
to a conjugacy class ®,(p) in GL,(C). Note that

Spls(L/Q) = {(p) | B,(p) = {I}}.

The elements of ®,(p) are diagonalizable, and so ®,(p) is determined by the common
characteristic polynomial det(I — ®,(p)T") of its elements. Set

1
L5(57p> = , S€& C.
I Sam==,0

For example, if L = Q and n = 1, then

L = = .
(s, p) ];[ = ¢(s)
The product converges to a holomorphic function in some right half plane in C, and
an elementary lemma on Dirichlet series implies that the factors W are
uniquely determined by the analytic function Lg(s,p). The problem of describing
the sets Splg(L/Q) then becomes that of describing the set of analytic functions that
arise in this fashion. Langlands has constructed a set of L-series, called automorphic
L-series, and conjectures® that each Lg(s,p) is automorphic, and specifies which
automorphic L-series arise in this fashion. Thus, the conjecture answers the original
question for all finite Galois extensions of Q.
The L-functions Lg(s,p) were defined by Artin, and so are called Artin L-
series. For n = 1 (so G is abelian) and all K, Artin proved all Artin L-series are
automorphic—this was his motivation for proving Theorem 0.7.

For n = 2, Langlands (and Tunnell) have proved the conjecture in some cases.
(Their result played a vital role in Wiles’s work on the Taniyama conjecture.)

SNote the similarity to the Taniyama conjecture—in fact, both are special cases of a much more
general conjecture.
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Exercises.

0.1. Complete the proof that the quadratic reciprocity law allows one to describe
the sets Splg(L/Q) with L/Q quadratic.

0.2. Prove that Q[v/—5,v/—1] is the Hilbert class field of Q[v/—5].
0.3. Prove that the map I® — (Z/mZ)* defined in Example 0.3 has kernel i(Qu 1),
and hence induces an isomorphism Cy, — (Z/mZ)*.

0.4. Prove the statements in Example 0.5.

0.5. Let L = Q[v/—1,v/=5]. Then Gal(L/Q) = {1,0,7,07} =~ Z/2Z x Z/?Z,
where ¢ fixes Q[v/—1], 7 fixes Q[v/=5], and o7 fixes Q[v/3].
(a) Show that only 2,5, co ramify in L.
(b) Compute (p, L/Q) for all p # 2, 5.
(¢) Let m = (20)oco. Show that p — (p, L/Q) defines an isomorphism Cy/H —
Gal(L/Q) for some H C Cy, and find H.

Hint: Show L C Q[¢] where ¢ is a primitive 20" root of 1.
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CHAPTER 1

Local Class Field Theory:
Statements of the Main Theorems and Lubin-Tate
Extensions

Local class field theory classifies the abelian extensions of a local field. From a different
perspective, it describes the local components of the global Artin map.

By alocal field, I mean a field K that is locally compact with respect to a nontrivial
valuation. Thus it is

(a) a finite extension of Q, for some p;

(b) a finite extension of the field of Laurent series F,((7)) over the field with p
elements; or

(¢) R or C (archimedean case).

When K is nonarchimedean, the ring of integers (alias, valuation ring) in K is denoted
by Ok (or A), its maximal ideal by mg (or just m), and its group of units by Oy or
Uk. A generator of m is called a prime element of K (rather than the more customary
local uniformizing parameter). If 7 is a prime element of K, then every element of

K> can be written uniquely in the form ¢ = ur™ with u € OF and m < ordg(a).
The residue field k of K has ¢ elements, and its characteristic is p. The normalized
valuation on K is defined by |a| = ¢~k (@),

We fix a separable algebraic closure K* of K. Throughout the chapter “extension
of K” will mean “subfield of K® containing K”. Both ordg and |- | have unique
extensions to K2

1. Statements of the Main Theorems

The composite of two finite abelian extensions of K is again a finite abelian exten-
sion of K. Therefore the union K" of all finite abelian extensions of K (in K*) is an
infinite abelian extension whose Galois group is the quotient of Gal(K®/K) by the
closure of its commutator subgroup. (See the appendix to this chapter for a review
of the Galois theory of infinite extensions.)

Let L be a finite unramified extension of K. Then L is Galois over K, and there
is a unique element o € Gal(L/K) such that ca = o for all a € Oy, i.e., such that
o induces the Frobenius automorphism on the residue field of L. This o is called the
Frobenius element of Gal(L/K), and is denoted Frobp k. It generates Gal(L/K).
(See Math 676, 7.41 et seqq.)
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THEOREM 1.1 (LocAL REcIPROCITY LAW). For any nonarchimedian local field,
there 1s a unique homomorphism

ox KX — Gal(K*/K)
with the following properties:

(a) for any prime element ™ of K and any finite unramified extension L of K,
¢K(7T)’L = FI"ObL/K,'

(b) for any finite abelian extension L of K, Nmy x(L*) is contained in the kernel
of a — ¢k (a)|L, and ¢k induces an isomorphism

br/k K/ Nmyp (L) — Gal(L/K).

Denote Nmy,/x (L*) by Nm(L*). Statement (b) says that, for every finite abelian
extension L of K, there is a commutative diagram

K> K, Gal(K™/K)
l lT'—)TlL
K*/Nm(L¥) 2%, Gal(L/K)

with ¢r/x an isomorphism. I shall refer to ¢x (and ¢r/x) as the local Artin map.
Other names in use: (local) reciprocity map, norm residue map (symbol), etc..

THEOREM 1.2 (LOCAL EXISTENCE THEOREM). A subgroup N of K* is of the
form Nmy i (L*) for some finite abelian extension L of K if and only if it is of finite
ndex and open.

The proofs of these theorems will occupy most of the rest of this chapter and of
chapter 3. First, we note an immediate consequence.

COROLLARY 1.3. The map L — Nm(L*) is a bijection from the set of finite abelian
extensions of K to the set of open subgroups of finite index in K*. Moreover

LiCLy, < Nm(LY)DNm(L}):

PROOF. Let K be a finite abelian extension of K. According to the Theorem 1.1,
¢r/x identifies K*/Nm(K*) with Gal(K/K) in such a way that a subfield L of
K is the fixed field of the subgroup Nm(L*)/Nm(K>) of K*/Nm(K*). Moreover,
Theorem 1.2 shows that every subgroup H of K* containing Nm(K*) is a norm
group. Therefore, so far as it concerns subfields of K and subgroups of K containing

Nm(K), the corollary is a restatement of the main theorem of Galois theory. The full
result is obtained by letting K grow. [

REMARK 1.4. Corollary 1.3 also holds for archimedean local fields. The abelian
extensions of R are R and C, and their norm subgroups are R* and R+. Let H be a
subgroup of finite index in R*. Then H D R*™ for some m, and R*™ = R* or Ry
according as m is odd or even (apply the intermediate value theorem). Therefore R*
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and R~ are the only two subgroups of R* of finite index. Moreover, there is a unique
isomorphism (local Artin map in the real case)

R* /R — Gal(C/R),

namely, that sending r to the identity map or complex conjugation according as r > 0
or r < 0. This verifies the corollary for K = R, and it is even more obvious for K = C.

REMARK 1.5. If K has characteristic zero, then every subgroup H of K* of finite
index is open. To prove this, observe that a subgroup H of finite index will contain
K>™ for some m, and that Newton’s lemma (Math 676, 7.23) applied to X — a
shows that any a € O} such that |1 — a|] < |m|? is of the form u™ with v € 1+ m.
Therefore H contains an open neighbourhood of 1 in K*, and, since it is a group,
this implies that it is open.

If K has characteristic p # 0, then not every subgroup of K* of finite index is
open. Note that an open subgroup is also closed (because its complement is a union
of cosets of the group, which are also open). Weil 1967, I1.3, Proposition 10, shows
that 1 + m ~ [[yZ, (product of copies of Z, indexed by N), from which it follows
that K has a quotient isomorphic to [[yF,. Let a = (ay)nen € [InFp, and let
a(m) = (a(m)y,)nen be such that a(m), = a, for n < m and a(m), = 0 otherwise.
Then a(m) — a as m — oo, and so @&y, is dense in [[yF,. Therefore any proper
subgroup of [[yZ, containing ®&nZ, can not be closed. Because [[yF,/ ®&nF, is a
vector space over [F,, it will have subspaces of finite index, and the inverse image of
such a subspace in K* will be a nonclosed subgroup of finite index.

REMARK 1.6. The composite of two finite unramified extensions of K is again
unramified, and therefore the union K" of all finite unramified extensions of K (in
K®) is an unramified extension of K. The residue field & of K" is an algebraic
closure of the residue field k of K.

Every automorphism o of K" fixing K preserves the valuation | - | on K", and
hence induces an automorphism & of k/k. The map ¢ +— & is an isomorphism
Gal(K"™/K) — Gal(k/k). Therefore, there is a unique element Frobx € Gal(K"™ /K)
inducing the map z — 27 on k, and the map a — Frob% : Z — Gal(K"™/K) is an
isomorphism of topological groups. Condition (a) of Theorem 1.1 can be re-stated as:

(a) for any prime element 7 of K, ¢(m) acts as Frobx on K"

Consequences of Theorems 1.1 and 1.2. Assume K possesses a local Artin
map, i.e., a homomorphism ¢ : K* — Gal(K®"/K) with the properties (a) and (b)
of Theorem 1.1, and that Theorem 1.2 holds.

As we just remarked, for any prime element 7 of K, ¢x(m)|K"™ = Frobg. If
u € Uk, then 7u is also a prime element, and so

b ()| K™ = dpe(mu) [ K™ - pgc(m 1| K™ = id.

Therefore, U is in the kernel of a — ¢x(a)|K™ : K* — Gal(K"™/K), and
Or(a)| K™ = Frob%dK(a) for any a € K*. In other words, the map ¢x : K* —
Gal(K"™ /K) factors into

ordg 7 n—Frob”

K> K, Gal(K™/K).
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If K,, is the unramified extension of K of degree m, then
Nm(K) = {a € K* | m|ordg(a)} = Ug - 7™*

because this is the kernel of a — ¢k (a)| K.

Choose a prime element 7 in K. Then any element a € K* can be written uniquely
a=u-1" u€ Uk, meZ. Thus

K*~Ug XZ, u-7m" < (u,m).

Because Uy is both open and closed in K>, this is an isomorphism of topological
groups (discrete topology on Z). The subgroups 1+ m”, n > 0, form a fundamental
system of neighbourhoods of 1 in K. Clearly therefore, the subgroups (1 +m") x mZ
are open of finite index in Ux X Z, and every open subgroup of finite index contains one
of this type. For a finite abelian extension L of K, the smallest f such that Nm(L*)
contains 1 + m/ is called the conductor of L/K, except that, when Nm(L*) D Uk,
the conductor is said to be 0. Thus L/K is unramified if and only if its conductor is
0, and it is tamely ramified if and only if its conductor is < 1.

The homomorphisms
¢k K/ Nm(L*) — Gal(L/K)

form a projective system as L runs through the finite abelian extensions of K, ordered
by inclusion. On passing to the limit, we obtain an isomorphism

o (K*) — Gal(K*™/K)

—in particular, there is a one-to-one correspondence between the set of closed sub-
groups of K> and the set of abelian extensions of K. Here K* is the completion
of K* with respect to the topology for which the norm groups form a fundamental
system of neighbourhoods of 1. This topology on K* is called the norm topology.
According to Theorem 1.2, the norm groups are the open subgroups of finite index in
K*. The norm topology is coarser than the usual topology on K*—for example, Uk
is not open—but it induces the usual topology on Ux. When we complete the terms
in the exact sequence

O—>UK—>KX%>Z—>O

with respect to the norm topology, we obtain an exact sequence
0—Uxg — KX 7 —0.

Here Z is completion of Z for the topology defined by the subgroups of finite index.
Loosely speaking, K* can be said to have been obtained from K* by completing Z.
(See Artin 1951, 9.3, for a detailed discussion of the norm topology on K*.)

The choice of a prime element 7 determines a decomposition
— ’Z\
X —
K> = UK T,

of K* into the product of two closed subgroups, and hence (by infinite Galois theory),
a decomposition

Kab — Kﬂ— . un
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where K, is the subfield of K®" fixed by ¢ (m) and K" is the subfield of K" fixed
by ¢x(Uk). Clearly, K, is the union of all finite abelian extensions L/K (necessarily
totally ramified) such that 7 € Nm(L*).

ASIDE 1.7. The composite of two totally ramified extensions need not be totally
ramified. Consider, for example, Q[,/p] and Q[,/pq] where p and ¢ are odd primes
and ¢ is not a square mod p. Then p is totally ramifed in each of these extensions,
but not in their composite Q[,/p, /q] because it is unramified in the subfield Q[,/g].
These statements remain true when Q is replaced by Q,.

Therefore, in contrast to the situation with abelian and unramified extensions, there
is no “largest” totally ramified extension of K in K®; there are only the maximal
totally ramified extensions K, each depending on the choice of 7.

Outline of the proof of the main theorems. For m > 1, let K,, be the unique
unramified extension of K of degree m.

In Section 3 of this chapter, we shall prove:

(x) For each prime element 7 of K, there is a totally ramified abelian
extension K, = U,>1 K, of K and a homomorphism

On: K — Gal(K, - K"/K)
such that
(a) @x(m)| K" = Frobg;
(b) [Krn:K]=(g— 1)qn_13
(c) for all m and n, ¢-(a)|Krpn - K =1d for a € (1 +m™)- <x>.
(d) for all n, 7 is a norm from K, ,.
Moreover, both K - K" and ¢, are independent of the choice of .

Both the fields K, and the homomorphisms ¢, are explicitly constructed.
In Chapter III, we shall prove:
(%x) There exists a homomorphism ¢ : K* — Gal(K?*"/K) satisfying
conditions (a) and (b) of Theorem 1.1.
In the remainder this section, we shall assume these two results, and prove that both

Theorem 1.1 and Theorem 1.2 hold, with the added precision that K* = K - K"
and ¢ = ¢, for all 7.

Let K’ be the subfield K, - K" of K", and let ¢/ = ¢,—recall that both K’ and
¢' are independent of the choice of the prime element 7.

LEMMA 1.8. For all a € K*, ¢(a)| Ky - K™ = ¢r(a).

PROOF. For any prime element 7 of K, ¢(m) acts trivially on K, because 7 is a
norm from K ,, and ¢/(m) acts trivially on K ,, because of condition (xc) with m = 1
(we may assume that the prime element used in the definition of ¢’ is 7). Since ¢(7)
and ¢'(m) both act as Frobyx on K", they must agree on K’ = UK., - K"™. But the
prime elements of K generate K* as a multiplicative group (a € K* can be written

a=un" = (um)r""' = 7/7"71), and so this proves the Lemma. []

Now fix a prime element 7 of K, and let

Kn,m = Kw,n . Km7
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and
Upm = (1+m"). <a™> .

We are given that ¢,(a)|K,,,, = 1 for all a € U,,,. Hence ¢(a)|K,,,, = 1 for all
a € Upm, and so Uy, C Nm(K,S,,). But

(K* 2 Upp) = (U:14+m")(<m>:<n™>)

= (¢—1)¢"-m
= [Kﬂn HK K]
= [Knn: K],

and we are given that ¢ induces an isomorphism
K*/Nm(K,,,) — Gal(K,/K).

Therefore,
Unm = Nm(K ).

LEMMA 1.9. Let L be a finite extension of K, and assume that Nm(L*) is of finite
index in K*. Then Nm(L*) is open in K*.

PROOF. Let Uy, = Of. Then Up is compact, and so Nm(Up) is closed in K*.
Since only units have norms that are units, Ux/ Nm(Uy) <— K*/Nm(L*). Therefore,
Nm(Uyp) is closed of finite index in Uk, and hence is open in Uk (and also in K*).
Thus Nm(L*) contains an open subgroup of K*, and so is itself open. O

Now let L be a finite abelian extension of K. By assumption (xx) K*/Nm(L*) ~
Gal(L/K), and so Nm(L*) is of finite index in K*. Because it is an open subgroup
of finite index in K*, Nm(L*), contains U, ,,, for some n,m > 0. The map

¢: K* — Gal(L- K, n/K)
is onto and, for a € K*,

¢(a) fixes the elements of L <= a € Nm(L"),
¢(a) fixes the elements of K., <= a € Nm(K) )= Upm.

Because Nm(L*) D U, ., this implies that L C K, .

This completes the proof that K* = K, - K" and that ¢ = ¢.. To complete the
proof of the existence theorem, we have to show that every open subgroup H of K*
of finite index is a norm group, but, as we observed above, every such group contains
Up.m for some n and m, and U, ,, = Nm(K,,,). Let L be the subfield of K, ,, fixed
by ¢k, .k (H). Then H is the kernel of ¢ : K* — Gal(L/K), and so equals Nm(L*)
by ().

Finally, we prove that there exists at most one homomorphism ¢ : K* —
Gal(K®* /K) satisfying the conditions (a) and (b) of Theorem 1.1. Let m be a prime
element of K. For all n, 7 € Nm(K, ), and so condition (b) of the theorem implies
that ¢(m) acts as the identity on K, ,. Therefore ¢(m) acts as the identity on K,
and this shows that ¢(7) is uniquely determined by the conditions (a) and (b) of
the Theorem. Because the prime elements generate the group K™, this shows that ¢
itself is uniquely determined by the conditions.
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EXERCISE 1.10. Use only results from algebraic number theory (e.g., Math 676)
to prove that a finite extension L/K of local fields is totally ramified if and only if
Nm(L/K) contains a prime element.

The reader not interested in the explicit generation of K®P, nor in the explicit
description of the local Artin map ¢, can skip the rest of this chapter and go directly
to Chapters II and III.

2. Lubin-Tate Formal Group Laws

Power series. Let A be a ring (always commutative with 1). A power series with
coefficients in A is an infinite sequence

f=(ap,a1,as,...), a; €A, i€N.
Addition and multiplication are defined by

(ao,al,...)—l—(bo,bl,...) = (a0+b0,a1+bl,...)

(ao,al,...)(bo,bl,...) = (aobo,..., Z aibj,...).
i+j=k

These formulas are easier to remember if we write

>0

The power series with coefficients in A form a commutative ring, which we denote
by A[[T]]. Power series can be manipulated in the same way as polynomials, with a
few cautions. For example, in general we can not substitute an element ¢ € A into a
power series f(T) € A[[T]], because computing f(c) = 3,50 a;¢" requires us to sum
an infinite number of elements of A, which, not being analysts, we can not do. For
the same reason, we can not substitute one power series g(7') into a second f(7') if

g(T") has a nonzero constant term. However, if the constant term of g(7") is zero, then
f(g(T)) is defined—we denote it by f o g.

LEMMA 2.1.  (a) Forall f € A[[T]], g,h € TA[[T]], fo(goh)=(fog)oh.

(b) Let f =33, a;T" € TA[[T]]. There exists a g € TA[[T]] such that fog="T
if and only if ay # 0, in which case g is unique, and has the property that
gof=T.

PROOF. (a) In general, (fifs)og = (fiog)(faog), and so ffog = (fog)"
Therefore, when f = T™, both fo (goh) and (f og)oh equal (go h)", and when
f =X a;T% both equal 3 a;(goh)'.

(b) We seek a g = > ;5 bT" such that

Z aigi = T7

i>1
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i.e., such that

albl
ale—i—ale =0

a1b, + polynomial in as, ... ,a,,b1,... ,bhb_1 = 0

The first equation shows that, in order for g to exist, a; must be invertible. Conversely,
when a; is invertible, the equations define the b;’s uniquely. Now, because b; is
invertible, the same argument shows that there exists an h € TA[[T]] such that
goh="T. But

f=foT=fogoh=Toh=h,

andsogo f=T. O

Caution: fo(g+h) # fog+ fohin general.

Power series in several variables can be defined similarly. If f(Xi,...,X,) €
Al[Xq,...,X,]] and g1, go,... ,9n € A[[Yh,...,Yn]], then f(g1,...,9,) is a well-
defined element of A[[Y1,...,Y,,]] provided that the constant terms of the g; are all
Z€ero.

REMARK 2.2. Let A be a complete discrete valuation ring, and let m be the max-
imal ideal in A. For any f = >,5¢a, 1" € A[[T]] and any ¢ € m, a;c’ — 0 as i — oo.
Therefore the series ), a;c’ converges to an element f(c) € m.

We often abbreviate “+terms of degree > m” to “+deg > m”.

Formal group laws. A group is a nonempty set together with a law of composition
satisfying the group axioms. A formal group law is a law of composition (without the
set) satisfying the group axioms. More precisely:

DEFINITION 2.3. Let A be a commutative ring. A one-parameter commutative
formal group law is a power series F' € A[[X, Y]] such that

(a) F(X,Y)=X+4Y + terms of degree > 2;

(b) F(X, F(Y,2)) = F(F(X,Y), Z);

(c) there exists a unique ip(X) € X A[[X]] such that F(X,ip(X)) = 0;
(d) FIX,Y) = F(Y,X).

To get an n-parameter group law, replace each of X and Y with sequences of n-
variables. Axiom (d) is the commutativity condition. Since we consider no other, we
shall refer to one-parameter commutative formal group laws simply as formal group
laws. We shall be especially interested in the case that A = Ok, the ring of integers
in a nonarchimedean local field K.

REMARK 2.4. Condition (a) ensures that F'(X,Y’) has no constant term, and so
axiom (b) makes sense: we are comparing finite sums at each degree.

(b) On taking Y = Z = 0 in Axioms (a) and (b), we find that
F(X,0)= X +deg>2,  F(F(X,0),0) = F(X,0).
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Denote the power series F'(X,0) by f(X). The first equality implies that there exists
a g such that fog = X, and the second equality says that fo f = f. On composing
the second equality with ¢ we find that f = X. Thus F(X,0) = X, and similarly
F(0,Y) =Y. Hence
FX,Y)=X+Y+ > a,;X'Y.
1<i<o0

1<j<00

EXERCISE 2.5. Let F(X,Y) be a power series such that F(X,0) = X and
F(0,Y) = Y. Show that there is a unique power series G(X) = —X + Y% a; X
such that F/(X,G(X)) = 0. Hence Axiom (c) is redundant.

Let A = Ok, and let F' = 3335 a;; X'Y7 be a formal group law over Ok. For any
T,y € mg, a;x'y? — 0 as (i,7) — 0o, and so the series
F(x,y) = Zaijxiyj
converges to an element x+pry of mg. In this way, mx becomes a commutative group

(mg, +p). Similarly, m;, acquires a group structure for any finite extension L of K,
and the inclusion (mg, +r) — (mz,+p) is a homomorphism.

EXAMPLE 2.6. (a) Let F(X,Y) = X +Y. Then +p is the usual addition law on
mg.
(b) Let F(X,Y)=X+Y + XY. The map

a—1l+a:m—1+m
is an isomorphism (m, +x) — (1 +m, x). Check:
(a,b) — (I+a,1+0b)

l l

at+rpb=a+b+ab —— 1+a+b+ab
(c) Let E be an elliptic curve over a nonarchimedean local field K, and let
YV Z+aXYZ+asYZ? = X° + apX?Z + anXZ* + aZ°

be a minimal Weierstrass model of E. Let T'= X/Y. On expanding the group law
on FE as a power series in 77, T, we obtain a formal group law Fg(T3,Ts) over Ok.
See J. Silverman, The Arithmetic of Elliptic Curves, Springer, 1986, Chapter IV.

DEFINITION 2.7. Let FI(X,Y) and G(X,Y) be formal group laws. A homomor-
phism F' — G is a power series h € T'A[[T]] such that

hF(X,Y)) = G(M(X),h(Y)).

When there exists a homomorphism A’ : G — F such that hoh’ =T = h' o h, then
h is called an isomorphism. A homomorphism h : F' — F' is called an endomorphism
of F.

In the case A = Ok, a homomorphism f: F' — G defines a homomorphism

ar f(a): (mp,+r) — (mg, +¢)

for any L D K.
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EXAMPLE 2.8. Let F'= X+Y+XY = (1+X)(14+Y)—1. Then f(T) = (14+7)7—1
is an endomorphism of F'; because

FOFX), (V) = 1+ X)P(A+Y)P =1 = f(F(X,Y)).
Note that the following diagram commutes,

f

m E— m
lw—d—l—a lw—d—l—a

T+4m 22% 1+m

i.e., when we identify (m,+p) with (1 +m, x), f becomes identified with a — a?.

Let G be a formal group law. For any f, g € T A[[T]], we define
f+ag=G(f(T),9(T)).

Because of the Axioms 2.3a,b,c,d, this composition law makes T'A[[T’]] into a commu-
tative group. In particular,

f—f‘G(iGOf):O.

LEMMA 2.9. (a) For any formal group laws F and G, the set Hom(F,G) of
homomorphisms from F' to G becomes an abelian group with the addition f+g

qg.
(b) For any formal group law F, the abelian group End(F') of endomorphisms of
F becomes a ring with the multiplication f o g.

PROOF. Let f and g be homomorphisms /' — G, and let h = f +5 g. Then
WEX,Y)) £ GUFEXY)),g(F(X,Y)))
= G(G(f(X), f(Y)), G(g(X), g(Y)))-
Symbolically (at least), we can write this last power series as
(f(X) +c f(Y)) +6 (9(X) +c 9(Y)),  (¥)

which associativity and commutativity allow us to rewrite as

(f(X) +a 9(X)) +o (fF(Y) +a g(Y)), (%)

that is, as G(h(X),h(Y)). More formally, the operations that carry (%) into (kx),
also carry G(G(f(X), f(Y)),G(g9(X),g(Y))) into G(h(X),h(Y)). This proves that
h € Hom(F,G). Similarly, one shows that i¢ o f € Hom(F,G). As 0 € Hom(F, G),
this completes the proof that Hom(F, G) is a subgroup of (T'A[[T]], +¢).

We showed in Lemma 2.1 that f, g — f o g is associative. To show that End(F) is
a ring, it remains to observe that, for f, g, h € End(F),

folg+rh) S f(F(g(X),h(Y)) = F((f o g)(X),(foh)(Y)) = fog+r foh,

and that End(F") has an identity element, namely, T". O
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Formal group laws are similar to algebraic groups. The main difference is that,
because they are defined by power series rather than polynomials, their points must
have coordinates “close to 1”7 in order for products to be defined. There is a very
extensive theory of formal group laws—see, for example, M. Hazewinkel, Formal
Groups and Applications, Academic Press, 1978.

Lubin-Tate group laws. We now take A = O, the valuation ring in a nonar-
chimdean local field K, and we choose a prime element 7 of A.

DEFINITION 2.10. Let F, be the set of f(X) € A[[X]] such that

(a) f(X)=7mX + terms of degree > 2;
(b) f(X)=X? mod 7.

ExXAMPLE 2.11. (a) The polynomial f(X) = 7X + X7 lies in F.
(b) Take K = Q,, m = p; then

fX)=01+X)-1=pX+ <g>X2+~~-+po_1+Xp€fp.

LEMMA 2.12. Let f,g € Fr, and let ¢1(X1, -+, Xy) be a linear form with coeffi-
cients in A. There is a unique ¢ € A[[Xq,...,X,]] such that

{ O( X1y, Xn) = ¢ + terms of degree > 2

ProoOF. We prove by induction on r that there is a unique polynomial
or(X1,. .., X,) of degree r such that

Or( X1, ..., X)) = ¢ + terms of degree > 2
f(or(X1,. .., X0n)) = ¢&p(9(X1),...,9(Xy)) + terms of degree > r + 1.

The unique candidate for the first polynomial is ¢, itself. It certainly satisfies the
first condition, and, if we write ¢1 = > a;X;, the second says that

W(Z CLZXZ) = Zaz(ﬂ'Xz) + deg 2 2,

which is also true.

Suppose r > 1 and we have defined ¢,. Because ¢, is unique, ¢,,; must equal
¢r + @, where @ is a homogeneous polynomial of degree r + 1 in A[X7,..., X,]|. We
need that

F(Gr1 (X1, X)) = Gra(9(X0), -, 9(X,) + deg > 7 +2.
The left hand side is
f(or( X1, ..., Xpn)) +71Q(Xq, ..., X,) +deg > 7+ 2,
while the right hand side is
Or(9(X1)y ., 9(X0)) + Q(n Xy, ..., 7X,) +deg > r+ 2.

As Q is homogeneous of degree r+1, Q(7X1,...) = 7" Q(x X1, ... ), and so we need
that
)

(= mQXi, - Xa) (6K X)) = 00 (9(X0), - 9(X) +deg 2 742
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Thus () must be the unique polynomial such that
f(¢T’(X17 ct 7X7’L)) - ¢T’(g(X1>7 LR 7g(Xn>)
(77 — D7
Note that, because of the simple form that binomial theorem takes in characteristic
y2

=Q+deg >r+2.

fod,—drog=o.(Xy,... ., X)) —.(X{,..., X)) =0 mod 7.

Because 7 divides f o ¢, — ¢, 0g and 7" — 1 is invertible in A, () does have coefficients
in A, and because ¢, satisfies the induction hypothesis, it does have degree r + 1.

Having defined the ¢, for r = 1,2, ... and noted that
Gri1 = G+ deg > 7 + 1,
we can define ¢ to be the unique power series such that
Pp=0¢,+deg>1r+1
for all r. Clearly, it has the first of the required properties, and for any r,
FO(X1, . X)) = [(0n(X1,.. X)) +deg =7+ 1

:¢7’(g(X17"' 7Xn>) +d€g27"+1
:¢(f(X177Xn>) +deg27"+1

Since this holds for all r, ¢ also has the second required property. O

PROPOSITION 2.13. For any f € Fx, there is a unique formal group law Fy with
coefficients in A admitting f as an endomorphism.

PROOF. According to Lemma 2.12, there is a unique power series Fr(X,Y’) such
that

FEXY)) = Fr(f(X), (V).
It remains to check that this is a formal group law.
Commutativity: Let G = Ff(Y, X). Then

{ Fi(X,Y) = X +Y + terms of degree > 2

FGXY)) = f(F (Y, X)) = Fr(f(Y), f(X)) = G(f(X), /(Y)).
Since Fy(X,Y) is the unique power series with these properties, it follows that
G(X,)Y) = Fy(X,Y).
Associativity:  Let Gi1(X,Y,Z) = F/(X,Fy(Y,Z)) and G2(X,Y,Z) =
Fi(Fy(X,Y),Z). Then, for i = 1,2,

{ G(X,Y) = X +4Y + terms of degree > 2

{ Gi(X,Y,Z) = X +Y + Z+ terms of degree > 2

and again Lemma 2.12 shows that there is only one power series satisfying these
conditions. [

EXAMPLE 2.14. Let K = Q, and # = p. Then f £ 1+ 7T -1 € F,, and
FEX 4V + XY admits f as an endomorphism (see 2.8). Therefore, F' = FY.
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The F}’s are the Lubin-Tate formal group laws. They are exactly the formal group
laws that admit an endomorphism reducing mod m to the Frobenius 7' — T and
whose derivative at the origin is a prime element of K.

PROPOSITION 2.15. For f.g € Fr and a € A, let [a]y s be the unique element of
A[[T]] such that

{ lalg.f(T) = aT + terms of degree > 2
golalgs = lagsof.

Then [aly ¢ is a homomorphism Fy — Fy.

PROOF. Let h = [a], ;—its existence is guaranteed by Lemma 2.12. We have to
show that

hF(X,Y)) = Fy(h(X), h(Y)).
Obviously each = aX + aY + deg > 2. Moreover,
WE(F(X), (V) = (ho [)(Fr(X,Y)) = g(h(Fy(X,Y))),
Fo(h(f(X)), h(f(Y))) = Fo(g(h(X)), g(h(Y))) = g(Fy(h(X), h(Y))),
and we can apply the uniqueness in Lemma 2.12 again. O
PROPOSITION 2.16. For any a,b € A,
la+blg,y = [algs +F, [b]gs
and
[abln,s = [alng © [b]g,s-

PROOF. In each case, the power series on the right satisfies the conditions charac-
terizing the power series on the left. [

COROLLARY 2.17. For f,g € Fr, Fy = F,.
PROOF. For any u € A%, [u], and [u™!], s are inverse isomorphisms. []

In fact, there is a unique isomorphism h: Fy — F, such that h(T) =T + --- and
goh=ho f, namely, [1], .

COROLLARY 2.18. For each a € A, there is a unique endomorphism [a]f: Fr— Fy
such that [a]y = aT + deg > 2 and [a]; commutes with f. The map

a v lalf: A — End(Fy)
1$ a ring homomorphism.

ProOF. Take [a]; = [a]f ;—it is the unique power series a1 + - - - commuting with
f, and it is an endomorphism of Fy. That a — [a]; is a ring homomorphism follows
from Lemma 2.16 and the obvious fact that [1]; =7. O

Hence the abelian group (mg,+ Ff) has a natural A-module structure for any finite
extension L of K.
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EXAMPLE 2.19. Let K =Q, and f = (1+7)?—1 € F,, so that [y = X+Y + XY
For any a € Z,, define

o) ()

m>0 m m

When a € Z, these definitions agree with the usual ones, and if (a;);>1 is a sequence
of integers converging to a € Z,, then (‘j’;) — (:;) as ¢ — 00. Therefore (T(Z) €Zy. 1
claim that

lalf=1+T)"—1.
Certainly, (1+7)*—1=aT +---, and

Fo((I4T) —1)=(14T)" ~1=((1+T)"~1)o

holds when a is an integer, which (by continuity) implies that it holds for all a € Z,.

Under the isomorphism (m, +r,) 2 (14 m, x), the action of [a] corresponds

to the map sending an element of 1 + m to its ath power.

REMARK 2.20.  (a) Note that [r]; = f, because f satisfies the two defining
conditions.

(b) The homomorphism a +— [a]; : A — End(FY}) is injective, because a can be
recovered as the leading coefficient of [a];.

(c) The canonical isomorphism [1], s : Fy — F, commutes with the actions of A
on Fy and Iy, because

lalg o [1g,r = [a]g,r = [L]g, o [a]}-
SUMMARY 2.21. For each f € F;, there exists a unique formal group law F ad-

mitting f as an endomorphism. Moreover, there is a unique A-module structure
a v [a]f: A— End(Fy) on Fy such that

(a) [a]f =aT +deg > 2, all a € A;
(b) [a]f commutes with f.

We have 7]y = f. If g € F, then F;y = F, (by a canonical A-isomorphism).

3. Construction of the extension K, of K.

Again A = Ok where K is a nonarchimedean local field with residue field A/m = k
having ¢ (a power of p) elements. We fix a prime element 7 of K.

According to the discussion in Section 1, there should be a unique totally ramified
extension K, of K such that K*® = K, - K™ and 7 is a norm from every finite
subextension of K, namely, the subfield K, of K" fixed by ¢(r).

It is easy to construct K" Let u,, be the set of m' roots of 1 in K?. i.e., jim,
is the set of roots of X™ — 1. When m is not divisible by p, the discriminant of
X™ — 1 is a unit in Ok, and so the field K{u,,] generated by the elements of f,,
is unramified over K; moreover, the residue field of K{[u,,] is the splitting field of
X™ — 1 over k, and so has ¢/ elements where f is the smallest positive integer such
that m|p’ — 1. It follows that K" = Uy, K [ttn). The Galois group Gal(K"™/K) = Z,

and a € Z acts K" as follows: for any ( € u,, and any integer aq sufficiently close to
a0 C = (= Frob(C))
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In the case K = Q, and m = p, there is a similar construction for K, namely,
(Qp)p = UQ,|[ppn|—we shall prove later that this has the indicated properties. The
action

([m], Q) — C™ : Z)p"Z X piyn — pipn
makes p,n into a free Z/p"Z-module of rank 1. Since Z/p"Z = Z,/p"Z,, we can
regard fi,» as a cyclic Zy,-module, isomorphic to Z,/(p"). The action of Z, on fi,n

induces an isomorphism (Z,/p"Z,)* — Gal(Q,[u]/Q,), and, on passing to limit
over all n, we obtain an isomorphism

Z; — Gal((Qy)p/Qp)-

Thus, for both the extensions K" /K and (Q,),/Q,, we have an explicit set of
generators for the extension, an explicit description of the Galois group, and an
explicit description of the Galois group on the set of generators. Remarkably, the
Lubin-Tate groups provide similar results for K, /K for any K and 7.

The valuation |- | on K extends uniquely to any subfield L of K? of finite degree
over K, and hence to K?. Let f € F,. For any o, 3 € K* with |a|,|8] < 1 and
a € A, the series Fy(a, 5) and [a] (o) converge. Therefore, we can define Ay to be
the A-module with:

A = {ae K*||a| <1} (as a set),
05+Afﬁ = &+FfB:Ff(&7ﬁ)a
axa = la]f(a).

We define A, to be the submodule of Ay of elements killed by [r]7%.
REMARK 3.1. Recall that [7];(T") = f(T), and therefore A,, is the set of roots of

fEfofo-of (n factors)

in K with valuation < 1. For simplicity’, we let f be a polynomial 7T + a2T? +
-+« + T%—according to (2.17) it even suffices to take f = «T + T9. Then,

2

(Fo M) S FFD) = m(xT o+ T 4ot (1T 4+ T = 7T o T
and
f(”)(T) — "7 4 ... 4T,

From the Newton polygon (see Math 676, 7.35) of ™ one sees that its roots all
have positive ordg, hence valuation < 1, and so A, is the set of all roots of f™ in
K? endowed with the commutative group stucture

a+p f=Filaf)=a+f+--,
and the A-module structure,

lalfo = ac + - - .

!The p-adic Weierstrass preparation theorem (Washington, Introduction to Cyclotomic Fields,
Springer, 1982, 1997, 7.3) implies that any f € F; factors into f1(T)u(T) where f1(T) is a polynomial
7l +---+aT% a=1 mod m, and w(T) is a unit in A[[T]].
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EXAMPLE 3.2. Take K = Q, and f = (T'+ 1) — 1 € F,; then
Ao ={a e Q[ (a—1p" =1} = {(] ¢" =1} = pyn.

The addition +r on A, corresponds to multiplication on =, and the Z,-module
structure is as defined before. It follows that A,, ~ Z/p"Z (as a Z,-module).

Because A is a principal ideal domain with only one prime element up to conjugates,
every finitely generated torsion A-module M decomposes into a direct sum of cyclic
modules

M~A/(m™)&---@A/(m"), nm1<ny<...,

and the sequence nq, ... ,n, is uniquely determined.

LEMMA 3.3. Let M be an A-module, and let M,, = Ker(n™ : M — M). Assume:

(a) My has ¢ £ (A: () elements, and
(b) m: M — M is surjective.

Then M, ~ A/(m™); in particular, it has q" elements.

PROOF. We use induction on n. Because A/(7™) has order ¢", condition (a) and
the structure theorem imply that M; ~ A/(7). Consider the sequence

0— M, — M, = M,_, — 0.

Condition (b) implies that it is exact at M,_;, and is therefore exact. It follows that
M, has q" elements. Moreover, M, must be cyclic, because otherwise M; would not
be cyclic. Therefore M, is a cyclic A-module of order ¢", and every such module is
isomorphic to A/(7"). O

PROPOSITION 3.4. The A-module A,, is isomorphic to A/(n"). Hence Enda(A,) =
A/(m™) and Auta(A,) = (A/ (7).

PROOF. An A-isomorphism h : Fy — F of formal group laws induces an isomor-
phism of A-modules Ay — A,4, and so it does not matter which f € F; we choose.
We take f € F, to be a polynomial of the form 77"+ --- 4+ T'9. This is an Eisenstein
polynomial (Math 676, 7.46), and so has ¢ distinct roots, each with valuation < 1.
Let o € K? have valuation < 1. From the Newton polygon of

fT)—a=T"+ - +71T — «
we see that its roots have valuation < 1, and so lie in Ay. Thus, we have verified the

hypotheses of the lemma for Ay, and so A, = A/(7"). It follows that the action of A
on A, induces an isomorphism A/(7") — Enda(A,). O

LEMMA 3.5. Let L be a finite Galois extension of a local field K, with Galois group
G. For any F € Ok|[ Xy, ..., X,)]] and aq, ... ,a, € my,

F(ray, ... ,7ay) =7F(aq,...,a,), allTeG.

PRrROOF. If F'is a polynomial, this follows from the fact that 7 is a field isomorphism
fixing the elements of Ok. We know (Math 676, 7.20 et seqq.) that 7 preserves the
valuation on L, i.e., |Ta] = |a| all @ € L, and so 7 is continuous. Therefore it
preserves limits:

lim o, = L = lim 7o, =7L.

m—00 m—00
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Let F,,, be the polynomial of degree m such that F' = F,,, + deg > m + 1. Then

T(F(oq,...)) :T(Tii_r)réoFm(ozl,...)) = lim 7F,(aq,...) = lim F,(roq,...).

m—00 m—00

O

THEOREM 3.6. Let K., = KI[A,], the subfield of K* generated over K by the
elements of A,,.

(a) For each n, K, /K is totally ramified of degree (q — 1)q"".
(b) The action of A on A, defines an isomorphism

(A/m™)* — Gal(K,,/K).

In particular, K, /K is abelian.

(¢) For each n, 7 is a norm from K.

PROOF. Again, we may assume that f € F, is a polynomial of the form #7174 - -+
T4

(a), (b). Choose a nonzero root m; of f(7') and (inductively) a root m, of f(T') —
mn—1. Consider the sequence of fields

q q q q=1
K[\, D K[mp) D Klmpa] D -+ D K[m] D K.
Each extension is Eisenstein (Math 676, 7.46) with the degree indicated. Therefore

K]|m,] is totally ramified over K of degree ¢"'(q — 1).

Recall that A, is the set of roots of f(™ in K?! and so K[A,] is the splitting field of
f). Therefore Gal(K[A,]/K) can be identified with a subgroup of the group of per-
mutations of the set A,, but Lemma 3.5 implies that each element of Gal(K[A,]/K)
acts on A, as an A-module isomorphism, and so the image of Gal(K[A,]/K) in
Sym(A,,) is contained in

Enda(A,) = (A/(x"))™.
Hence
(¢ = 1g"™" > #Gal(K[A,]/K) = [K[A,] - K] > [K[m,] : K] = (¢ —1)¢" "

We must have equalities throughout, and so Gal(K[A,]/K) = (A/m™)* and K[A,] =
Km,].
(c) Let fI"(T) = (f/T)o fo---of (nterms), so that

Ty =n+-- 4 T(g=1g" "

Then f"l(r,) = f=U(7,_1) = ... = f(m1) = 0. Because £ is monic of degree (¢ —
1)¢g" ! = [K[r,) : K], it must be the minimum polynomial of 7, over K. Therefore,

NmK[An]/KWn — (_1)(q—1)qn—27r

= 7w unlessqg=2and n=1.

In the exceptional case, K[A1] = K, and so 7 is certainly a norm. [J
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SUMMARY 3.7. Let f(T) = 7T +---+T49, and let A,, be the set of roots of f™ in
K?®. Define K,, = K[A,]. Then

K, =UK;,

q |
¢ |
K’Wg = Km] f(m)=m wmg,_, = (m)
q
K’ml =K[m] flm)=0 mg,,=(m) m#0
qg—1

Moreover, the action
axA=[a]f(N), a€A IeA,,
induces an isomorphism
(A/m™)* — Gal(K,,,/K).
On passing to the inverse limit, we obtain an isomorphism
A" — Gal(K,/K).

EXAMPLE 3.8. Let K = Q, and f = (T'+1)? —1. For each r, choose a p"th root (,r
of 1 in such a way that ¢, is primitive and (j» = (r—1. Then 7, = (r —1 and (Qp)pn =

Qp[m] = Qp[¢yr]. Moreover, the isomorphism (Z,/(p"))* — Gal(Q,[r]|/Q,) is the
standard one.

The local Artin map. We define a homomorphism
bn: K* — Gal(K™/K)

as follows. Let a € K*. Because K, N K™ = K and K, - K" = K?_ it suffices to
describe the actions of ¢,(a) on K, and K" separately. Let a = un™, v € U. We
decree that ¢, (a) acts on K" as Frob™, and that it acts on K, according to the rule

bx(a)(N) = [up(N), all X € UA,,.
The ~! is inserted so the the following theorem is true.

THEOREM 3.9. Both K, - K" and ¢, are independent of the choice of .

Recall that K® is not complete (see Math 676, Problems 10, #4); in fact even K™
is not complete. We write K™ for its completion, and B for the valuation ring of Kun
(the valuation |- | on K™ extends uniquely to K", and B is the set of elements with
value < 1). We write o for the Frobenius automorphism Frobg of K" /K, and also for

its extension to K. For a power series 0[[T]] = b1 € B[[T)], (66)(T) £ ¥ ob:T".
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PROPOSITION 3.10. Let Fy and F be the formal group laws defined by f € Fr and
g € Fo, where m and w = urn are two prime elements of K. Then Fy and F, become
A-isomorphic over B. More precisely, there exists an € € B* such that oe = cu, and
a power series 0(T) € B[[T]] such that:

(a) O(T) =T + deg > 2;

(b) 08 =00 [u];

(c) O(F(X,Y)) = Fy(0(X),0(Y));

(d) 6ofal; = [al, 6.

The last two conditions say that ¢ is a homomorphism Fy — F, commuting with

the actions of A, and the first condition implies that 6 is an isomorphism (because ¢
is a unit).

LEMMA 3.11. The homomorphisms
b—ob—b:B— B, bw—ob/b: B* — B,
are surjective with kernels A and A* respectively.

PRrROOF. Let R be the valuation ring in K"", and let n be its maximal ideal. Then
R is a discrete valuation ring, and lim R/n™ = B (see (5.7 below). We shall show by
induction that the sequence

0— A/m% — R/m" 25 R/n™ —0 ()
is exact. For n = 1, the sequence becomes
0=k —k 2222k 0.
Here k is the algebraic closure of k. This is obviously exact. Assume that the sequence
is exact for n — 1, and consider the diagram
0 - R/n — R/ — R/m™! — 0

! l !
0 - R/n — R/ — R/m™! — 0

in which all the vertical maps are induced by o — 1. From the snake lemma, we find
that 0 —1: R/n"” — R/n™ is surjective and that its kernel has ¢" elements. As A/n"
is contained in the kernel and has ¢" elements, it must equal the kernel. This shows
that () is exact, and, when we pass to the inverse limit over n, the sequence becomes

O—>A—>BJ—_1>B—>O,

which is therefore exact (see Proposition 5.8 below).
The proofs for A* are similar. [

The inverse of a power series h for composition will be denoted A=!. Thus hoh™! =
T=h"toh.

The proof of the Proposition 3.10 has four steps:
Step 1. Show there exists a 0(T") € B|[T]] satisfying (a) and (b).
Step 2. Show that the 6 in Step 1 can be chosen so that g = o o fo 67!,

Step 3. Show that the power series (F;(6071(X),07(Y))) has the properties charac-
terizing Fy(X,Y), and therefore equals it.
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Step 4. Show that the power series 6 o [a]; o 6~ has the properties characterizing [a),,
and therefore equals it.

PROOF. (of Step 1). Choose an ¢ € B* such that o = eu—its existence is
ensured by Lemma 3.11. Starting with 6;(7") = €T', we shall construct a sequence of
polynomials 6, such that

0.(T) = 6,1(T)+bI", some b € B,
06, = 6,0ul;+deg>r+1.

Note, that for 6,(T") = €T, the second equation becomes
ol =e(ul +---) +deg > 2,

which is true because of our choice of €. Suppose that 6, has been found, and we wish
to find 0,.1(T) = 0,.(T) + bT™*. Write b = ac"*, a € B. Then the second equation
becomes

(00,)(T) + (oa)(oe) T+ - 0.([u] (1)) + ac" ™ (uT)"" 4 deg > r + 1.

Thus, we need

(ca — a)(eu) ! e

where ¢ is the coefficient of 77! in 6, o [u] s — o6,. We can choose a to be any element
of B such that a —a =c/(eu)™™. O

PROOF. (of Step 2). Define
h=acfofol ' =0ofulfofold ™ =00folul;od
Then, because f and [u]; have coefficients in A,
ch=ocfofolul;oo0 ' =000 fof ! =h.

For the middle equality, we used that [u]f o 6~ = 6~! which follows from 6 o [u]f o
o0~' =T. Because oh = h, it lies in A[[T]]. Moreover,

h(T)=o0c-m-e T+ =@l + deg > 2,

and

h(T)=0c00 (0" =0l(c0(T?)) =T? mod mg.
Therefore, h € F. Let ¢ = [1],,06. Then 6 obviously still satisfies condition (a)
of the proposition, and it still satisfies (b) because [1],; € A[[T]]. Moreover,

0'9/ o f o 0/_1 = [1]g,h o ]’L o [1];}1 =4d.
O
The proofs of Steps 3 and 4 are straightforward applications of Lemma 2.12.

PRrOOF. (that K, - K" is independent of 7). Let 7 and @w = 7u be two prime
elements of K. From Proposition 3.10 we find that

(08) o [x]; = 0 o [ul o [rs] = 0o [y = ]y 0,
that is, that
(00)(f(T) = g(6(T)).
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Therefore, for any o € K (recall that this is the separable algebraic closure of K),
fla) =0 = ¢(0(a)) =0,
and, similarly,
gla) =0 = f(67'(a)) =0.
Therefore 6 defines a bijection Ay; — Ay 1, and so
K™ ([Aga] = K™[0(Ag1)] C K™ [Aga] = K™ (07 (Ag)] C K™ [Aga].

Therefore

K™ [Aga] = K™ [Aga].
Now the next lemma shows that

K™[Aga] N K™ = K™[Aga],  K™[Ap] 0 K™ = K™[Ag),

and so

K™ [Aga] = K™ [Aga].
The argument extends without difficulty to show that

K™ [Agn] = K™ [Agn]
for all n, and so K" - K, = K" - K,. 0O

LEMMA 3.12. Every subfield E of K containing K is closed (in the topological
sense).

PROOF. Let H = Gal(K*/E). Then H fixes every element of £ and so, by
continuity, it fixes every element in the closure of E. By Galois theory, this implies
that E equals its closure in K*. [

PROOF. (that ¢, is independent of 7.) We shall show that, for any two prime
elements m and o,

Pn(@) = ¢(w@).

Since 7 is arbitrary, this implies that for any other prime element 7" of K,

O (@) = ¢ (@) = Pr(@).
Since w is also arbitrary, and the prime elements generate the group K*, this implies
that ¢7r = ¢7r/.
On K" both ¢,(w) and ¢»(w) induce the Frobenius automorphism. It remains
to prove that they have the same effect on K.
Let 6 be an isomorphism Fy — Fj over K™ as in Proposition 3.10. It induces an
isomorphism Ay, — A,, for all n. By definition, ¢ (w) is the identity on K, and

since K, is generated over K by the elements 8(\) for A € Ay, it remains to prove
that

Or(@)(O(N) = 0(N), all A € Ay,
Write @ = umr. Then ¢r(w) = ¢r(u) - ¢ (7) = 70, say, where

) Frobx on K™ _)id on K"
77 id on A 7Y Yy on A
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Using that the series 6 has coefficients in K™ and (3.10), we find that
=(@)(0(N)) = 7o (0(N)) = (00)(7A) = (a0)([u™"];(X) = O(N).
U

EXAMPLE 3.13. We describe the local Artin map ¢, : Q) — Gal(L/Q,) in the
case L = Q,[¢] where ( is a primitive n'* root of 1.

(1) Suppose n is prime to p. Then L is unramified over Q,, with degree equal to the
degree of the residue field extension. The residue field is F,s where p/ is the smallest
power of p such that n|(p/ —1). The map ¢, : Q¥ — Gal(L/Q,) sends u - p to the

t*" power of the Frobenius element, and its kernel is Zy- <p/>,

(ii) Suppose n is a power p” of p. In this case, L is totally ramified of degree
(p— Dp"" over K, and L = (Qp)pn (see 3.8). The map ¢, : QF — Gal(L/Q,)
can be described as follows: let a = up’, and let uy € Z represent the class of u in
(Zy/D'Z,)"; then ¢,(a) sends ¢ to ¢* . Its kernelis {up™ | u =1 mod p", m € Z}.

(iii) In the general case, write n = m - p" with m prime to p. Then we have

Qy[Cn]
/ AN
Qp [Cp’“] Qp [Cm] :
AN /
Qp

The map Q. /Nm(Q,[¢.]*) — Gal(Qp[¢,]/Qp) can be described as follows: write
a = up', u € Z; then a acts on Qu[¢n] by Gn = (,, and it acts on Q,[Gr] by

Uy . .
Gpn + Gpn Where ug is an integer congruent to u mod p".

4. The Local Kronecker-Weber Theorem

The main result proved in this section is that K* = K, - K", Since this is not
needed for the proofs of the main theorems of local class field theory, and is implied
by them, this section may be skipped.

The ramification groups of K, /K. Let L/K be a finite Galois extension with
Galois group G. Recall (Math 676, 7.49 et seqq.) that the i'" ramification group is
defined to be

Gi={reG|ordr(ta—a)>i+1, alla € Or}.
Moreover, for i > 0,

Gi:{TEGoyOrdL(TH—H)EZ’—i—l}

where II is a prime element for L. Here ordy is the normalized valuation L* — Z.
Then G/Gy = Gal({/k), and there are inclusions:

(IT — 7II/IT mod II)  : Go/Gy — £~
T +— (7IT — I1) /IT**! mod 1T 2 Gi/Giyq — 0
( ( )/ +

where ¢ D k are the residue fields of L and K. Thus (Go: G1)|¢— 1 and (G;: Git1)l|q
for i > 1. Moreover G; = {1} for i sufficiently large.



THE LOCAL KRONECKER-WEBER THEOREM 31

Let
U9 = U =A%,
U9 = 14w, i>1.
Then we have a filtration
U/U(”) 5 U(l)/U(n) SRS U(”)/U(”) —0
on A*/(1+m") =U/UM,

PROPOSITION 4.1. Under the isomorphism A*/U™ = G of Theorem 3.6,
UD /U™ maps onto Gyi_;.

PROOF. We take f = 7T + T Certainly G = Gy, and U /U™ maps onto Gj.
Now take ¢ > 1, and let v € U® \ U+, Then u = 1 4 v7’ with v € AX, and

[l p(mn) = [1]5(mn) + [Vl () = 70 + [V](7ni) = T + (unit) .

7:2:1 +1) = 7,1 x unit because ord(—=r) > 0.
g it+1

Foranyi > 1, m; = mmip1+7i = mi (
Hence m,,_; = wgz X unit, and
i .
[u] f(m,) — T, = wd X unit.

By definition, this means that [u|; € G,i_1, [u]s ¢ G,i. Since this is true for all ¢, it
implies that U® maps onto G,i_;. O

Hence
Gy = G
Gq—l — Gq_2 . Gl
Gq2_1 == Gq2_2 == Gq
an_1 — 1

is a complete set of distinct ramification groups for K, /K.

Upper numbering on ramification groups. Let L be a finite Galois extension
of K with Galois group GG. We extend the definition of G, to all real numbers u > —1,
by setting

G, = G; where 1 is the least integer > wu.
For u > 0,
G, = {TEGO ’ OrdL(TH—H) 22+1}
Define ¢: R>y — R to be the unique continuous piecewise linear function such that

{90(0) = 0

¢'(u) = (Gp:G,) ! if uis not an integer.
Define G¥ = G, if v = p(u), i.e., G¥ = Gy1(y).
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EXAMPLE 4.2. Let L = K, ,. Then
(GoiGl):q—l, G1:G2:“':Gq_1.

Thus ¢'(u) = q_% for 0 < u < ¢ — 1, and the first segment of the graph of ¢ runs
from (0,0) to (¢ —1,1); hence G' = G,_;. Next

(Gq_li Gq) =4dq, Gq = Gq+1 == Gq2_1.

Thus ¢'(u) = q(q—l—l) for g —1 < u < ¢®> — 1, and the second segment of the graph of ¢
runs from (¢ — 1,1) to (¢* — 1,2). Thus G* = G2_;. Continuing in this fashion, we
arrive at the following picture:

1 q
Gq_1 D Gq2_1 Do D) an_1 — 1

Go o
I I I
GO Gl G2 G
PROPOSITION 4.3. Under the isomorphism A* /U™ — G,
uvh o™ =G
PROOF. Immediate consequence of (4.1) and (4.2). O

The upper numbering is defined so as to be compatible with the passage to the
quotient (whereas the lower numbering is compatible with passage to the subgroups).

PROPOSITION 4.4. Consider Galois extensions M O L D K, and let G =
Gal(M/K) and H = Gal(M/L) (assumed normal) so that G/H = Gal(L/K). Then

(G/H)" = Im(G" — G/H),
i.e., (G/H)" =G"H/H.
PROOF. See Serre, 1962, Corps Locaux, IV.3, Pptn 14. O

Now consider an infinite Galois extension /K. Using (4.4) we can define a filtra-
tion on G = Gal(2/K):

T€G' < 7€ Gal(L/K)", all L/K finite and Galois L C Q.

DEFINITION 4.5. For a finite Galois extension L/K, v is called a jump in the
filtration {G"} if, for all € > 0, G¥ # GV*=.

THEOREM 4.6 (HASSE-ARF). If L/K is abelian, then the jumps are integers, i.e.,
if G; # Gitq, then gO(Z) €.

PROOF. See Serre, 1962, Corps Locaux, V.7. (The proof is fairly elementary, but
complicated. It is does not require that residue fields be finite, but only that the
residue field extension be separable.) [

Thus, for a finite abelian extension L/K, the filtration on Gy = G° is of the form
G'2G"2G™.... i;EN,



THE LOCAL KRONECKER-WEBER THEOREM 33

Moreover G" = {1} for n sufficiently large, and (G% : G%+1) divides ¢ — 1 or ¢. For an
infinite abelian extension, the same statements hold, except that the filtration need
not terminate: we can only say that

NG' = {1}.

EXAMPLE 4.7. Let L = K;,. If G; # G4y, then i =0, ¢—1,..., ¢" — 1, and
at those points ¢ takes the values 1,2,3,... ,n. Thus we have verified the Hasse-Arf
theorem for all these extensions, and, because of (4.4), all subextensions.

The local Kronecker-Weber theorem. As usual, K is a local nonarchimedean
field, and all extensions of K will be required to be subfields of a fixed separable
algebraic closure K* of K.

THEOREM 4.8. For any prime element m of K,
Kp K™ =K.

LEMMA 4.9. Let L be an abelian totally ramified extension of K. If L D K, then
L=K,.

Proor. Let G = Gal(L/K) and H = Gal(L/K,), so that G/H = Gal(K,/K).
Consider the diagram (of abelian groups)

1 1 1

l— G"NH — "' —— (G/H)" —— 1

l— G'NH — G — (G/H)" — 1

1 G"NH G™ (G/H)™ 1
GrHINH G (G/H)" T
1 1 1

The columns are obviously exact, and Proposition 4.4 shows that the top two rows
are exact. Therefore, the third row is exact (by the snake lemma, for example) and

" (Gm: GmHY) = ((G/H)": (G/H)™) (G N H: G™' N H).

<q =qg—1lorg
From this we deduce that G* N H = G™' N H for all n. Thus
G"''NH=G"NH=---=G'NH=H,

i.e., H C G"! for all n. Since NG™ = 1, this shows that H = 1. [

LEMMA 4.10. Every finite unramified extension of K, is contained in K, - K"™.
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PROOF. Let L be an unramified extension of K. Then L = K, - L' for some
unramified extension L’ of K, for some n. Now apply (Math 676, 7.41) to see that
L' = K, - L" for some unramified extension L” of K. [O

LEMMA 4.11. Let L be a finite abelian extension of K of exponent m (i.e., 7" =1
all T € Gal(L/K)), and let K, be the unramified extension of K of degree m. Then
there exists a totally ramified abelian extension L, of K such that

LCcLi-K,=L-K,.

PRrROOF. For any 7 € Gal(LK,,/K), 7"|L = 1 = 7| K,,, and so Gal(LK,,/K) is
still abelian of exponent m. Let 7 € Gal(LK,,/K) be such that 7|K,, is the Frobenius
automorphism. Then 7 has order m, and so

Gal(L/K) =<m> xH (direct product).
for some subgroup H. Let L, = L<7; then L, is totally ramified over K and L- K, =
L, -K,. O

PROOF. (of Theorem 4.8). Let L be a finite abelian extension of K; we have to
show that L C K, - K"™.

Lemma 4.9 holds with K replaced by K. If we apply it to the extension L- K /K,
we find that there exists a totally ramified extension L; of K, and an unramified
extension L, of K, such that

LKy CLiLyC (L Ky) - L.
Now (4.9) implies that L; C K, and (4.10) implies that L, C K, - K"™. O

COROLLARY 4.12. Every finite abelian extension of Q, is contained in a cyclotomic
extension.

EXAMPLE 4.13. A finite abelian extension L of K need not be of the form L; - L,
with L; totally ramified over K and L, unramified over K. Consider:

Qs(Cs, Co24]
/ ’ AN
Qs[¢5] L Qs [Co24)-
AN ’ /
Qs

The field Q5[(5] is totally ramified of degree 4 over Qs with Galois group (Z/5)*,
which is cyclic of order 4. Note that 624 = 5 — 1, and so Qs[(g24] is unramified of
degree 4 over 5, and its Galois group is also cyclic. Clearly

Gal((@5 [Cgm()]/@g,) =<o0> X <>

where
{ 0(Ce2a) = ng4 { T(Co24) = Co2a
U(Cs) = G T(Cs) = Cs? '

Let L be the fixed field of <o?7>. Then L is a cyclic Galois extension of Qs of degree
4. Tts maximal unramified subfield

L, = LN Qs[¢s24) = Qs5[Cs24] N Qs[Coou]
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which has degree 2 over Q5. If there existed field a L; such that L = L; - L, then
Gal(L/Qs) would be the product of two cyclic groups of order 2, contradicting the
fact that it is cyclic.

We recover the fact that K, - K" is independent of m without using Proposition
3.10. However, this proposition is still required to show that ¢, is independent of 7.

REMARK 4.14. The original Kronecker-Weber Theorem (proved by Hilbert in 1896
using an analysis of the ramification groups after earlier incomplete proofs by Kro-
necker and Weber) states that every finite abelian extension of Q is contained in a
cyclotomic extension. For Q, the same statement is called the Local Kronecker-Weber
Theorem, and Theorem 4.8 is usually referred to as the Local Kronecker-Weber The-

orem for K. It is in fact possible to give an elementary proof of the Local Kronecker-
Weber Theorem for Q, (see Cassels 1986, Local Fields, Cambridge, p 151).

REMARK 4.15. In Chapter III, we shall deduce the Local Kronecker-Weber Theo-
rem from Theorem 1.1 without making use of the Hasse-Arf theorem—this was the
original approach of Lubin and Tate. The above proof follows R. Gold, Local class
field theory via Lubin-Tate groups, Indiana Univ. Math. Jour., 30, 1981, 795-798.
For a proof of the local Kronecker-Weber theorem for local fields of characteristic
zero that does not make use of the Hasse-Arf theorem or cohomology, see M. Rosen,
Trans. AMS 265 (1981), 599-605. As Iwasawa points out (Iwasawa 1986, p115), once
Proposition 4.4 and certain properties of the abelian extensions K, /K are taken for
granted, then the Local Kronecker-Weber Theorem for K and the Hasse-Arf Theorem
are essentially equivalent.

The global Kronecker-Weber theorem. Since it is now so easy, we might as
well prove the original Kronecker-Weber theorem.

THEOREM 4.16. FEvery abelian extension of Q is contained in a cyclotomic exten-
S10M.

LEMMA 4.17. Let K be a finite Galois extension of Q with Galois group G. Then
G 1is generated by the inertia groups of the primes ideals p of K that are ramified in
the extension K/Q.

PROOF. Let H be the subgroup of G generated by the inertia groups, and let M
be the fixed field of H. Then K'® > M for all prime ideals p of K, and so p N M
is unramified in the extension M/Q. Therefore M is an unramified extension of Q,
and so equals Q (by Math 676, 4.8). O

PROOF. (of the Kronecker-Weber Theorem; following Cassels, 1986, p236). Let K
be an abelian extension of Q. Let p be a prime number, and let p be a prime ideal
of Ok lying over it. From the local Kronecker-Weber theorem, K, is contained in a
cyclotomic extension of Q,, say K, = Qp[u,,v,] where u, is a p*th root of 1 and v,
is a root of 1 of order prime to p. Note that s, depends only on p (not p) because
Gal(K,/Q,) acts transitively on the primes lying over p, and hence on the set of fields
K,.

Let L be the cyclotomic extension of Q generated by the p*rth roots of 1 for all
prime numbers p ramified in K, and let K’ = K - L. Then K’ is again abelian over
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Q, and for any prime p’ of K’', we have

K;g/ C Qplup, wy (*)

where w), is a root of 1 of order prime to p. Clearly it suffices to prove the theorem
with K replaced with K’, and so we can assume K D L.

We now have

[K:Q]>[L: Q] =]]e(p™) (product over p ramifying in K).

Since the Galois group G of K/Q is commutative, the inertia group I(p) depends
only on the underlying prime p, and so we denote it I(p). From (*) we have

(I(p): 1) < @(p™)

because I(p) is a quotient of the corresponding group for Q,[u,, w,]. By (4.17), G is
generated by the groups I(p), and so there is a surjective map [[I(p) — G; thus

(G: 1) <TIUp): 1) <[Tel™).

But (G: 1) = [K: Q] and so we have equality everywhere, and K = L. O

REMARK 4.18. At this point, it is not too difficult to complete the proofs of main
theorems of global class field theory (see the Introduction) in the case K = Q. From
the fact that L is contained in a cyclotomic extension we deduce that the Artin
map ¢rp has a modulus. Now use Dirichlet’s theorem on the density of primes in
arithmetic progressions to find that /g is surjective. We know that Nm(I}) is
contained in the kernel, and so the only thing that is lacking at this point is that

(I3 Nm 17 -i(Kn1)) <[L: Q).

This is the first inequality, which is not difficult by analytic methods (see Janusz,
1996, IV, 5.6). Once one has that, the existence theorem follows from the fact that
Q[¢m) has modulus (m)oo.

Where did it all come from? We have seen that the Lubin-Tate formal group
laws provide a remarkably simple solution to an apparently very complicated problem,
that of giving explicit generators for the largest abelian extension of a local field and
describing how the Galois group acts on them. The only mystery is how anyone ever
thought of them. The following speculations may help.

That such a theory might exist was suggested by the theory of complex multiplica-
tion of elliptic curves. Here one shows that, for a quadratic imaginary number field
K, there exists an elliptic curve F, unique up to isogeny, having Ok as its endomor-
phism ring. For any n, the points of order dividing n on E form a cyclic Og-module,
and it is this fact that allows one to prove that adjoining their coordinates gives an
abelian extension.

In seeking an analogous theory for local fields, it is natural to replace the algebraic
group E by the local analogue, namely, by a formal group law. Thus we seek a
formal group law whose endomorphism ring is so large that its torsion points form a
cyclic module. The obvious candidate for the endomorphism ring is again the ring
of integers Ok in K. Initially, it is natural to ask only that the formal group admit
an endomorphism corresponding to m, a prime element of Og. Considerations of the
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heights of formal group laws together with the desire for the torsion points to form
a cyclic module suggest that this endomorphism should be given by a power series
f(T') such that f(7) =79 mod m. Moreover, since we truly want the formal group
to depend on the choice of m (because the extension K, we wish to construct does),
it is natural to require that f(7') = 7T + ---. Thus, we are led to the set F,, and
once we have that, the theory follows naturally.

Notes. The original source for the theory of Lubin-Tate extensions is:

Lubin, J., and Tate, J., Formal complex multiplication in local fields, Ann. of
Math., 81 (1965), 380-387.

The theory is also treated by Serre in his article in Cassels and Frohlich 1967 and
in Iwasawa 1986 and Fesenko and Vostokov 1993.

5. Appendix: Infinite Galois Theory and Inverse Limits
We review two topics required for this chapter.

Galois theory for infinite extensions. Fix a field K.

DEFINITION 5.1. A field 2 D K (not necessarily of finite degree) is said to be
Galois over K if

(a) it is algebraic and separable over K, i.e., every element of 2 is a simple root
of a polynomial with coefficients in K;

(b) it is normal over K, i.e., every irreducible polynomial with coefficients in K
having a root in Q splits in Q[X].

PROPOSITION 5.2. A field Q2 is Galois over K if and only if it is a union of finite
Galois extensions of K.

PROOF. Suppose 2 is Galois over K. For any a € (2, the splitting field in €2 of
the minimum polynomial of o over K is a finite Galois extension of K, and € is the
union of such fields. Conversely, if () is a union of finite Galois extensions of K, then
it is algebraic and separable over K. Moreover, if f(X) € K[X] has a root in €,

then it has a root in some finite Galois subextension F of €2, and therefore splits in
E[X]. O

If Q is a Galois extension of K, then the Galois group Gal(£2/K) is defined to be the
group of automorphisms of {2 fixing the elements of K, endowed with the topology
for which the sets

Gal(Q/E), QDEDK, [E:K|<o

form a fundamental system of neighbourhoods of 1. This means that two elements of
Gal(Q2/K) are close if they agree on some “large” field F, Q2 D F D K, [E: K] < cc.

PROPOSITION 5.3. The group Gal(Q2/K) is compact and Hausdorff.
ProoOF. Consider the map
o olE:Gal(QY/K) — [[ Gal(E/K)

where the product runs over all £ C €2 with F finite and Galois over K. Proposition
5.2 implies that the map is injective. When we endow each group Gal(E/K) with
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the discrete topology, and the product with the product topology, then the topology
induced on Gal(§2/K) is the above topology. I claim that the image is closed. The
image is equal to

{(cg) | op|E = o whenever E' D E}.
Suppose that (og) is not in the image. Then there exists a pair of fields Fy D E;
such that og,|F; # op,. Let

U= ][] Gal(E/K)x{og} x{og}

E#E:,E>

This is an open neighbourhood of (0g), and U NIm(Gal(Q2/K)) = @. O

The topology on Gal(£2/K) is discrete if and only if € is a finite extension of K.

THEOREM 5.4. Let Q2 be a (possibly infinite) Galois extension of K with Galois
group GG. Then there is a one-to-one correspondence between the subfields of 2 and
the closed subgroups of G. More precisely:

(a) For a subfield E of Q, H 4 Gal(Q/E) is a closed subgroup of G, and E = Q.
(b) If H is a subgroup of G, then Gal(2/Q) is the closure of H in Gal(Q/K).

Moreover, the normal closed subgroups of G correspond to the Galois extensions of
K, and the open subgroups of G' correspond to the finite extensions of K.

PROOF. Let E C Q be a finite extension of K. Because every K-homomorphism
E — Q extends to Q, the map o — ¢|Q : Gal(2/K) — Homg(E, Q) is surjective,
and so induces a bijection

Gal(Q/K)/ Gal(Q/E) — Homg (FE, Q).

This shows that Gal(£2/E) is of finite index [E : K| in Gal(2/E). Because it is closed
(by definition), it is also closed (its complement is a finite union of open cosets).

Let E C 2 be an arbitrary extension of K. Then E = UE; where the E; run over the
finite extensions of K contained in E. Correspondingly, Gal(Q/E) = NGal(Q/E;),
which is therefore closed. Moreover, if « € € is not fixed by Gal(2/E), then it is not
fixed by any Gal(Q2/E;), and so does not lie in £. Thus £ = Q@(%/E),

Let H be a subgroup of Gal(2/K), and let H' = Gal(2/Qf). Tt follows from
the Galois theory of finite extensions that, for any open subgroup U of Gal(Q2/K),
UH=UH' andso H=NUH =nNUH' = H'. O

EXAMPLE 5.5. (a) Endow Z with the topology for which the subgroups of finite

index form a fundamental system of neighbourhoods, and let Z be the completion.
Then Z = [y prime Ze, and Z/mZ = Z/mZ for every m. Let F be the algebraic closure
of IF,. There is a canonical isomorphism

Z — Gal(F/F,)

sending 1 € Z to the automorphism z +— 29. The extension of F, of degree m
corresponds to the subgroup mZ of Z. Let o be the automorphism of F/F, such that

o(x) = x9. For a € Z, define 0® to be the element of Gal(F/F,) such that, for any m,
0% F,m = 0% where a € Z is chosen to be close to a. The above isomorphism sends
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a to 0. (For a detailed description of Z and the isomorphism Z — Gal(F/F,), see
Artin 1951, 9.2.)

(b) Let Q, = U, Q[(yr], where (,r is a primitive p"th root of 1. For u € Z, write
uw=ay+ap+ap’+---,0<a; <p-—1, and define

Cu _ rap+aip+--asp®

pr = Gpr ,any s > r.

This defines an action of Z) on {2, and in fact an isomorphism of topological groups
Z; — Gal(€2,/Q).
(c) Let Q = UQI¢,], where n is a primitive nth root of 1. Then
Q=0 - -Q--, QN0 =0Q, p#p.
Just as in the case of a finite number of finite Galois extensions, this implies that
Gal(/Q) = [] Gal(©2,/Q)
(topological product of closed subgroups). Thus there is an isomorphism
7> — Gal(Q/Q).
It can be described as follows: if ¢ is an n' root of 1 and u € Z*, then
("= (" for any m € Z with m =u mod n.
(d) Let ©, = UQI[(], as in (b). Then
7y =Ny x G

where A, = (Z/(p — 1))* for p # 2 and Ay = Z/2Z, and C, ~ Z,. Let Q) = Q2.
Then Gal(€2,/Q,) ~ Z,. Let

O =0, Q-
(composite inside Q*). Then Gal(Q'/Q) ~ [[Z, = Z.

(e) For any finite extension K of Q, K - €' is a Galois extension of K with Galois
group isomorphic to a subgroup of finite index in Z. But any such subgroup is again
isomorphic to Z (because it is again the completion of a subgroup of Z of finite
index). Therefore Gal(K - ' /K) ~ Z. If we fix an isomorphism, and let K, be the
field corresponding to mZ, then we see that:

(a) K, is cyclic of degree m;
(b) K., is cyclotomic, i.e., contained in an extension of K obtained by adjoining
roots of 1.

REMARK 5.6. In general, there may exist subgroups of finite index in Gal(Q2/K)
which are not open? (and hence not closed). For example, K = F,((T)) has a Galois
extension € such that Gal(Q/K) = F}) (product of an infinite countable number
copies of a cyclic group of order p)—see Remark 1.5. Let M be the subgroup of IF§
consisting of the elements (a,) such that a,, = 0 for all but finitely many n. Thus M
is equal to a direct sum of a countable number of copies of a cyclic group of order p.
The closure of M is Gal(2/K), and so any subgroup H of finite index in Gal(2/K)
containing M is not closed (and hence not open).

2My recollection is that Gal(Q®/Q) has such subgroups, but I don’t know a reference.
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Inverse limits. A partially ordered set (/,<) is said to be directed if, for any
a, 3 € I, there exists v € I such that a,3 < v. For example, the set of positive
integers ordered by divisibility, m < n <= m|n, is directed.

An inverse system (or projective system) of sets is a family (S, )aes of sets indexed
by a directed set I together with, for each pair o < 3, a map @, : Sp — S such
that

(a) for all o € I, @, 4 is the identity map;
(b) foralla < B <~inl, pas0Psy= Pan-

A set S together with, for each o € I, a map ¢, : S — S, such that ¢, = a0 @3
is said to be the inverse limit (or projective limit) of the inverse system (S,), (¢a,3)
if it satisfies the obvious universal property.

Every inverse system of sets, groups, or rings has an inverse limit. For example,

7 = lim Z/mZ.

EXAMPLE 5.7. The completion R of a discrete valuation ring R is = lim R/m”,
where m is the maximal ideal in R.

The profinite completion of a group G is defined to be limG/H where H runs
through the normal subgroups of finite index in G.

PROPOSITION 5.8. The inverse limit of an inverse system of exact sequences of
finite abelian groups is again exact.

REMARK 5.9. The Galois group Gal(2/K) is the projective limit of the groups
Gal(E/K) where E runs over the subfields of Q that are finite and Galois over K.
A topological group that is a projective limit of finite groups is called a profinite
group. They are precisely the compact totally disconnected topological groups. (A
topological space is totally disconnected if its connected components are the one-point
subsets.) See Serre, Cohomologie Galoisienne, Springer, 1964, or Shatz, Profinite
Groups, Arithmetic, and Geometry, Princeton, 1972.



CHAPTER 11

The Cohomology of Groups

We take a respite from number theory and do some homological algebra. In an
appendix to the chapter, we review the general theory of derived functors.

1. Cohomology

The category of G-modules. Let G be a group. A G-module is an abelian group
M together with a map

(g,m)—gm:Gx M — M

such that, for all g,¢' € G, m,m' € M,
(a) g(m+m') = gm+ gm’;
(b) (99)(m) = g(g'm), 1m = m.
Equivalently, a G-module is an abelian group M together with a homomorphism of
groups G — Aut(M).
A homomorphism of G-modules (or a G-homomorphism) is a map a: M — N such
that
(a) a(m+m') = a(m)+ a(m’) (i.e., @ is a homomorphism of abelian groups);
(b) a(gm) = g(a(m)) for all g € G, m € M.

We write Homg (M, N) for the set of G-homomorphisms M — N.
REMARK 1.1. The group algebra Z|G] of G is the free abelian group with basis the

elements of G and with the multiplication provided by the group law on GG. Thus the
elements of Z[G] are the finite sums

ang, ng€Z, gea,
and

(D2 miga) (- m595) = D min(9i;)-

To endow an abelian group M with a G-module structure is the same as to endow
it with a Z[G]-module structure. Thus the category Mod¢ of G-modules can be
identified with the category of modules over the ring Z[G]. In particular, Modg is
an abelian category.

41
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If M and N are G-modules, then the set Hom(M, N) of homomorphisms ¢ : M —

N (regarded only as abelian groups) becomes a G-module with the structures
(e +¢)m) = ¢(m)+¢'(m)
(9p)(m) = g(p(g~'m)).

Induced modules. Let G be a group and H a subgroup. For an H-module M,
we define Ind% (M) to be the set of maps' ¢ : G — M such that ¢(hg) = he(g) for
all h € H. Then Ind% (M) becomes a G-module with the operations

(e +&)(z) = or)+¢(z)
(g)(x) = plxg).
A homomorphism « : M — M’ of H-modules defines a homomorphism
¢ — ao:Ind5 (M) — Ind% (M)
of G-modules.
LEMMA 1.2.  (a) For any G-module M and H-module N,
Homg (M, Ind% (N)) = Hompy (M, N).
(b) The functor
Indg : Mody — Modg
18 exact.
PROOF. (a) Given a G-homomorphism « : M — Ind%(N), we define 3(m) =

a(m)(1g), where 1¢ is the identity element in G. The various definitions show that,
for any g € G,

Blgm) = (a(gm))(1e) = (9(a(m)))(1e) = a(m)(g).

Because a(m) € Ind% (M), when g € H, a(m)(g) = g(a(m)(1¢)) = g(f(m)). There-
fore,  is an H-homomorphism M — N.

Conversely, given an H-homomorphism 5 : M — N, we define o to be the map
M — Ind% (M) such that a(m)(g) = B(gm). Then «a is a G-homomorphism.

Since the maps a +— (3 and (§ — « are inverse, both are isomorphisms.

(b) Given an exact sequence
0—-M—>N—P—0,
we have to prove that
0— Ind§ M — Ind$ N — Ind5 P — 0

is exact. This is obvious except at the last position. Let S be a set of right coset
representatives for H in G, so that G = U,cgHs, and let ¢ € Ind%(P). For each
s € S, choose an n(s) € N mapping to ¢(s) in P, and define ¢(hs) = h-n(s). Then
@ € Ind%(N) and maps to ¢. O

!The ¢’s are not required to be homomorphisms.
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When H = {1}, an H-module is just an abelian group. In this case, we drop the
H from the notation Ind%. Thus

md“(My) = {¢:G — My} (maps, not necessarily homomorphisms)
= Hom(Z|G], My) (homomorphisms of abelian groups).

A G-module is said to be induced if it isomorphic to a Ind®(M,) for some abelian
group M.

REMARK 1.3. Let G be a finite group. Then a G-module M is induced if and only
if there exists an abelian group My C M such that

M = ®geagMy (direct sum of abeliangroups).
Also, there is an isomorphism of G-modules

e > g®p(g ") Ind“(My) — Z[G] ®z M.

geG
Here Z|G] ®7 My is endowed with the G-structure such that
g(z®@m) =gz ®@m.

Let H be a subgroup of G. An induced G-module is also induced when considered

as an H-module: let S be a set of right coset representatives for H in G, so that
G = UsegHs; it M = ©geqgMo, then M = GpeghMy with My = Gses5Mp.

Let M be a G-module, and let My be M regarded as an abelian group. Then

7 nd%(My) — M, ¢— > go(g™")

geG

is a surjective homomorphism of G-modules. It corresponds to the map
ZIGl@ My — M, (D _ngg) @m — > nggm.
REMARK 1.4. Let M and N be G-modules. Then the rule
glm®n)=gm® gn

defines a G-module structure on M ®z N. Let My be M regarded as an abelian group.
Then Z|G] ®z M = Z|G] ®z M, as abelian groups, but their G-module structures do
not correspond. However, one checks easily that the map Z[G] @z My — Z|G]| @z M
sending g ® m to g ® gm is an isomorphism of G-modules.

Injective G-modules. A G-module I is said to be injective if every G-
homomorphism from a submodule of a G-module extends to the whole module, or,
equivalently, if Homg(-, I) is an exact functor.

PROPOSITION 1.5. The category Modg has enough injectives, i.e., every G-module
M can be embedded into an injective G-module, M — 1I.

PrRoOOF. When G = {1}, so that Modg; is the category of abelian groups, this is
proved in the Appendix (Proposition 4.3). Now let M be a G-module, and let M, be
M regarded as an abelian group. We can embed M, into an injective abelian group,
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say, My < I. On applying the functor Ind“, we obtain an inclusion IndG(MO) —
Ind“(I) of G-modules. There is an inclusion of G-modules

M — Ind“(M,), m ~ (function g — gm).

On composing these maps, we obtain an injective homomorphism M — IndG(I ), and
s0 it remains to show that Ind“(I) is an injective G-module, but this follows from the
fact that Ind® has an exact left adjoint, namely, the forgetful functor (see Proposition
45). O

Definition of the cohomology groups. For a G-module M, define
MC={me M|gm=mall gecG}.

The functor
M — M%: Mod; — Ab

is left exact, i.e., if
0—-M —M—-M —0

is exact, then
0 — M/G N MG N M//G

is exact. Since the category of G-modules has enough injectives, we can apply the
theory of derived functors (see the appendix to this chapter) to this situation.

Let M be a G-module, and choose an injective resolution
0 M — 0L 4 2 &
of M. The complex
0 4L (1—0)G_d°_> (INE — ... at (Ir>G_d’“_> (IHE — ...

need no longer be exact, and we define the " cohomology group of G with coefficients
i M to be

. - KL

These groups have the following basic properties.
1.6. The zeroth group H°(G, M) = M®, because
0— M¢ — ¢ £, e

is exact, and HO(G, M) £ Berld) — Ker(d0).

= Tm(d-1)
1.7. If I is an injective G-module, then H"(G,I) = 0 for all » > 0, because
0—1I—1—0—--- isan injective resolution of I.

1.8. For any homomorphism a : M — N of G-modules and any injective resolu-
tions M — I' and N — J', a extends to a map of complexes

M — I
la La,
N — J

and the homomorphisms
H"(a): H'(I') — H"(J)
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are independent of the choice of @. On applying this statement to the identity map
id : M — M, we find that the groups H"(G, M) are well-defined up to a canonical
isomorphism. The general statement then implies that M — H"(G, M) is a functor
from the category of G-modules to the category of abelian groups.

1.9. A short exact sequence
0—-M —M—M —0
of G-modules gives rise to a long exact sequence
0— HYG, M) — - — H (G, M) — H' (G, M") > H* (G, M) — -
Moreover, the association
short exact sequence — long exact sequence

is functorial, i.e., a morphism of short exact sequences induces a morphism of long
exact sequences.

REMARK 1.10. The family of functors (H"(G,-)),>0 and coboundary maps " are
uniquely determined by the properties (1.6, 1.8, 1.9).

Shapiro’s lemma. Let M be a G-module, and regard Z as a G-module with
the trivial action: gm = m for all ¢ € G, m € Z. A homomorphism « : Z — M is
uniquely determined by (1), and m € M is the image of 1 under a G-homomorphism
Z — M if and only if it is fixed by G. Therefore

Homg(Z, M) = M€,

PROPOSITION 1.11 (SHAPTRO’S LEMMA). ? Let H be a subgroup of G. For any
H-module N, there is a canonical isomorphism

H'(G, Ind$}(N)) — H'(H, N),
all r > 0.

ProOOF. For r = 0, the isomorphism is the composite

1.2
N = Homy(Z, N) = Homg(Z, Ind% (N)) 2 Ind% (N)“.

Now choose an injective resolution N — I" of N. On applying the functor Ind%,
we obtain an injective resolution Ind%(N) — Ind%(I") of the G-module Ind%(N),
(because Ind9 is exact (1.2) and preserves injectives (proof of 1.5). Hence

H"(G,Ind$%(N)) = H"((Ind$(1')%) = H"(I'") = H"(H, N).
O
COROLLARY 1.12. If M is an induced G-module, then H" (G, M) =0 for r > 0.
PRrROOF. If M = Ind% (M), then
H"(G,M) =H"({1},My) =0 forr > 0.
O

2For the origin of this elementary but very useful result see Weil, Oeuvres I, pp 577-578.
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REMARK 1.13. Consider an exact sequence
0—-M—-J—-N-—0
of G-modules. If H"(G, J) = 0 for all » > 0, then the cohomology sequence becomes
0— MY%—J% - N® - H (G,M) -0

and

H™(G,N) &= H™ (G, M), r>1.

For example, let M be a G-module, and let M, be the induced module IndG(Mo)
where M, is M regarded as an abelian group. As we have already noted, M can
be identified with the G-submodule of M, consisting of maps of the form g — gm,
m € M, and we let M; = M, /M. On applying the above remark to the sequence

0—-M—M,— M;—0

we find that
H™ (G, M;) = HHG, M), allr>1.

More generally, if
0—-M-—-J'—-... 5 J =S5 N-=0
is exact and H"(G, J') = 0 for all r,7 > 0, then there are canonical isomorphisms
H™(G,N) = H™™(G, M), allr>1.
To prove this, break the sequence up into short exact sequences

0—->M—J' - N =0
0—N!'—J2 = N?2—=0

0= N1 JP N0

and note that we have isomorphisms

I

H'(G,N) = H™(G, N*1) = H™2(G, N*2) = ...
REMARK 1.14. Let
0-MSJ0 8 a2
be an exact sequence such that H*(G, J") = 0 for all s > 0 and all 7. Then
H'(G, M) = H'(J).

This remark applies to any resolution of M by induced modules.
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Description of the cohomology groups by means of cochains. Let M be
a G-module. Let P, r > 0, be the free Z-module with basis the (r + 1)-tuples
(go, - - -, gr) of elements of G, endowed the action of G such that
9(g0, -, 9) = (990, - - - 99r)-

Note that P, is also free as a Z[G]-module, with basis {(1,¢1,...,9:) | g € G}.
Define a homomorphism d,. : P, — P,_1 by the rule

r

dr(QOa"' 7g7’) = Z(_l)z(gm 7§i7"' 7g7’>

=0
where the symbol ~ means that - is omitted. Let P be
o PPy oo By

One checks easily that d,._; o d, = 0, and so this is a complex. Let ¢ be the map
Py — Z sending each basis element to 1.

LEMMA 1.15. The complex P. = 7 — 0 is exact.
PrOOF. Choose an element o € GG, and define k, : P. — P,y by

k(905 gr) = (0,90, -, Gr)-
One checks easily that d,1 o k, + k.—1 o d, = 1. Hence, if d.(z) = 0, then z =
dri1 (ke (2)). O
PROPOSITION 1.16. For any G-module M,
H"(G,M) = H" (Homg (P, M)).

ProoF. This follows from the fact that P. — M is a projective resolution of M—
see Example 4.14. O

An element of Hom(P,, M) can be identified with a function ¢ : G"' — M, and
@ is fixed by G if and only if

Sp(gg07 7gg7’> = 9(80(907 7g7’)) all 9,90, - ,9r € G.

Thus Homg(P,, M) can be identified with the set C"(G, M) of ¢’s satisfying this
condition. Such ¢ are called homogeneous r-cochains of G with wvalues in M. The
boundary map d" : C"(G, M) — C"Y(G, M) induced by d, is

(@) (g0, -+ gr1) = D _(=1)'@(goy -+ 1 Giy -+ Grs1)-
Proposition 1.16 says that
K ~7’
(G, = Bertd)
Im(dr—1)

A homogenous cochain ¢ : G'*' — M is determined by its values on the elements
(1,91,9192,--- ,91---9r). We are therefore led to introduce the group C"(G, M) of
inhomogeneous r-cochains of G with values in M consisting of all maps ¢ : G" — M.
We set G° = {1}, so that C°(G, M) = M. Define

d: C"(G,M) — C"™ (G, M),
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by (d"0)(g1, ", Gr+1) =

g1g0(g2, cee 7gr+1> + Z(—l)jgp(gl, <5 9509541, - - 7gr+1> + (_1)r+190(g17 cee 797’)'
j=1

Define
Z"(G, M) = Ker(d") (group of r-cocycles)
and
B"(G,M) =Im(d"™") (group of r-coboundaries).

PROPOSITION 1.17. The sequence of maps
oG, M) L v M) L L onG M) L oY (G M) — -
is a complex, i.e., d" od =t =0, and there is a canonical isomorphism

Z7(G, M)

H'(G,M) = e,

PROOF. For ¢ € C"(G, M), define

g, 0) =1, 01,0192, -, 1 Gr).

Then ¢ — ¢ is a bijection 57’(G, M) — C"(G, M) transforming the boundary maps
in C"(G, M) into the boundary maps in C"(G, M). O

EXAMPLE 1.18. (a) A map ¢: G — M is a crossed homomorphism if ¢(o71) =
op(T) 4+ (o). For example, for any m € M, the map o — om — m is a crossed
homomorphism—called a principal crossed homomorphism. According to the propo-
sition
{crossed homomorphisms G — M}

HY (G, M) = :
(G, M) {principal crossed homomorphisms}

If the action of G on M is trivial (i.e, om = m all ¢ € G, m € M), then a crossed
homomorphism is a homomorphism, and zero is the only principal crossed homomor-
phisms. Thus, in this case,

HY(G, M) = Hom(G, M).

(b) Let M be an abelian group (with the law of composition written as multiplica-
tion). An extension of G by M is an exact sequence

l1—-—M—FE5SG—1.
If s(0) € E maps to o € G, then we set
om = s(c)-m-s(c)™t, me M.

Because M is commutative, om depends only on o, and so this defines an action of
G on M. Note that

s(c)-m=om-s(o), alloceG, meM.
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Choose a section s to 7, i.e., a map (not necessarily a homomorphism) s: G — E
such that mos =id. Then s(0)s(¢’) and s(oc’) both map oo’ € G, and so they differ
by an element ¢(o,0’) € M:

From

we deduce that
I/

[op(o’,0")p(0,0'0") = (0, 0") (00", "),

i.e., that ¢ € Z%(G,M). If s is replaced by a different section, ¢ is replaced by
a cohomologous cocycle, and so the class of ¢ in H*(G, M) is independent of the
choice of s. Every such ¢ arises from an extension, and so H?*(G, M) classifies the
isomorphism classes of extensions of G by M with a fixed action of G on M.

EXAMPLE 1.19. Let G be a cyclic group of order m, and let M be a G-module.
Define Nm¢g: M — M to be m +— > ,cqom. Choose a generator o for G. I claim
that ¢ — (o) defines an isomorphism

HY(G, M) — Ker(Nmg) /(o — 1) M.
Let ¢ be a crossed homomorphism. Observe that
p(1) = (1 x 1) =1p(1) + ¢(1) = 2p(1)
and so ¢(1) = 0. Hence,
0=p(0™) = p(0" o) = op(0™ ) +p(0) = 0*p(0™ ) +op(0)+¢(0) = Nmg ¢(0),
and so ¢(0) € Ker(Nmg). Finally note that
¢ is principal <= ¢(0) = om — m some m <= (o) € (60 — 1)M.

REMARK 1.20. Let
O0—-M—-N-—-=P—0

be an exact sequence of G-modules. The boundary map
§": H'(G, P) — H™ (G, M)

has the following description: let v € H"(G, P) be represented by the r-cocycle
¢ : G" — P; because N maps onto P, there exists an r-cochain ¢ : G — N lifting
©; because dp = 0, dp takes values in M—it is the cocycle representing 6.

The cohomology of L and L*. Let L be a finite Galois extension of the field
K, and let G = Gal(L/K). Then both L (regarded as a group under addition) and

L* are G-modules.

PROPOSITION 1.21. Let L/K be a finite Galois extension with Galois group G.
Then H' (G, L*) = 0.
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PROOF. Let ¢: G — L* be a crossed homomorphism, i.e.,

p(ro) = T¢(0) - (7).
For a € L™, let

b=> (o) oa.
Suppose b # 0. Then
Th=> 1p(0) Toa=>_ o(r)  p(ro)Toa= o(t)"'b.

Hence
p(r) =b/rb=r(b"")/b"",
which shows that ¢ is principal.
It remains to show that there is an a for which b # 0. Recall (Math 594f, 5.13):

(Dedekind’s theorem on the independence of characters.) Let L be a
field and H a group; then any finite set { f;} of distinct homomorphisms
H — L* is linearly independent over L, i.e.,

aifile)=0 alae H = ay=ay=---=a, =0.

When we apply this with H = L™ and Y ,cq ¢(0)o, we find that there exists an a
such that b # 0. O

COROLLARY 1.22. Let L/K be a cyclic extension, and let o generate Gal(L/K).
If Nmp g a =1, then a is of the form %b

PROOF. We have 1 = H'(G, L*) = Ker(Nmg) /(o —1)L*. O

Corollary 1.22 occurs as Satz 90 of Hilbert’s book, Die Theorie der algebraischen
Zahlkorper, 1894/95, and Theorem 1.21 is Emmy Noether’s generalization. Both are
usually referred to as Hilbert’s Theorem 90.

PROPOSITION 1.23. Let L/K be a finite Galois extension with Galois group G.
Then H"(G, L) =0 for all r > 0.

PrROOF. The Normal Basis Theorem (see below) states that L ~ K[G] as a G-

module. But K[G] = Ind{, K, and so H"(G, L) = H"({1}, K) = 1 for r > 0. O

LEMMA 1.24 (NORMAL Basis THEOREM). Let L/K be a finite Galois extension

(of arbitrary fields) with Galois group G. Then there exists an o € L such that
{oa | o € G} is a basis® for L as a K-vector space.

ProoOF. We give two proofs, the first of which assumes that K is infinite and the
second that G is cyclic. Since every finite Galois extension of a finite field is cyclic,
this covers all cases.

Assume that K is infinite. This has the consequence that, for f(Xi,...,X,,) €
K[Xy,...,Xu),

flai,...,am)=0all ay,... ,am € K = f(X1,...,X;n) =0.

3A basis of this form is said to normal.
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This can be proved by induction. For m = 1 it follows from the fact that a nonzero
polynomial in one variable has only finitely many roots. For m > 1, write

f = ZCZ(X:l’ LRI 7Xm_1)X£’l.

When we substitute values aq, ... ,a,_1 for the X3, ..., X,,_1, the resulting polyno-
mial in X, has infinitely many roots, and therefore each of its coefficients is zero, i.e.,
ci(ay, ..., am—1) = 0. Since this holds for all (ay, ..., am-1), the induction hypothesis
shows that ¢;(X7, ..., X;-1) is zero.

Now number the elements of G as o1, ... , 0., (with o1 =1).
Let f(Xi,...,Xm) € K[X1,...,Xn] have the property that

flora, ..., o0ma) =0
for all « € L. For a basis aq,... ,a,, of L over K, let
g(Yi7 B 7Ym) = f(zzil Y;O'l&iazzil Y;O'QOQ’ s )

The hypothesis on f implies that g(ai, ... ,a,) =0 for all a; € K, and so g = 0. But
the matrix (o;a;) is invertible (see Math 676, 2.25). Since g is obtained from f by an
invertible linear change of variables, f can be obtained from g by the inverse linear
change of variables. Therefore it also is zero.

Write X; = X(0;), and let A = (X (0,0/)), i.e., A is the m x m matrix having X
in the (i, )™ place if 0;0; = op. Let f(X1,...,X,,) = det(A). Then f(1,0,...,0) is
the determinant of a matrix having exactly one 1 in each row and each column and
its remaining entries 0. Hence the rows of the matrix are a permutation of the rows
of the identity matrix, and so its determinant is +1. Hence f is not identically zero,
and so there exists an a € L* such that f(oyq,...,0n,a) (= det(o;0;a)) is nonzero.
Now suppose

m . . f—
ity ajojo =0

for some a; € K. On applying oy, ..., 0y, successively, we obtain a system of m-
equations

Z a;0;0;00 = 0

in the m “unknowns” a;. Because this system of equations is nonsingular, the a;’s are
zero. We have shown that the o;a’s are linearly independent over K. This completes
the proof of the lemma in the case that K is infinite.

Now assume that G is cyclic generated, say, by an element o of order n. We regard
oo as an endomorphism of L considered as a K-vector space. The characteristic
polynomial P(X) of oy is the monic polynomial in K[X] of least degree such that
P(op) = 0 (as an endomorphism of L). It has the property that it divides every
polynomial Q(X) € K[X] such that Q(o¢) = 0. Since oj =1, P(X) divides X" — 1.
On the other hand, Dedekind’s theorem on the independence of characters (see above)
implies that id, 0g,... 04 " are linearly independent over K, and so deg P(X) >
n — 1. We conclude that P(X) = X" — 1. Therefore, as a K[X]-module with X
acting as g, L is isomorphic to K[X]/(X™ — 1). For any generator o of L as a
K[X]-module, a, oga, ... , 000" is a K-basis for L. O
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The cohomology of products. A product M = [] M; of G-modules becomes a
G-module under the diagonal action:

o(co.,miy...)=(..,om...).
PROPOSITION 1.25. For any G-modules M;,
1(G.T[ M) = [T (G, M),
PRrROOF. A product of exact sequences of abelian groups is again exact. From this
it follows that a product I =[] I; of injective G-modules is again injective, because
Homg(+, 1) = 11; Homg (-, 1;)

is exact. Let M; — I; be an injective resolution of M;. Then [[M; — I]I; is an
injective resolution of [] M;, and

H (G M) =H (] L)) = H (L) =[[H (L) = [[ H(G, My).
O

REMARK 1.26. The formation of inverse limits of arbitrary abelian groups is not
exact. Therefore, in general, one can not expect cohomology to commute with inverse
limits.

Functorial properties of the cohomology groups. Let M and M’ respectively
be G and G’ modules. Homomorphisms

a:G — G, p:M— M

are said to be compatible if
Bla(g)m) = g(B(m)).
Then (a, #) defines a homomorphism of complexes
C(G,M) - C(G'M"), ¢+ Bopoa",

and hence homomorphisms

H (G,M) — H"(G', M").

EXAMPLE 1.27. (a) Let H be a subgroup of G. For any H-module M, the map
B :IndG(M) — M, B(p) = @(1),
is compatible with the inclusion H — G, and the induced homorphism
H"™(G,Ind%(M)) — H"(H, M)

is the isomorphism in Shapiro’s Lemma.

(b) Let H be a subgroup of G. Let a be the inclusion H — G, and let § be the
identity map on a G-module M. In this case, we obtain restriction homomorphisms

Res: H"(G,M) — H"(H, M).

They can also be constructed as follows: let M — Ind% (M) be the homomorphism
sending m to the map ¢, with ¢,,(g) = gm; the restriction map is the composite
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of the homomorphism it defines on cohomology with the isomorphism in Shapiro’s
Lemma,

H"(G, M) — H"(G,Ind$(M)) = H"(H, M),

(c) Let H be a normal subgroup of G, let a be the quotient map G — G/H, and let
3 be the inclusion M < M. In this case, we obtain the inflation homomorphisms

Inf: H"(G/H, M") — H"(G, M).

(d) For any gy € G, the homomorphisms a: G — G, 0 + googy ', and 3: M — M,

m > gy m, are compatible. I claim that the homomorphisms

H"(G,M) — H" (G, M).
they define are each the identity map. For r = 0, the homomorphism is

m— g tm: MY — MY,
which is obviously the identity. Let » > 0, and suppose the statement is known for
r — 1. From the sequence

0— M — M, — M, —0, M,=1Ind"(M,),

in (1.13) we obtain a diagram

HNG,M.) — H(G,M) — H (G, M) —0
l | |
HYG,M,) — HYG,M;) — H'(G,M)— 0.

The 0Os at right result from the fact that M, is an induced module. The vertical maps
are those defined by the pair (a, 3) (for the different modules). One checks easily
that the diagram commutes. By induction, the middle vertical map is the identity,
which implies that the third is also.

REMARK 1.28. (a) The method of proof in (d) is called dimension shifting.

(b) Let H be a normal subgroup of G. For any G-module M, the recipe in (d)
gives an action of G on H"(H, M), which the above result shows to factor through
G/H.

ExXAMPLE 1.29. We shall need one more functorial map of cohomology groups. Let
H be a subgroup of finite index of G, and let S be a set of left coset representatives
for H in G, G = UsegsH. Let M be a G-module. For any m € M|

Nmg, g m 4 Z sm
ses
is independent of the choice of S, and is fixed by G. Thus Nm¢/y is a homomorphism
ME — MC.
This can be extended to a corestriction homomorphism
Cor: H'(H,M) — H"(G, M)

for all r as follows: for any G-module M, there is a canonical homomorphism of
G-modules
o> sp(s™) IndG M — M;
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the map on cohomology which it defines, when composed with the isomorphism in
Shapiro’s lemma, gives Cor,

H"(H,M) = H"(G,Ind$; M) — H"(G, M).
PropPOSITION 1.30. Let H be a subgroup of G of finite index. The composite
CoroRes: H'(G,M) — H"(G, M)
is multiplication by (G: H).

PROOF. The map Cor o Res is the map on cohomology defined by the composite
of

M — Ind§ (M) — M, m— @n— > spu(s™)=> m=(G: Hm.
U

COROLLARY 1.31. If (G: 1) =m, then mH" (G, M) =0 for r > 0.

PROOF. According to the proposition, multiplication by m factors through
HT({1}7M> =0,

H'(G, M) 2= B ({1}, M) =25 H'(G, M).
0

COROLLARY 1.32. If G 1is finite and M is finitely generated as an abelian group,
then H" (G, M) 1is finite.

PROOF. From the description of H"(G, M) as the group of cocycles modulo
coboundaries, it is clear that H"(G, M) is finitely generated as an abelian group,
and we have just seen that it is killed by (G: 1). Therefore it is finite. O

For any abelian group A and prime p, the p-primary component A(p) of A is the
subgroup consisting of all elements killed by a power of p.

COROLLARY 1.33. Let G be a finite group, and let G, be its Sylow p-subgroup. For
any G-module M, the restriction map

Res: H" (G, M) — H"(Gp, M)
is injective on the p-primary component of H" (G, M).
PROOF. By definition, (G : H) is not divisible by p. The composite
CoroRes: H"(G,M) — H"(Gp, M) — H" (G, M)

is multiplication by (G : H), and so is injective on the p-primary component of
H"(G,M). O
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The inflation-restriction exact sequence.

PROPOSITION 1.34. Let H be a normal subgroup of G, and let M be a G-module.
Let r be an integer > 0. If H(H, M) = 0 for all i with 0 < i < r, then the sequence

0— H'(G/H, M"Y 2% B(G, M) 2 1 (H, M)
18 exact.

PROOF. We first prove this for » = 1—in this case, the hypothesis on H"(H, M)
is vacuous. Let ¢ : G — M be a crossed homomorphism whose restriction to H
is principal, say, ¢(h) = hmo — mg. Define ¢/'(g) = ©(g) — (gmo — mg). Then ¢’
represents the same class in H'(G, M), but now ¢'(h) = 0 for all h € H, and so ¢’
comes by “inflation” from a crossed homomorphism G/H — M*. This shows that
the sequence is exact at H*(G, M). The exactness at H'(G/H, M*") is even easier to
prove.

Now assume that r > 1 and that the statement is true for r — 1. Consider the exact
sequence (1.13)
00— M — M, — M; —0.
Then
Hi(H, M;) = HHI(H, M), i>0,
and so H'(H, M;) = 0 for 0 < i <r — 1. By induction, the sequence

0 — HNG/H,MI") 25 H =Y (G, M;) == H™™'(H, M)
is exact, and this is isomorphic to the sequence
0— H'(G/H,M"Y 2L g7(G, M) 2= 7 (H, M).
O
REMARK 1.35. For the experts, the Hochschild-Serre (alias Lyndon) spectral se-

quence has the form
H"(G/H,H*(H,M)) = H""™ (G, M).

It defines a filtration on each of the groups H" (G, M), and expresses each quotient
of the filtration in terms of the cohomologies of G/H and H. It implies the above
proposition. Without any hypotheses, one can show that there is an exact sequence

0 — HYG/H,M™T) 2 gy(G, M) 2 B (H, M) —

H2(G/H, M) — H*(G, M)* — H'(G/H, H'(H, M))
where H*(G, M)* = Ker(Res: H*(G, M) — H*(H, M)).
EXAMPLE 1.36. Let /K and L/K be Galois extensions, with L C 2. Then

H £ Gal(Q/L) is a normal subgroup of G £ Gal(Q/K). According to Proposition
1.21, HY(H,Q*) = 0, and so there is an exact sequence

0 — HX(G/H,L*) — H2(G,Q*) — H(H,QX).

A direct proof (not involving dimension shifting) that this sequence is exact can be
found in Artin 1951, 6.4.
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Cup-products. Let G be a group. For G-modules M and N, we write M ® N
for M ®z N, regarded as a G-module with

gmen)=gm®gn, ge€G, meDM, necN.
PROPOSITION 1.37. There exists one and only one family of bi-additive pairings
(m,n)—mUn: H(G,M)x H*(G,N) — H™(G,M @ N),

defined for all G-modules M, N and all integers r,s > 0, satisfying the following
conditions:

(a) these maps become morphisms of functors when the two sides are regarded as
covariant bifunctors on (M, N);
(b) forr =s =0, the pairing is

(m,n) —m®n: MY ® N — (M ® N)°;
(¢) if0 = M" — M — M" — 0 is an ezact sequence of G-modules such that
0—-M@N->MN-—->MN -0
18 exact, then
(om")yUn=40(m"uUn), m"e H(G,M"), ne H(G,N).

Here & denotes the connecting homomorphism H"(G, M") — H™ (G, M) or
HH—S(G, M" & N) — Hrtst+l (G, M ® N)
(d) if0 = N' = N — N” — 0 is an exact sequence of G-modules such that

0-MN - MN—-MxN'" -0
18 exact, then

mUon” = (=1)"6(mun”), me H (G,M), n"eH(G,N").

PROOF. The uniqueness is proved using dimension shifting. For the existence,
one proves that the pairing defined as follows has the required properties: let m €
H"(G,M) and n € H*(G, N) be represented by the cocycles ¢ and ; then m U n is
represented by the cocycle

(91, <o 7gr+8) = 90(917 s 797’) ®g1-- 'gr¢(gr+1, T 7gr+s>'
]

PROPOSITION 1.38. The following formulas hold:

(a) (zUy)Uz=aU(yUz) (in H*(G,M @ N ® P));
(b) zUy=(-1)"yUxz ifere H'(G,M), y € H*(G,N);
(¢) Res(zxUy) = Res(x)URes(y);

(d) Cor(zUResy) = Cor(z) Uy.

PROOF. In each case, one verifies the formula when x,y,... have degree 0, and
then uses dimension shifting to deduce the general case. For example, the proof of
(d) is written out in detail in Cassels and Frohlich, 1967, IV, Proposition 9. O
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A pairing
r,y— (z,y): M x N — P
such that
g9(z,y) = (9z,gy), allgeq,
defines a homomorphism of G-modules

M&N — P,

and hence maps
H (G,M ® N) — H"(G, P).
The composites of the cup-product pairings with these maps, namely, the pairings

H'(G, M) x H'(G,N) — H™"*(G, P),

will also be referred to as cup-product pairings.

2. Homology; the Tate Groups

Definition of the homology groups. For a G-module M, let Mg be the largest
quotient of M on which G acts trivially. Thus Mg is the quotient of M by the
subgroup generated by

{gm —m |ge G, me M}.
Note that this is the dual notion to M%, which is the largest subobject of M on
which G acts trivially. The definition of the cohomology groups dualizes to give us
homology groups.

In detail, the functor
M — Mgi MOdG — Ab
is right exact, i.e., if
0O0— M —M— M —0
is exact, then
M{ — Mg — M{ — 0
is exact.
An object P of an abelian category is projective if for any object N and quotient

object M, every morphism P — M lifts to a morphism P — N. For example, any
free Z[G]-module is projective as a Z[G]- (equivalently, G-) module.

Let M be a G-module. Let (m;);e; be a family of generators for M as a Z[G]-
module, and let Z[G]?) be a direct sum of copies of Z[G] indexed by I. The map
SierVi — S yim; is a surjective G-homomorphism Z[G]Y) — M. This shows that
every G-module is a quotient of a free G-module, i.e., that Modg has enough pro-
jectives.

Let M be a G-module, and choose a projective resolution
P2 p NP M0
of M. The complex

o= (P)e 2 (P)g — (P)a — 0



58 II. THE COHOMOLOGY OF GROUPS

need no longer be exact, and we set

nie.an - K

These groups have the following basic properties.
2.1. Hy(G, M) = Mg, because
P — B¢ — Mg — 0
is exact.

2.2. If P is a projective G-module, then H,(G,P) = 0 for all » > 0, because
-— 0 — P — P — 0 is a projective resolution of P.

2.3. Let P — M and ). — N be projective resolutions of G-modules M and
N. Then any homomorphism « : M — N of G-modules extends to a morphism of
complexes

P — M
la la,
Q. — N

and the homomorphisms
H.(a): H.(P) — H,(Q.)

are independent of the choice of @. When we apply this to the identity map
id : M — M, we see that the groups H,(G, M) are well-defined up to a canon-
ical isomorphism. The general statement then implies that M — H,.(G,M) is a
functor from the category of G-modules to the category of abelian groups.

2.4. A short exact sequence
0—-M —M— M —0
of G-modules gives rise to a long exact sequence
-— H.(G,M) — H.(G,M") — H,_1(G,M') — --- — Hy(G, M") — 0.
Moreover, the association
short exact sequence — long exact sequence

is functorial, i.e., a morphism of short exact sequences induces a morphism of long
exact sequences.

REMARK 2.5. The properties (2.1-2.4) determine the functors H" (G, -).

Just as in the case of cohomology, it is possible to give an explicit description of
H,(G, M) as the quotient of a group of r-cycles by a subgroup of r-boundaries—see
the references later in this chapter.
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The group H;(G,Z). Using only the properties of the homology groups listed
above, we shall compute H;(G,Z).

The augmentation map is
Z|G] = Z, Y nggw— > n,.
Its kernel is called the augmentation ideal Io. Clearly Ig is a free Z-submodule of
Z|G] with basis {g — 1| g € G}, and
M/IcM = Mg £ Hy(G, M).
Consider the exact sequence:
0— Ig — Z|G] — Z — 0.

The G-module Z[G] is projective (because it is free, hence projective, as a Z|[G|-
module), and so H;(G,Z[G]) = 0. Therefore we obtain an exact sequence of homology
groups

0 — H\(G,Z) — Ig/1} — Z|G]/IcZ|G] — Z — 0.

The middle map is induced by the inclusion I < Z[G], and so is zero. Therefore
the sequence shows that

and
Z|Gle =7
i.e., Z is the largest quotient of Z[G] on which G acts trivially. Note that I2 £ I - I
is the Z-submodule of M generated by elements of the form
(9-1('=1), 9,9 €GC.

LEMMA 2.6. Let G¢ be the commutator subgroup of G, so that G/G is the largest
abelian quotient G* of G. Then the map g — (g — 1) + I% induces an isomorphism

G Ig
- &
G° IZ
ProoF. Consider the map
g — (g—l)—i—fgi G—>Ig/fé
This is a homomorphism because

99 =1=(g-1)(¢g -1 +(g-D+(~-1)=(g-1+(¢~1) mod L.
Since I/I% is commutative, the map factors through G#. To prove it is an isomor-
phism, we construct an inverse. Recall that I is freely generated by the elements
g — 1. Consider the homomorphism I — G* mapping g — 1 to the class of g. From
the identity

(G- - =g -D-(g-1)—(¢—1)
we see that (g —1)(¢’ — 1) maps to 1. Since I is generated by elements of this form,
this shows that the map factors through I/I%. The two maps we have constructed
are inverse. [J

PROPOSITION 2.7. There is a canonical isomorphism
H\(G,7) — G™.
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PROOF. Combine the isomorphism (x) with that in the lemma. [

REMARK 2.8. For any group G, there exists a topological space BG, called the
classifying space of G, such that G = m(BG) and H,(BG,Z) = H,(G,Z) for all
r (J. Rosenberg, Algebraic K-Theory and Its Applications, Springer, 1994, 5.1.16,
5.1.27). Therefore the proposition simply states that H;(BG,Z) is the maximal
abelian quotient of the fundamental group of BG.

The Tate groups. For the remainder of this section, we require G to be finite.
For any G-module M, the norm map Nmg: M — M is defined to be
mi— ZgEG gm.

Let ¢ € G. As g runs through the elements of G, so also do g¢’ and ¢'g, and so

Nmg(g'm) = Nmg(m) = ¢'(Nmg(m)).
Hence

IgM C KerNmg,  Im(Nmg) € MC.
As Hy(G, M) = M/IgM and H°(G, M) = MY, it follows that Nm¢ defines a homo-
morphism

Nmg : Ho(G, M) — H°(G, M).
For any short exact sequence of G-modules
0O0— M —M— M —0

we get a diagram
Hl(G,M”) E— H()(G,M/) — H()(G,M) E— H()(G,M”) — 0

leG J/ch leG

0 —— H'(G,M') —— H°(G,M) —— H°(G,M") —— HYG,M') —— ---

On applying the extended snake lemma (4.1) to the middle part of the diagram, we
get a (very) long exact sequence

- — Hp(G, M) — Hi(G, M) — Hj(G, M) > HiPY (G, M) — - —o00 <71 < .
where
Hr(Ga M) r >0
Ker(Ng)/IgM r=—1
H—T—I(Gg M) T < _1.
Since it causes no ambiguity, we often omit the subscript 7" when r # 0.

Most of the results we proved for the groups H"(G, M) with r > 0 extend to all
r. For example, Shapiro’s lemma and its consequences are true, and the maps we
defined in (1.27) and (1.29) extend to all the Tate cohomology groups. Specifically,
there are canonical homomorphisms:

Res: H (G, M) — H}.(H, M) (H a subgroup of G);

Cor: HL.(H,M) — H(G, M) (H a subgroup of G);

Inf: HY.(G/H, M) — HL.(G, M) (H a normal subgroup of G).
Moreover, there is a natural action of G/H on M.

Hy (G, M) &
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The composite Res o Cor is still multiplication by (G: H). As Hj.({1}, M) =0 for
all , the argument in the proof of (1.30) shows that H}.(G, M) is killed by m for all
T.

Note that H;*(G,Z) = H,(G,Z) = G/G°.

PROPOSITION 2.9. Let H be a subgroup of G.

(a) The map Cor : H 2(H,Z) — H*(G,Z) corresponds to the map H/H® —
G /G induced by the inclusion H — G.

(b) The map Res : H 2(G,Z) — H2(H,Z) corresponds to the Verlagerung map
G/G°— H/H°.

PROOF. See E. Weiss, Cohomology of Groups, Academic Press, 1969, 3-5. [

There is a uniform explicit description of all the groups H"(G, M). In fact, there
is an explicit complex L. of G-modules (infinite in both directions) such that
H} (G, M) = H (Homg (L., M)).

For > 0 this leads directly to the description we gave above of H"(G, M) in terms
of inhomogeneous cocycles and coboundaries.

Cup-products. When the group G is finite, the cup-products extend in a unique
way to all the cohomology groups, and have the same list of properties.

The cohomology of finite cyclic groups. We first compute the cohomology of
Q, Z, and Q/Z, each regarded as a G-module with the trivial action.

LEMMA 2.10. For any finite group G,

(a) HH(G,Q) =0 all v (Q regarded as a G-module with the trivial action);

(b) HXG,Z) =7/(G : 1)Z and H'(G,Z) = 0;

(c) there is a canonical isomorphism

Hom(G,Q/Z) — H*(G,Z).

PRrOOF. (a) The group Q is uniquely divisible, i.e., for all integers m, multiplica-
tion by m: Q — Q is an isomorphism. Therefore the map H"(m) : H}(G,Q) —
HI(G,Q), which is also multiplication by m, is an isomorphism. Now take m =
(G: 1). Then multiplication by m on HL(G, M) is both zero (see 1.30) and an
isomorphism—this is possible only if H}.(G, M) = 0.

(b) Because G acts trivially on Z, Z% = Z and the norm map is multiplication by
(G : 1). Hence HX(G,Z) = Z/(G : 1)Z. Moreover, H'(G,Z) = Hom(G, Z) (see 1.18),
but, because 7Z is torsion-free, there are no nonzero such homomorphisms.

(¢) The cohomology sequence of
0—-2Z—-Q—Q/Z—0
is an exact sequence

H' (G,Q) —— HYG,Q/Z) —— H?*(G,Z) —— H*(G,Q).

0 Hom(G,Q/7Z) 0
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U

Let G be a finite cyclic group of order m, with generator o. Then, by definition,

Ker(o — 1)

Hp(G, M) = Im(Nmg)

and

Ker(Nmg)

Im(c — 1)

Note that H;'(G, M) = HK(G, M) (see 1.19). In fact, the cohomology groups are
periodic with period 2.

H:N G, M) = Hy(G, M) =

PROPOSITION 2.11. Let G be a cyclic group of finite order, and let M be a G-
module. Then, for all r, there exists an isomorphism

Hy (G, M) 2 Hf(G, M)
depending only on the choice of a generator for G.

PROOF. Let o generate G. Then the sequence

0— Z 2=ms, 716] <=L 7[G) <=L Z — 0

is exact. Because the groups in the sequence and the kernel I of Z[G] — Z are free
Z-modules, the sequence remains exact after it is tensored with M. Thus

0—>M—Z[G| @z M — Z|G]| @z M — M — 0

is an exact sequence of G-modules. Recall (1.4) that Z|G|®z M ~ Z[G] ®z My, where
My is M regarded as abelian group, and so H" (G, Z|G]®z M) = 0 for all r. Therefore
(see 1.13), the sequence defines isomorphisms

Hy (G, M) = HF(G, M)
for all ». [

REMARK 2.12. Let « be the element of H?(G,Z) corresponding under the isomor-
phism H?(G,Z) = Hom(G, Q/Z) to the map sending the chosen generator o of G to
1/m. Then the map H" (G, M) — H™*(G, M) is z — x U~.

Let G be a finite cyclic group, and let M be a G-module. When the cohomology
groups H"(G, M) are finite, we define the Herbrand quotient

_ #Hp(G, M)

") = THNG )

PROPOSITION 2.13. Let 0 — M’ — M — M" — 0 be an exact sequence of G-
modules. If any two of the Herbrand quotients h(M'), h(M), h(M") are defined, then
so also is the third, and

h(M) = h(M')h(M").
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PROOF. We can truncate the (very) long exact cohomology sequence as follows,
0— K — H (M) — H (M) — H*(M") — H'(M') — H'(M) — H'(M") — K' — 0
where
K = Coker(H ' (M) — H™'(M")) =~ Coker(H' (M) — H*(M")) ~ K.
The first statement is now obvious, and the second follows from the next lemma. [J

LEMMA 2.14. Let
0—Ag— A —---— A, —0

be a finite sequence of finite groups. Then

#Aof Ay
FAfAs

PrROOF. For a short exact sequence, that is, » = 3, this is obvious, but any exact
sequence can be broken up into short exact sequences,

0—>A0—>A1—>01—>0
0—0Cf — Ay —Cy — 0

0—Chy —A_1— A, — 0.
Here C; = Coker(A;—1 — A;) = Ker(4;41 — A;42). From these sequences we find

that
| = #Ao#Ch _ # AoF Az .
#A, #A1#C, '

0
PROPOSITION 2.15. If M is a finite module, then h(M) = 1.

PRrRoOOF. Consider the exact sequences
O—>MG—>Mg—_1>M—>Mg—>O

and
NmG

0— H ' (M) — Mg —2% MY — H(M) — 0
where g is any generator of G. From the first sequence we find that A% and Mg have

the same order, and then from the second that H~*(M) and H°(M) have the same
order. [

COROLLARY 2.16. Let ao: M — N be a homomorphism of G-modules with finite
kernel and cokernel. If either h(M) or h(N) is defined, then so also is the other, and
they are equal.

PROOF. Suppose h(N) is defined, and consider the exact sequences:
0 — (M) — N — Coker(a) — 0

0 — Ker(a) = M — a(M) — 0.

From the first sequence, we find that h(aM) is defined and equals (), and from
the second sequence we find that h(M) is defined and equals h(aM). O
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Tate’s Theorem. For the remainder of this section, all cohomology groups will
be the Tate groups, and so we drop the subscript 7.

THEOREM 2.17. Let G be a finite group, and let M be a G-module. If
HY(H,M)=0=H*(H,M)
for all subgroups H of G, then H"(G, M) =0 for all r € Z.

Proor. If G is cyclic, this follows from the periodicity of the cohomology.

Assume now that G is solvable. We shall prove the theorem in this case by induction
on the order of G.

Because G is solvable, it contains a proper normal subgroup H such that G/H is
cyclic. Because H has order less than that of G, and the pair (H, M) satisfies the
hypotheses of the theorem, H"(H, M) = 0 for all r. Therefore (see 1.34), we have

exact sequences

0— H(G/H,M") — H"(G,M) — H"(H,M) (%)
for all r > 1. Because H(G,M) = 0 = H?*G,M), H'(G/H,M") =
H?*(G/H, M%) = 0, and because G/H is cyclic, this implies that H"(G/H, M") =0
for all 7. Therefore, the sequences (x) show that H" (G, M) = 0 for all » > 0. We next
show that H°(G, M) = 0. Let x € M®. Because H°(G/H, M) = 0, there exists a

y € M* such that Nmg,(y) = x, and because H(H, M) = 0, there exists a z € M
such that Nmpy(z) = . Now

Nmg(2) = (Nmg/g o Nmpy)(2) = .
Thus, we now know that H"(G, M) = 0 for all » > 0.
To proceed further, we use the exact sequence (1.13)
0—M— M, — M; —0.

Because M, is induced as an H-module (see 1.3), H"(H, M,) = 0 for all r and all
subgroups H of GG, and so

H"(H,M) = H"""'(H, M;)

for all r and all H. Therefore, M; satisfies the hypotheses of the theorem, and so (by
what we have proved) H"(G, M;) = 0 for r > 0. In particular,

0= HG,M;) = H G, M).

The argument, when repeated, gives that H~2(G, M) = 0, etc.. This proves the
theorem when G is solvable.

Now consider the case of an arbitrary finite group G. If G and M satisfy the
hypotheses of the theorem, so also do GG, and M where G, is a Sylow p-subgroup.
Therefore H"(G,, M) = 0 for all r and p, and so (see 1.33), the p-primary component
of H"(G, M) is zero for all  and p. This implies that H"(G, M) = 0 for all r. O

THEOREM 2.18. Let G be a finite group and let C' be a G-module. Suppose that for
all subgroups H of G (including H = G),

(a) HY(H,C) =0, and

(b) H*(H,C) is a cyclic group of order equal to (H : 1),
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Then, for all r, there is an isomorphism
H"(G,Z) — H(G,C)
depending only on the choice of a generator for H*(G,C).

PROOF. Choose a generator v for H?(G, C'). Because CoroRes = (G : H), Res(7)
generates H"(H,C') for any subgroup H of G.

Let ¢ be a cocycle representing . Define C'(¢) to be the direct sum of C' with the
free abelian group having as basis symbols x,, one for each ¢ € G, 0 # 1, and extend
the action of G on C' to an action on C(y) by setting

0%y = Tor — Ty + (0, T).

The symbol “z1” is to be interpreted as ¢(1,1). This does define an action of G on
C(p) because

POXr = Tpor — Lpo + gO(pO', T):
whereas
p(O'Z'T) = p(l'(ﬁ —Zo t+ 90(0'7 T))
= Tpor = Tp+@(p,07) = (200 — 2, + ¢(p,0)) + pip(, 7).
These agree because ¢ satisfies the cocycle condition
pe(o,7) +@(p,07) = @(po, ) + ¢(p, o).

Note that ¢ is the coboundary of the 1-cochain o +— z,, and so v maps to zero in
H?(G,C(p)). For this reason, C(y) is called the splitting module for ~.

We shall first show that the hypotheses imply that
H'(H,C(p)) = 0= H*(H,C(p))
for all subgroups H of G.
Recall that we have an exact sequence
0—Ic—ZIGl—-7Z—0

where I is the free abelian group with basis the elements 0 —1, 0 € G, 0 # 1 Because
Z|G] is induced, H"(H,Z[G]) = 0 for all r, and so

H'\(H,Is) =~ H(H,Z)=Z/(H :1)Z,
H2(H, 1) =~ H'(H,Z) =0
Define « to be the additive map C(p) — Z[G] such that
a(c) = 0forall c e C(p)
alzy) = o—1.

Clearly,
0—-C—Clp)SIg—0

is an exact sequence of G-modules. Its cohomology sequence reads

The zeros at the ends use that H'(H,C) = 0 and H?*(H,Ig) = 0. The map
H?*(H,C) — H?*(H,C(y)) is zero because H*(H,C) is generated by Res(7y), and
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this maps to the restriction of the image of vy in H?(G, C(y)), which is zero. There-
fore, H'(H, Is) — H?*(H,C) is onto, and hence is an isomorphism (because the two
groups have the same order). Its kernel and cokernel, namely, H'(H,C(y)) and
H?(H,C(yp)), are therefore both zero

We deduce from the Theorem 2.17 that H"(H, C(y)) = 0 for all r. On splicing the
two short exact sequences together, we obtain an exact sequence
0—-C—C(p) = Z[Gl - Z—0

with the property that H"(G,C(¢)) = 0 = H"(G,Z[G]) for all r. Therefore, the
double boundary map is an isomorphism (1.13)
H"(G,Z) — H™(G, 0).
]
REMARK 2.19. If M is a G-module such that TorZ(M,C) = 0, for example, if

either M or C' is torsion-free as a Z-module, then one can tensor the above 4-term
sequence with M and obtain isomorphisms

H"(G,M) — H"(G,M 2 C).
REMARK 2.20. The map H"(G,Z) — H™?(G, C) is cup-product with the chosen
element v € H*(G, C).

EXAMPLE 2.21. Let K be a local field. We shall prove that for any finite Galois
extension L of K with Galois group G, H*(G,L*) is cyclic of order [L: K] with a
canonical generator uy, k, called the (local) fundamental class. Moreover, in a tower
of fields L D K' D K, Res(up/x) = up/x. Since we know H'(G,L*) = 0 (Hilbert’s
Theorem 90), Tate’s theorem shows that cup-product with uy,/x is an isomorphism

G* = H2(G,Z) — H°(G,L*) = K*/Nm L*.

The reverse map is the local Artin map. The global Artin map can be obtained by a
similar argument.

3. The Cohomology of Profinite Groups

Direct limits. A partially ordered set (I, <) is said to be directed if for any two
elements ¢ and j of I, there exists a k such that 7,5 < k. Suppose that for every
element ¢ of a directed set (I, <) we have a set A;, and for every inequality ¢ < j we
have a map «a;; : A; — Aj. If

(a) a;; =1id for all ¢ € I, and
(b) Qg © i = a; whenever ¢ < j < k,

then the family (A;, ;i) is called a direct system. On the disjoint union T A; of the
A;, introduce the equivalence relation under which a; € A; is related to a; € A; if and
only if ayi(a;) = ag;(a;) for some k > i, 5. The corresponding quotient set is called
the direct limit of the A; (relative to the ay;):

There is for each 7 a canonical map

OéiiAi—>A,



THE COHOMOLOGY OF PROFINITE GROUPS 67

possessing the following properties:

(a) o = aj o ay; for j > 4

(b) a;(a;) = aj(a;) <= ani(a;) = agj(a;) for some k > i, j;
The system (A, ;) has the following universal property: let 7" be a set and let (/3;),
Bi+ A; — T, be a family of maps such that 3; = 3; 0 aj; for @ < j; then there exists a
unique map 3 : A — T such that §; = o «; for all 7.

If the A; are abelian groups and the «;; are homomorphisms, then A has a unique
structure of an abelian group for which the «; are homomorphisms.

LEMMA 3.1. For any direct system of exact sequences
Ai — B —

the sequence

li_H>1Ai - li_H>13i - li_H}Cz‘
1s again exact. Therefore the formation of direct limits commutes with passage to
cohomology in complexes.

PRrooFr. Exercise for the reader. [

Profinite groups. Let G be a profinite group. This means that G is a compact?
topological group for which the open normal subgroups form a fundamental system
of neighbourhoods of 1. Note that every open subgroup is of finite index (because its
cosets cover G). For example, a finite group with the discrete topology is profinite,
and every discrete profinite group is finite. A Galois group G = Gal(L/K) is a
profinite group—the open subgroups are exactly those fixing a finite extension of K
contained in L—and every profinite group occurs as a Galois group. For a profinite
group, we use the topology to modify our notion of cohomology group.

First, we consider only those G-modules for which the map
GxM—M

is continuous when M is endowed with the discrete topology, i.e., the topology in
which every subset is open. Equivalent conditions:

(a) M =UM*"  H runs through the open subgroups of G;
(b) the stabilizer in G of any element of M is open.

A module satisfying these conditions is called a discrete G-module.

The discrete G-modules form an abelian category with enough injectives, and so
we can define cohomology groups H (G, M) by taking injective resolutions, just
as before. Moreover, the groups can be calculated using continuous cocycles: let
CrL. (G, M) be the group of continuous maps G" — M, and define d": Cl, (G, M) —

cts cts

CriH (G, M) as before; then

254G, M)
ats (G, M)

(G, M) = Im(d"™).

Hi (G, M) =

,
where Z[

(G, M) = Ker(d") and B,

cts

4Following Bourbaki, I require compact spaces to be Hausdorff.
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Let ¢ : G" — M be a continuous r-cochain. Then ¢(G") is compact, but M is
discrete, and so ¢(G") is finite, and hence is contained in Mo for some open normal
subgroup Hy of G. The inverse image ¢! (m) of each point m of ¢(G") is open, and
so contains a translate of H(m)" for some open normal subgroup H(m) of G. Let
Hi = NpeyeryH(m). This is again an open subgroup of G, and ¢ factors through
(G/Hy)". Let H = HyN Hy. Then ¢ arises by inflation from an r-cocycle on G/H
with values in M*.

PROPOSITION 3.2. The maps Inf : H"(G/H,MY) — H (G, M) realize
H! (G, M) as the direct limit of the groups H"(G/H, M™) as H runs through the
open normal subgroups H of G:

ll_Hl)Hr(G/H, MH) = Hgts(Ga M)

r(G, M) arises by inflation
from some group H'(G/H, M) and if a € H"(G/H, M) and o’ € H"(G/H', M"")
map to the same element in H, (G, M), then they map to the same element in
H"(G/H", M*"") for some open subgroup H” ¢ HN H'.

Explicitly, the statement means that each element of H',

PrROOF. The above argument shows that

r
Ccts

(G, M) =1lim C"(G/H, M™).

The proposition then follows from the fact that passage to the direct limit commutes
with the formation of kernels and cokernels, and hence with the formation of coho-
mology. [

Most of the theory concerning the cohomology groups H" (G, M) for r > 0 continues
to hold for the groups defined by continuous cochains. For example, if H is a closed
subgroup of G, there are maps Inf, Res, and Cor (the last requires H to be of finite
index), and there are cup-product maps.

In future, all cohomology groups will be defined using continuous cochains (and the
subscript cts will be dropped). In practice, this will mean that either G is an infinite
profinite group, and it matters that we take continuous cochains, or G is finite, in
which case it doesn’t (and the groups are defined for all r € Z).

PROPOSITION 3.3. Let G be a profinite group, and let M be a discrete G-module.
If M = lim M; where M; C M, then H" (G, M) = lim H" (G, M;).

PROOF. Because G is compact and M is discrete, the image of any r-cochain
f:G" — M is finite. Since the M; form a directed system of submodules of M (i.e.,
given M, and M;, there is an M), containing both of them) and M = |J M;, any finite
subset of M is contained in an M;. It follows that C"(G, M) = lim C" (G, M;), and so
Lemma 3.1 shows that

H'(C(G, M) = lim H"(C"(G, M;)).
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ASIDE 3.4. (For the experts.) Let G be a profinite group, let M(G) be the category
of all G-modules, and C(G) the category of discrete G-modules. Then C(G) is a full
subcategory of M(G). Moreover, there is a functor

M—ME ) M MG) — CQ).

H openin G

Clearly,
Homeg (M, N*) = Homg (M, N)

for M a discrete G-module. The inclusion functor i: C(G) — M(G) is exact, but
doesn’t preserve injectives—hence H" (G, M) # H"(G,iM) in general. On the other
hand, M +— M* preserves injectives, but is only left exact—hence C(M) has enough
injectives. Again H" (G, M) # H" (G, M*) (however, there is a spectral sequence . .. ).

Notes. In the mid-1930s, Hurewicz showed that the homology groups of an “as-
pherical space” X depend only on the fundamental group 7 of the space. Thus one
could think of the homology groups H,(X,Z) of the space as being the homology
groups H,(m,Z) of the group 7. It was only in the mid-1940s that Hopf, Eckmann,
Eilenberg, MacLane, Freudenthal and others gave purely algebraic definitions of the
homology and cohomology groups of a group G. It was then found that H' coin-
cided with the group of crossed homomorphisms modulo principal crossed homomor-
phisms, and H? with the group of equivalence classes of “factor sets”, which had
been introduced much earlier (e.g., I. Schur, Uber die Darstellung der endhchen

. 1904; O. Schreier, Uber die Erweiterungen von Gruppen, 1926: R. Brauer, Uber
Zusammenhange. .., 1926). For more on the history, see S. MaCLane, Origins of the
cohomology of groups, Enseign. Math. (2) 24, 1978, 1-29.

Our proof of Tate’s theorem follows Tate’s original proof (Ann. of Math., 56 (1952),
294-297). At that time, there was no published account of the Tate groups, and so
Tate proved his theorem only for » > 0, but ended with an enigmatic promise to
extend the result to negative r and to recover the Artin map. The construction of
the Tate cohomology groups was first published in Cartan and Eilenberg, Princeton
Univ. Press, 1956, following Tate’s ideas.

The best source for the above material is Serre 1961, Part 3. There is a somewhat
abbreviated version of the same material in Cassels and Frohlich 1967, Chapter TV.
See also Iyanaga 1975, Chapter I, and E. Weiss, Cohomology of Groups, Academic
Press, 1969. For the cohomology of profinite groups, see J.-P. Serre, Cohomologie Ga-
loisienne, Springer, 1964, and S. Shatz, Profinite Groups, Arithmetic, and Geometry,
Princeton University Press, 1972.

4. Appendix: Some Homological Algebra

Some exact sequences. °

°Based on F. Lemmermeyer, The Snake Lemma.
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LEMMA 4.1 (THE EXTENDED SNAKE LEMMA). Every commutative diagram of
abelian groups

!
0 — A Lo p 2,
with exact rows gives rise to an exact sequence

0 — Ker f — Kera — Ker 3 — Ker~y — Coker & — Coker 3 — Cokery — Coker ¢’ — 0.

PRrROOF. Except for the first and last terms, this standard. A small diagram chase
shows that Ker f C Ker(«), from which exactness at Kera follows. The proof of
exactness at Coker~y is similarly straightforward. [

LEMMA 4.2 (KERNEL-COKERNEL LEMMA). Every pair of homomorphisms A ERN
B L C of abelian groups gives rise to an exact sequence

O—>Kerf—>KergofLKerg—>Cokerf—>Cokerg0f—>Cokerg—>O.

PrROOF. Apply the extended snake lemma to

A-L.pB Coker f —— 0
b
0 c . c 0

O

The language of category theory. A category C consists of a nonempty class
ob(C) of objects, a set Hom(A, B) for each pair of objects A, B (called the set of
morphisms from A to B), and a map

(a, ) — Boa:Hom(A, B) x Hom(B, () — Hom(A, C)
for each triple of objects A, B, C, satisfying the following conditions:

(a) composition of morphisms is associative;
(b) for each object A, Hom(A, A) has an element id4 that is a left and right
identity for composition.

It is understood that the sets Hom (A, B) are disjoint, so that a morphism determines
its source and target.

A covariant functor ' : C — D is a “map” that with each object A of C associates
an object F'(A) of D and with each morphism « : A — B a morphism F(«a) : F'(A) —
F(B) such that F'(ao ) = F(a) o F(3) and F(ida) = F(idg(a)).

A functor F' : C — D is left adjoint to the functor G : D — C if

Homp(F(A), B) ~ Hom¢ (A, G(B))
functorially.

If the sets Hom(A, B) are endowed with the structures of abelian groups in such a
way that the composition maps are bi-additive, and every finite collection of objects
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in C has a direct sum, then C (together with the structures) is called an additive
category. To say that A and B admit a direct sum means that there is an object A® B
inCandmapsigy: A— A& B,ig:B—A®B,pa:A®DB—- A pgp: AdB— B
such that:

pacia=1ida  ppoip =idp
pacip=0 ppois =0
iApa +iBpB = lass.
Let C be an additive category. A sequence
0—-A—-B3%C
is exact if the sequence of abelian groups
0 — Hom(7T, A) — Hom(7', B) — Hom(T', C)
is exact for all objects T'. A sequence
AL BC—0
is exact if the sequence of abelian groups
0 — Hom(C,T) — Hom(B,T') — Hom(A,T)
is exact for all objects T'. When the first sequence is exact, A is called the kernel of

«, and when the second is exact, C' is called the cokernel of [3.

Let C be an additive category in which every morphism has both a kernel and a
cokernel. Let o« : A — B be morphism. The kernel of the cokernel B — C of « is
called the image of o, and the cokernel of the kernel of « is called the coimage of a.
There is canonical map from the coimage of o to the image of o, and if this is always
an isomorphism, then C is called an abelian category.

Functors between additive categories will be assumed to be additive, i.e., such that
the maps Hom(A, B) — Hom(F'(A), F(B)) are homomorphisms of abelian groups.
Such a functor is exact if it maps exact sequences to exact sequences.

For example, for any ring R, the category of R-modules is an abelian category,
and, for any topological space X, the category of sheaves of abelian groups on X is
an abelian category.

In the remainder of this section, C will be an abelian category. The reader will lose
little (so far as this course is concerned) by taking C to be the category of modules
over a ring, for example, the category of modules over a group ring Z[G].

Injective objects. Let C be an abelian category. An object I of C is injective if
Hom(+, /) is an exact functor, i.e., if

0—-A—-B—-C—0
exact in C implies that
0 — Hom(C,I) — Hom(B,I) — Hom(A,I) — 0

is exact. This sequence is automatically exact except at Hom(A, I), and so to say
that I is injective means that every homomorphism A — I extends to B.
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PROPOSITION 4.3. The category of abelian groups has enough injectives.

LEMMA 4.4. A module M over a principal ideal domain R is injective if and only
if it is divisible, i.e., the map x — rx is surjective for allr € R, r # 0.

PROOF. Let m € M, and consider the map x +— xm : R — M. The map x — rx :
R — R is injective, and any extension of z +— xm to R will send 1 to an element m/
such that rm’ = m. Therefore, if M is injective, it is divisible.

Conversely, suppose that M is divisible, and consider a homomorphism o : A — M
where A is a submodule of B. On applying Zorn’s lemma to the set of pairs (A, o)
where A’ is a submodule of B containing A and o' extends o to A’, we obtain a
maximal such pair (A;, ;). If Ay # B, there exists a b € B\ A;, and we define
I'={reR|rbe Ai}. Because M is divisible, the map r + «a;(rb) : I — M extends
to R, but this implies that a; extends to A; + Rb, which contradicts the maximality
of (Al, 041). ]

The lemma shows that Q/Z is an injective Z-module. For an arbitrary Z-module M,
define MY = Hom(M,Q/Z). Check that the canonical map M — MV is injective,
and that MVV is divisible.

PROPOSITION 4.5. Any functor F' : C — D that admits an exact left adjoint
preserves injectives.

PROOF. Let F’ be an exact left adjoint to F'. For any injective object I in C, the
functor Homp (-, F'(1)) is isomorphic to the functor Homg(F'(+), I), which is exact
because it is the composite of two exact functors, namely, F” and Homg(+,I). O

Right derived functors. Let C be an abelian category with enough injectives,
and let F': C — D be a left exact functor from C to a second abelian category. Thus,
a short exact sequence

0—-M —-M-—-M —0

in C gives rise to an exact sequence
0— F(M") — F(M)— F(M")

in D. The theory of derived functors provides a natural extension of this last sequence
to a long exact sequence.

Let M be an object of C. A resolution of M is a long exact sequence
0—-M—1% 5" ... 5" — ...

If the I"™’s are injective objects of C, then it is called an injective resolution. We
sometimes abbreviate this complex to M — I".

LEMMA 4.6. An injective resolution M — I of M exists, and if M — J s a
second injective resolution, then there is a homomorphism from M — I to M — J-,
i.e., there is a commutative diagram:

0 M I° It
0 M JO J!
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PROOF. By assumption, there exists an injective morphism
0— M —I°

with I° injective. Let B! be the cokernel of the map. Then we know that there is an
inclusion

0 — B! — It
with I' injective. Now
0—-M—1°—T!

is exact. Let B? = Coker(B' — I'), and continue in this fashion.

A morphism of resolutions can be constructed step by step, using the definition of
an injective object. [

Let M — I be an injective resolution of M. On applying the functor F', we obtain
a complex
FI):F(I) > FIY) - = FUI) L P - - -
which may no longer be exact. Define
Ker(d")
"FY) (M) =H'(F(I') £ ——L
(B F)(M) = B (P() 2 0

PROPOSITION 4.7. Let o« : M — N be a morphism of objects of C. For any
injective resolutions M — I and N — J°, there exists a morphism o : ' — J
making

M — I

I

N — J
commute. The morphism H"(I') — H"(J") is independent of the choice of o

We discuss the proof below.

The proposition (applied to the identity map M — M) implies that the objects
(R'F)(M) are well-defined up to a canonical isomorphism. Moreover, a morphism
a: M — N gives rise to a well-defined morphism (R"F)(M) — (R"F)(N), and, in
fact, the R"F are functors. They are called the right derived functors of F.

EXAMPLE 4.8. Because F' is left exact,
0 — F(M) — F(I° < (1Y)
is exact. Therefore,
(R°F)(M) £ Ker(d®) = F(M).
In other words, R°F = F.

The next two lemmas prove something a little more precise than the proposition.
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LEMMA 4.9. Let M — I and N — J  be resolutions of objects M and N of C.
If N — J s an injective resolution, then any morphism o : M — N extends to

morphism
M — I

I

N —— J
of complexes.

PROOF. Bucur and Deleanu 1968, 7.5. [

Two morphisms «', 3 : I' — J of complexes are said to be homotopic if there
exists a family of morphisms £” : I" — J"~! such that

Oér _Br — dr—l Okr +kr+1 Odr
for all r.
Note that, for any x € Z"(I") 4 Ker(d"),
o (x) — " (x) = d" (K () € B"(I').

Therefore o (z) and §"(x) have the same image in H"(J'), and so homotopic mor-
phisms define the same morphism on cohomology.

LEMMA 4.10. Let M — I be a resolution of M, and let N — J be an injective
resolution N. Any two extensions o and 3 of morphisms M — N to I' — J are
homotopic.

PrROOF. Ibid.. O
PROPOSITION 4.11. A short exact sequence
0—-A—-B—-C—0
in C gives rise to a long exact sequence
0— F(A) — F(B) — F(C) = R'F(A) — ---
-— R'F(A)—- R'F(B)— RF(C)—---
and the association of the long exact sequence to the short exact sequence is functorial.

The second condition means that a commutative diagram

0O - A - B — C — 0
! l l
0O - A - B —- C' — 0
gives rise to a commutative diagram
— R'F(C) - RF(A) — RFB) — RFUC) —

! ! ! !
— R'F(C) — RFA) - RFB) — RFC) —

For the proof of the proposition, see Bucur and Deleanu 1968, 7.6.
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REMARK 4.12. The right derived functors of F' are characterized by the three prop-
erties:

(a) RF = F;

(b) RTF(I)=0, r >0, I injective;

(c) the property in (4.11).

Variants. By reversing the directions of some of the arrows, one obtains variants
of some of the above definitions, for example, projective objects, left derived functors,
etc.

The Ext groups. Let C be an abelian category.

Let A € C. If C has enough injectives, then we can define the right derived
functors of the left exact functor Hom(A, -). Denote the rth right derived functor by
Ext"(A,-). To compute Ext"(A, B), we choose an injective resolution B — I of B,
and set

Ext"(A, B) = H"(Hom(A, I)).

Let B € C. If C has enough projectives, then we can define the right derived
functors of the left exact contravariant functor Hom(-, B). Denote the rth right de-
rived functor by Ext"(+, B). To compute Ext"(A, B), we choose a projective resolution
P — Aof A, and we set

Ext"(A, B) = H"(Hom(P", B).
PROPOSITION 4.13. If C has enough injectives and enough projectives, then the
two definitions of Ext"(A, B) coincide.

PrROOF. We define the Ext" using projectives, and prove that they have the prop-
erties characterizing the right derived functors of Hom(A, -).

First, certainly Ext’(A, B) = Hom(A, B).
To say that [ is injective means that Hom(-, I) is exact. Therefore Hom(P", I) is
exact, and so

Ext"(A, 1) £ H (Hom(P', 1)) = 0.
Finally, if
0—-B —-B—-B"—=0
is exact, then because P° — A is a resolution of A by projectives, the sequence of
complexes
0 — Hom(P', B') — Hom(P", B) — Hom(P", B") — 0
is exact. By a standard procedure, we get out of this a long exact sequence
- — H"(Hom(P', B")) — H"(Hom(P", B)) — H"(Hom(P,B") — --- .
O

EXAMPLE 4.14. Let G be a group. Then Modg has both enough injectives and
enough projectives. For any G-module M, Homg(Z, M) = MY, and so the functors
Hom(Z,-) and H°(G,-) agree. Hence, so also do their right derived functors:

Ext},(Z, M) = H"(G, M).
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The last proposition allows us to compute these groups by choosing a projective
resolution P° — Z of Z and setting

H'(G, M) = H'(Homg(P', M)).

REMARK 4.15. It would shorten the exposition in this chapter a little by adopting
the last formula as the definition of H" (G, M)—this is the approach taken in Chapter
IV of Cassels and Frohlich, 1967. However, it is not the natural definition.

References. For the general notion of derived functors, see Chapter 7 of
Bucur, I., and Deleanu, A., Introduction to Categories and Functors, Wiley, 1968,

or Chapter 4 of
Hilton, P.J., and Stammbach, U.; A Course in Homological Algebra, Springer, 1971.



CHAPTER III

Local Class Field Theory: Cohomology and Completion of
the Proofs

We develop enough of the cohomological approach to local class field theory to com-
plete the proofs of the main theorems. Throughout this chapter, “local field” will
mean “nonarchimedean local field”. As before, K® denotes an algebraic closure of
K (or separable algebraic closure in the case that K has characteristic p # 0), and
“extension of K7 means “subfield of K containing K”. All cohomology groups will
computed using continuous cochains (see I1.3).

1. Introduction

Recall that, after Chapter I, to complete the proof of the main theorems of class field
theory, it remains to show that, for any local field K, there exists a homomorphism
(local Artin map)

ox KX — Gal(K™/K)
with the following properties:

(a) for any prime element m of K, ¢x(m)| K" = Frobg;
(b) for any finite abelian extension L of K, Nmy x(L*) is contained in the kernel
of a — ¢(a)|L, and ¢k induces an isomorphism

br/k K/ Nmyp (L) — Gal(L/K).
For a Galois extension of fields L/K (possibly infinite), set
H*(L/K) = H*(Gal(L/K), L*).

In the next chapter we shall see that H?(L/K) has an explicit interpretation as the
relative Brauer group of L/K. Because of Hilbert’s Theorem 90, there is an exact
sequence

0— H*(L/K) 2% H*(E/K) 2% H*(E/L)
for any tower of Galois extensions £ D L D K (I1.1.36).
We shall prove:

THEOREM 1.1. For any local field K, there exists a canonical isomorphism
invg : H*(K*/K) — Q/Z.

7
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Moreover, if [L: K] =n < oo, then the diagram

0 —— H%L/K) —— H2(K*/K) 2=, H2(K*/L)

linv K l invy,

0 —— %Z/Z —_— Q/Z SELLEEN Q/Z

commutes, and therefore defines an isomorphism
1
invy g H*(L/K) — =Z]Z.
n

The proof of Theorem 1.1 will occupy the next two sections. In the remainder of
this section, we shall explain how it (together with Proposition 1.6 below) implies the
existence of a local Artin map with the required properties.

Thus, assume Theorem 1.1. The element uy/x of H?(L/K) corresponding to =
mod Z under the isomorphism invy g is called the fundamental class of the extension
L/K.

LEMMA 1.2. Let E D L D K be a tower of finite Galois extensions. Then

Res(uE/K) = Ug/L,

Proor. Consider

H(K*/K) = H*(K*/L) —<» H*(K*/E)

lva l l
oz 5, gz B gz

The vertical maps are isomorphisms. On applying the kernel-cokernel lemma to the
rows, we obtain a commutative diagram:

0 — HXL/K) 24 HXE/K) 2%, H2(E/L)

linvL/K liHVE/K linvE/L

0 — Fmz/z % Fez/z B oz

[L:K] [E:K]

The commutativity of the two squares implies the two equalities. [J

Now let L/K be a finite Galois extension of local fields with Galois group G. For
any subgroup H of G,
(a) HY(H,L*)=0  (Hilbert’s theorem 90);
(b) H?*(H,L*) is cyclic of order (H : 1), with a canonical generator uy,rn (=
Res(ur/k)).
The pair (G, L*) thus satisfies the hypotheses of Tate’s theorem (I11.2.18).
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COROLLARY 1.3. Let L/K be a finite Galois extension of local fields with Galois
group G. For all r, there exists a canonical isomorphism

Hy(G,Z) — Hp™(G, L*),
namely, cup product with ur, . When r = 2, this becomes an isomorphism
G = K/ Nmy,x(L*).

COROLLARY 1.4 (NORM LIMITATION THEOREM). Let E be a finite Galois exten-

sion of K, and let L be the largest abelian extension of K contained in E; then

PROOF. Because Nmp;x = Nmpg/,oNmy/k, certainly Nmpg(E*) C
Nmy, (L*). However, Gal(L/K) = Gal(E/K)®, and so the preceding corollary
shows that the norm groups have the same index in K*. This implies that they are
equal. O

Local class field classifies the abelian extensions of a local field by means of the
norm groups of the fields. The corollary shows that this approach fails to classify the
nonabelian extensions.

For a finite abelian extension L/K, we define the local Artin map
or/k - K*/Nm(L*) — Gal(L/K)
to be the inverse of the isomorphism in Corollary 1.3.

PROPOSITION 1.5. If E D L D K is a tower of finite abelian extensions of K, then
or/r(a)|L = ¢r/k(a) foralla € K.

PROOF. This can be checked directly from the definition of the local Artin maps,
USng that IHf(UL/K) = [E : L]UE/K ]

Define g : K* — Gal(K*"/K) to be the homomorphism such that, for every finite
abelian extension L/K, ¢ (a)|L = ¢r/k(a) all @ € K*—Proposition 1.5 shows that
this definition makes sense. By its very definition, g satisfies condition (b) to be
the local Artin map, and the next proposition implies that it also satisfies condition

(a).

PROPOSITION 1.6. When L/K is unramified, ¢k maps every prime element of
K to FI'ObL/K.

This will be proved in the next section.

Thus, to complete the proofs of the main theorems of local class field theory, it
remains to prove Theorem 1.1 and Proposition 1.6.

REMARK 1.7. To a finite Galois extension L/K of local fields, we have attached
the groups K*/Nm(L*) and H*(L/K). When L/K is cyclic, they are canonically
(up to the choice of generator for G = Gal(L/K)) isomorphic, but not otherwise.
The first group is always isomorphic to G*", and the second is always cyclic of order
[L : K]. Thus, when G is abelian but not cyclic, the two groups have the same order
but are not isomorphic, and when G is nonabelian, they have different orders.
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2. The Cohomology of Unramified Extensions
The cohomology of the units.

PROPOSITION 2.1. Let L/K be a finite unramified extension with Galois group G,
and let Uy, be the group of units in L. Then

Hi(G,UL) =0, allr.
Let m be a prime element of K. Then 7 is also a prime element in L, and
L* > U x n?.

Therefore, H"(G,Ur) is a direct summand of H"(G,L*) (see I11.1.25).  Since
HY(G, L*) = 0 (by Hilbert’s theorem 90), this shows that H*(G,U.) = 0. Because
G is cyclic, to complete the proof of the theorem, it suffices (by 11.2.11) to show that
HY(G,Uyr) = 0. This is accomplished by the next proposition.

PROPOSITION 2.2. For any finite unramified extension L/K, the norm map
Nmyp k : Uy — Uk is surjective.

Let ¢ and k be the residue fields of L and K. The action of G on Oy, identifies G
with Gal(¢/k).

LEMMA 2.3. Form >0, let U™ =1+ m7. Then
gX
l

Uy U
Uy U™

—
—

as G-modules.

PROOF. Let 7 be a prime element of K. It remains prime in L, and
U™ ={1+ar™|acOL}.
The maps

ur—u modmy, : Up— €

l+ar™—a modm; : U™ —¢
induce the required isomorphisms. [

LEMMA 2.4. For all r, H;(G,0*) = 0. In particular, the norm map £* — k™ is
surjective.

PROOF. By Hilbert’s Theorem 90, H'(G,¢*) = 0, and because ¢* is finite, its
Herbrand quotient h(¢*) = 1 (see 11.2.15)). Therefore H?*(G,¢*) = 0, and this
implies that all the groups are zero (see 11.2.11). O

LEMMA 2.5. The group H}.(G,¢) =0 for all r. In particular, the trace map ¢ — k
18 surjective.

PROOF. See Proposition 11.1.23. O
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We now prove Proposition 2.2. Consider u € Ux. Because the norm map ¢* — k*
is surjective, there exists a vy € Up such that Nm(vg) = v mod UIQ). Because the
trace map ¢ — k is surjective, so also is the norm map Ug)/U}f) — UE)/UI(?), and
so there exists a v; € UL such that Nm(v;) = u/Nm(vg) mod U, Continuing in
this fashion, we obtain a sequence of elements v, v1, v, vs, ..., v; € UI(?, such that
u/Nm(vg---v;) € U™ Let v = limy_o [T/2, vj. Then u/Nm(v) € U = {1}.

REMARK 2.6. Let L be an infinite unramified extension of K. Then L is Galois
over K, and, for r > 0,

H"(Gal(L/K),UL) = lim g H" (Gal(K'/K ), Ug+)
where the limit is over the finite extensions K’ of K contained in L. Therefore
H"(Gal(L/K),UL) =0
for all 7 > 0 (continuous cohomology).

The invariant map. Let L be an unramified extension of K (possibly infinite),
and let G = Gal(L/K).
From the cohomology sequence of G-modules
0—U; — L~ &Zﬁo,
we obtain (using 2.6) an isomorphism
HY(G,L*) — HY (G, 7).
From the cohomology sequence
0—-2Z—-Q—Q/Z—0
(trivial G-actions) we obtain an isomorphism
HY(G,Q/7) % H(G, 7).
Recall that
HY(G,Q/Z) = Homs(G, Q/7Z).

If [L: K] =n < oo, then G is a cyclic group of order n with generator Froby,/x, and
the map

f = f(Froby,k) : Hom(G,Q/Z) — Q/Z
is an isomorphism from Hom (G, Q/Z) onto the unique cyclic subgroup ~Z/Z of Q/Z
of order n; if [L : K] = oo, then G is generated in the topological sense by Froby,
i.e., G is the closure of the group {Frobi/K | i € Z}, and f +— f(Frobr k) is an

isomorphism of Hom.s(G, Q/Z) onto an infinite subgroup of Q/Z (in fact, the whole
of Q/Z if L = K™, because the image contains +7Z/Z for all n).

The composite of
HA(L/K) = H(G,Z) < H'(G,Q/Z) = Hom(G, Q/2) =12 /7,
is called the invariant map

invyr : H*(L/K) — Q/Z.
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Now consider a tower of field extensions
EDLDODK

with both £ and L unramified (hence Galois) over K. Then
HX(LJK) 245 )z
| Int H
HYE/K) 2% Q7

commutes, because all the maps in the definition of inv are compatible with Inf.

In particular, there is a canonical isomorphism
invg : H*(K"™/K) — Q/Z,

with the property that, for any L C K" of finite degree n over K, invk induces an
isomorphism

vy i H(L/K) — pgZ/L.
We next need to prove that the diagram in Theorem 1.1 commutes with K2 re-
placed by K". In fact, we shall prove a more general result.

PROPOSITION 2.7. Let L be a finite extension of K of degree n, and let K™ and
L' be the largest unramified extensions of K and L. Then the following diagram
commutes:

HX(K™/K) 2=, H2(1w/L)
Q/z =~ Q/Z

PRrROOF. To obtain the largest unramified extension of a local field, we only have to
adjoin the mth roots of 1 for m not divisible by the residue characteristic. Therefore,
L' = L- K", and so

T — 7| K" Gal(L"/L) — Gal(K"/K)

is injective. The map denoted Res in the above diagram is that defined by the
compatible homomorphisms:

Gal(K™/K) « Gal(L™/L)

Let I'x = Gal(K"™/K) and I';, = Gal(L"™/L). Consider the diagram:
H*(K™/K) 2 H2(Tg,Z) «>— H'(Tx,Q/Z) — Q/Z

lRes leRes leRes lfe

HX(L™/L) —=— HX(;,Z) —— H'(1,Q/Z) — Q/Z.
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Here e and f are the ramification index and residue class degree for L/K. The left
hand square is obtained from the commutative square

d
J{unx ordg 7

Lo 2, 7,

The second square expresses the fact that the restriction map commutes with the
boundary map. Apart from the factor “e”, the third square is

Hom(T'x, Q/Z) L2250, /7,

l‘#”_"#’H‘L lf

Hom(T';,Q/z) =2, /7.
The Frobenius elements are determined by the fact that they induce x — z¢ and
z — z7 on the residue fields, where ¢ = #k and ¢/ = #(. Hence Frob, |K =

Frobé. It is now clear that the square commutes, and since n = ef, this proves the
proposition. []

Computation of the local Artin map. Let L be a finite unramified extension
of K with Galois group G, and let n = [L : K]. From the last subsection, we know
that (G, L*) satisfies the hypotheses of Tate’s theorem (I1.2.18), and so we have a
canonical isomorphism

H™2(G,Z) —  HG, L")
| |
G K*/Nm(L*).
We now compute this map explicitly.
If 7 is a prime element of L, then every element of L* can be written uniquely in
the form a = un™, u € U, m € Z; thus

L*=Ux7a*>UxZ.

Since L is unramified over K, we can choose m € K. Then ta = 7(un™) = (ru)m™
for 7 € Gal(L/K), and so the above decomposition is a decomposition of G-modules
(G acting trivially on 72 ~ Z).

LEMMA 2.8. For any group G and G-modules M, N,
H (G,M&N)=H"(G,M)® H"(G,N).
PROOF. This was proved in Proposition I1.1.25. Alternatively, to say that a module
P is a direct sum of modules M and N means that certain maps, and relations

between the maps, exist (see 11.4). These maps and relations persist when we apply
the additive functor H" (G, ). O

Thus
H™(G,L*) = H"(G,Ur) ® H"(G,7%).
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Choose a generator o of G (e.g., the Frobenius generator), and let
f € H(G,Q/Z) = Hom(G, Q/Z)
be the element such that f(¢') = £ mod Z for all i. It generates H'(G, Q/Z).
From the exact sequence
0-Z—-Q—-Q/Z—0
and the fact that H"(G, Q) = 0 for all r, we obtain an isomorphism
§: H'Y(G,Q/Z) — H*(G, 7).

According to the description of 4 in (Il.l.ZO, to construct d f, we first choose a lifting
of f to 1-cochain f : G — Q. We take f to be the map o — é where 0 <7 <m —1.
Then

s e 0 if i+j<n-—1
T 27\ — 40 J\ +] 1) — —
ifie'oh) = o'flo") - flo ) 4 o) = { | TSN

When we identify Z with the subgroup 7% of L*, we find that the fundamental class
up/k € H?(G, L*) is represented by the cocycle:

o

TT)TY i it j>n—1

From the exact sequences

0—-1—-Z[G—Z—0

0—>L"—=L"(p)—1—0
(see the proof of 11.2.18) we obtain boundary maps

H%(G,Z) — H (G, I)

HYG,I)— H°G, L"),

which are isomorphisms because Z[G] and L* (¢) have trivial cohomology. Here L* ()
is the splitting module L™ © @yecq o1 Lo of .

Finally, H (G, Z) £ H\(G,Z) =~ G (1L.2.7).
PROPOSITION 2.9. Under the composite

H2(G,2) — HYG,L¥)

I I ,
G K*/Nmg L*

of the above maps, o maps to m mod Nm(L*).

Note that, because H°(G,Ur) = 0, U, C Nmy (L*), and the class of 7
mod Nm(L*) is independent of the prime element 7. On the other hand, L*(y)
and the map depend on the choice of the generator ¢ for G.
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PROOF. From the construction of the isomorphism H%(G,Z) = G, we see that the
image of o under the boundary map H?(G,Z) — H (G, 1) C Ig/I% is represented
by o — 1.

The boundary map H'(G,Ig) — H°(G, L*) is that given by the snake lemma
from the diagram (we write I for I¢):

HY(G,I)

(L) —— L*(p)g — ()¢ ——0

| l

0 L><G LX(SO>G IG

|

HO(G, L¥).

The vertical maps connecting the rows are Nmg = .-} 0. The element (o — 1) + I?
is the image of x5 + I - L*(¢) in L*(¢)q, and Nmg(z, + I - L*(p)) is the sum of the
elements:

T, = T,
0, = Ty2— xs+ @(0,0)
0’Ty = Tys — T2 + o(0,0?)
0"y = ) = xne1 + (o, 0"

On summing these, remembering that ‘z,’= ¢(1,1) = 1 and that + on the factor L*
of L(¢p) is actually -, we find that

n—1
Nmg(z,) = [] ¢(0,0") = .
i=1

This completes the proof. [

REMARK 2.10. The above proof of Proposition 2.9, using Tate’s original definition
of the isomorphism H"(G,Z) — H"™%(G,C), is simpler than that found in other
references, which uses the description of the map in terms of cup products.

3. The Cohomology of Ramified Extensions

LEMMA 3.1. If L/K is Galois of finite degree n, then H*(L/K) has a subgroup of
order n.

PrOOF. Consider the diagram
0 —— Ker(Res) —— H2(K™/K) 2=, H2(L™/L)

| Jne Jne

0 — H*L/K) —— H*(K"/K) -2, H2(K"/L)
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Since the two restriction maps are injective, so also is the first vertical map, but (2.7)
shows that the kernel of the restriction map on the top row is %Z/Z. O

To complete the proof of Theorem 1.1, it suffices to prove that the map %Z/Z —
H?*(L/K) is an isomorphism (see the last paragraph of this section). There are two
different approaches to proving this. In the next chapter on Brauer groups, we shall
show that H?(K®*/K") = 0; this implies that the restriction maps in the diagram
are isomorphisms, and hence also that the first vertical map is an isomorphism. The
second proof, which we now present, shows that #H?*(L/K) < n.

LEMMA 3.2. Let L be a finite Galois extension of K with Galois group G. Then
there exists an open subgroup V' of Op stable under G such that H"(G,V) = 0 all
r > 0.

Proor. Let {z, | 7 € G} be a normal basis for L over K (see 11.1.24). The z,
have a common denominator d in O (see Math 676, 2.4). After replacing each x,
with d - x,, we may suppose that they lie in Op. Take V =3 Opx,. Then

V =2 0[G] = Ind“ Oy,
and so H"(G,V)=0forallr>0. O

LEMMA 3.3. Let L, K, and G, be as in the last lemma. Then there exists an open
subgroup V' of Uy, stable under G such that H"(G,V) =0 for all r > 0.

PROOF. (Assume charK = 0.) The power series

converges for ord(z) > ord(p)/(p — 1). It defines an isomorphism of an open neigh-
bourhood of 0 in L onto an open neighbourhood of 1 in L*, with inverse mapping
log(z) = (x—1)— (z—1)*/2+ (z—1)*/3—---. Clearly both maps commute with the
actions of G. If V' is an open neighbourhood of 0 as in (3.2), then #V" will have the
same properties, and we can take V = exp(rmMV’) with M chosen to be sufficiently
large that the exponential function is defined on #™V’. O

LEMMA 3.4. Let L/K be a cyclic extension of degree n; then h(Up) = 1 and
h(L*) = n.

PROOF. Let V be an open subgroup of Uy, with H"(G,V) = 0 for all r. Because
Uy is compact, the group Up/V is finite, and so h(Uy) = h(V) = 1 (see 11.2.16).
Finally h(L*) = h(U) - h(Z) = h(Z), and

hZ) = #H%(Ga Z)/#Hl(Ga Z) = #H%(Ga L) = #(Z/nZ) = n.
]

LEMMA 3.5. Let L be a finite Galois extension of K of order n, then H*(L/K) has
order n.

PROOF. We know that the order of H?(L/K) is divisible by n, and that it equals
n when L/K is cyclic. We prove the lemma by induction on [L: K]. Because the
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group Gal(L/K) is solvable (see Math 676, 7.50), there will be a Galois extension
K'/K with L 2 K’ 2 K. From the exact sequence

0 — H*(K'/K) — H*(L/K) — H*(L/K')

we find that
BHY(L/K) < #H (K JK)#H(L/K') = n.
O

We now complete the proof of Theorem 1.1. From the diagram in the proof of
(3.1) we see that, for any finite Galois extension L of K, the subgroup H*(L/K) of
H?*(K*/K) is contained in H*(K""/K). Since H?(K*/K) = J H*(L/K), this proves
that the inflation map H?*(K"™/K) — H*(K®/K) is an isomorphism. Therefore, the
invariant map invg : H*(K"™/K) — Q/Z defines an isomorphism H?(K*/K) —
Q/Z. Tt follows from (3.1) that this homomorphism has the property required for
Theorem 1.1. Moreover, Proposition 2.9 (with o taken to be the Frobenius generator)
shows that the homomorphism has the properties required for Proposition 1.6. This
completes the proofs of the main theorems of local class field theory.

4. Complements

Alternative description of the local Artin map. Let L/K be a finite abelian
extension with Galois group G, and let ur,x € H*(G, L*) be the fundamental class.
The local Artin map ¢/ is the inverse to the isomorphism

i xUup g H72(G,Z) — HY (G, LX).

This definition is very difficult to work with because cup-products involving both
homology and cohomology groups have no very convenient description. Instead, we
re-interprete the map purely in terms of cohomology groups. Consider the cup-
product pairing

iIlVL/K
R

H(G, L*)x H*(G,Z) —— H2(G, L") Q/Z.

Given an element a € H°(G,L*) = K* and a class ¢ € H?(G,Z) represented by
a cocycle f: G x G — Z, the cup-product class a U ¢ is represented by the cocycle
(0,7) — af(@7). Recall also that we have an isomorphism

Hom(G,Q/Z) = H'(G,Q/Z) > H*(G,Z).
PROPOSITION 4.1. For any x € Hom(G,Q/Z) and a € K*,
x(¢r/k(a)) = invg(aUdy).

PROOF. Omitted. (See Serre, Local Fields, “Annexe” to Chapter XI, and his article
in Cassels-Frohlich, p140.) O

Using this, we can get another proof of Proposition 1.6.

LEMMA 4.2. If L/K is unramified, ¢1/x sends a € K* to Frob?x?,
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PROOF. Recall that invg is defined to be the composite
HX(G, L) 24 126, 7) & Hom(G, Q/z) XX, @/z.
Because of the functoriality of cup-products
ord(aUdx) =ord(a) Udyx, ae€ K*, x € Hom(G,Q/Z)
where, on the left ord denotes the map on H? induced by ord;: L* — Z, and on the
right it is the map itself. Let a € H°(G, L*) = K*, and let m = ordy(a). For any
X € Hom(G,Q/Z), in the above diagram,
aUdy— ord(a) Udx — myx — x(¢™), o = Frob,

i.e., invg(aUdx) = x(c™). On combining this with the formula in (4.1) we find that

x(0(a)) = x (0”1
for all x € Hom(G, Q/Z), and so ¢(a) = ¢4, O

For any character y of G, we get a character a — invg(aUdy) of K*. By duality we
get a map K* — G. Proposition 4.1 shows that this map is ¢/ : K* — Gal(L/K).

The Hilbert symbol. Let a,b € Q; with p a prime number or infinity (we let
Qs = R). The Hilbert symbol of a and b relative to Q, is defined by

(a.b), = 1 if 22 = az? + by? has a nonzero solution in Q,
R | otherwise.

Then a,b — (a,b) is a nondegenerate bilinear pairing

Q,/Q,* x Q@ /Q;* — {£1}.

It has many interesting properties, the most profound being the product formula
(proved by Hilbert). For fixed a,b € Q, (a,b), =1 for all but finitely many primes p,

and
H (a,b), =1.

p<oo

This proof of the product formula uses the quadratic reciprocity law. The product
formula has an interpretation in terms of Brauer groups (see the next chapter), and
has implications for the theory of quadratic forms over Q (see Chapter VIII).

We can define Hilbert symbols for any local field K. Let u, be the group of nth
roots of 1 in K® (if the characteristic of K is p # 0, then n should not be divisible
by p). Let G = Gal(K®*/K). There is an exact sequence of G-modules,

1=y — K% 2 gax
and hence an exact cohomology sequence

K* % K* — HYG, jtp) — 0 — 0 — H*(G, pp) — H*(K*/K) — H*(K"/K).
Thus:

=
Q
=
5_/
2

KX/KXTL

5
Q
=
5_/
I

1
~7,)7.~ 7./nZ.
n
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There is a cup-product pairing

HY(G, pn) x H'(G, ptn) = H*(G, i @ i)
In the case that K contains an nth root ¢ of 1, the cup-product pairing

H*(G, pn) x H(G, pin) — H*(G, pin © 1)
defines an isomorphism

H*(G, pin) @ ptn — H*(G, ftn ® pin),
and hence an isomorphism
H(G pin @ i) — H* (G, pin) @ pin — (Z/NZL) @ pin = fin.

Therefore, in this case, the pairing becomes

a,b— (a,b) : K*/K*" x K*/K*" — py,.

This pairing is again called the Hilbert symbol. Class field theory shows that it has
most of the properties of the first pairing defined above.

PROPOSITION 4.3. The Hilbert symbol is related to the local Artin map by the for-
mula

ox(b)(a7) = (a,b)an.

Note that Galois theory tells us that, for any 7 € Gal(K[a#]/K), Tax = Ca» for
some nth root of one ¢ (remember, we are assuming that K contains the nth roots
of 1), and so the point of the formula is that roots of 1 are the same. The proof of
the formula is an exercise in cup-products, starting from Proposition 4.1.

Other Topics. At this point, it would not be difficult to give a proof of the Local
Existence Theorem (I.1.2) that is independent of Chapter II-—see Serre 1962, 11.5,
14.6.

The reader who is interested in understanding the (conjectural) statement of non-
abelian local class field theory should look first at Chapter VII of C.J. Moreno, Ad-
vanced Analytic Number Theory, Part I. Ramification Theoretic Methods, AMS,
1983.

Notes. It follows from Krasner’s lemma (see Math 676, 7.51) that every finite
abelian extension of local fields arises by completing a finite abelian extension of
global fields. In the 1930’s Hasse was able to deduce the main theorems of local class
field theory from those of global class field theory.

From the modern perspective, this seems a strange way to do things. In the 1940’s,
in his algebraic approach to class field theory Chevalley developed local class field
theory directly, and used it in the construction of global class field theory. F. K.
Schmidt also showed that local class field theory can be constructed independently
of global class field theory.

At that time, there was no good description of the local Artin map, and nor was
there an explicit way of constructing the maximal abelian extension of a local field
(except for Q, of course).

In 1958 Dwork gave an explicit description of the local Artin map, which is repro-
duced in Serre, Local Fields, but it was not very pleasant.
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In 1965 Lubin and Tate introduced the Lubin-Tate formal group laws, and gave
an explicit construction of K®" and an explicit description of the local Artin map.
However, they made use of the existence of the local Artin map (our Theorem 1.1.1)
in their proofs.

In 1981 Gold and Rosen independently gave “elementary” proofs that K2 = K -
K". In his book (Local Class Field Theory, 1986), Iwasawa develops the whole
of local class field theory from the Lubin-Tate perspective, and also gives explicit
formulas (due to de Shalit and Wiles) for the Hilbert symbols etc..

Other noncohomological approaches can be found in (Hazewinkel, Local class field
theory is easy, Adv. Math. 18 (1975), 148-181), (Neukirch, Class Field Theory,
Springer, 1986), and (Fesenko and Vostokov, Local Fields and Their Extensions: A
constructive approach, AMS, 1993).

The disadvantage of the noncohomological approaches is, naturally, that they pro-
vide no information about the cohomology groups of local fields, which have important
applications to other topics, for example elliptic curves.

In this chapter, we have largely followed Serre 1962 and Serre’s article in Cassels
and Frohlich 1967.



CHAPTER 1V

Brauer Groups

In this chapter, we define the Brauer group of a field, and show that it provides
a concrete interpretation of the cohomology group H?(K®/K). Besides clarifying
the class field theory, Brauer groups have many applications, for example, to the
representation theory of finite groups and to the classification of semisimple algebraic
groups over nonalgebraically closed fields.

Throughout the chapter, k£ will be a field, and all vector spaces over k will be finite
dimensional.

Terminology for k-algebras. By a k-algebra we mean a ring A containing k in
its centre and finite dimensional as a k-vector space. We do not assume A to be
commutative. For example, A could be the ring M, (k) of n X n matrices over k. A
k-subalgebra of a k-algebra is a subring containing k. A homomorphism ¢ : A — B of
k-algebras is a homomorphism of rings with the property that ¢(a) = a for all a € k.
The opposite A°PP of a k-algebra A is the algebra with the same underlying set and
addition, but with multiplication - defined by a - § = fa. If A is a k-subalgebra of
a k-algebra E, then the centralizer of A in E, sometimes denoted C(A) or Cg(A), is
the set of v € E such that ya = ay for all a € A. It is again a k-subalgebra of B.
For example, C4(A) is the centre of A. Let eq,... e, be a basis for A as a k-vector

space. Then
l
€i€j = Z a;je
1

for some aﬁj € k, called the structure constants of A relative to the basis (e;);. Once a
basis has been chosen, the algebra A is uniquely determined by its structure constants.

1. Simple Algebras; Semisimple Modules

Semisimple modules. By an A-module, we mean a finitely generated left A-
module V. In particular, this means that 1lv = v for all v € V. Such a V is also
finite-dimensional when considered as a k-vector space, and so to give an A-module
is the same as to give a (finite-dimensional) vector space over k together with a
homomorphism of k-algebras A — Endi(V), i.e., a representation of A on V. The
module is said to be faithful if this homomorphism is injective, i.e., if ax = 0 for all
r € V implies a = 0.

An A-module V is said to be simple if it is nonzero and contains no A-submodules
apart from the obvious two, namely, V' and 0, and it is said to be semisimple if it can
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be written as a direct sum of simple A-modules. It is indecomposable if it can not be
written as a direct sum of two nonzero A-modules. Thus a simple module is semisim-
ple, and an indecomposable module is semisimple if and only if it is simple. Some
authors use “irreducible” and “completely reducible” for “simple” and “semisimple”
respectively.

EXAMPLE 1.1. Let V = k? and let A = k[a] for some a € My(k). The A-
submodules of V' are the k-subspaces stable under «.

If a= ( g clz ), then {( ; )} is an A-submodule of V. In fact, it is the only

nontrivial submodule, and so V' is indecomposable, but not semisimple.

If o = ( g 2 ), a # b, then the only lines stable under « are L, < {( ; )} and

L, df 0 . Since V' = L1 & L (as an A-module), it is semisimple.
*

If a = g 2 ), then V' again decomposes as the direct sum of two lines, but the

decomposition is no longer unique.

Finally, if A = Ms(k) then V is a simple A-module: there are no subspaces of k?
stable under M,(k) apart from 0 and V.

THEOREM 1.2. Any A-module V' admits a filtration
VoVviD---DV,=0

whose quotients V;/Viy1 are simple A-modules. If
VoV D>---DV,=0

is a second such filtration, then r = r' and there is a bijection i — i’ such that
Vi/Vigr = Vi [V for all i.

Proor. If V is simple, then V' D 0 is such a filtration. Otherwise, V' contains a
submodule W, V' 2 W # 0, and we can apply the same argument to V/W and to .
This procedure terminates after finitely many steps because V' is a finite dimensional
k-vector space.

The uniqueness statement can be proved exactly as in the Jordan-Holder theorem
(in fact, the statement is a special case of the Jordan-Hélder theorem with operators)
(see, for example, Math 594g, Section 6.4). O

For example, the simple summands S; occurring in a decomposition V = @&.5; of a
semisimple A-module are unique up to isomorphism and renumbering.

PROPOSITION 1.3. Let V' be a semisimple A-module, say V = @®]_S; with the
S; simple. For any submodule W of V', there is a subset I of {1,...,r} such that
V=W ® ®erSi-

PRrROOF. For asubset [ of {1,... 7}, define S; = @®;1S;. Let I be maximal among
the subsets of {1,...,r} such that W N S; = 0. I claim that W + S; equals V. To
prove this, it suffices to show that each S; is contained in W + S;. Because S; is
simple, S; N (W + Sy) equals S; or 0. In the first case, S; C W+ S;, and in the second
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W N (S;+S;) =0, which contradicts the definition of I. Therefore V- =W + S, and
because W N S; = 0, the sum is direct. [

COROLLARY 1.4. FEvery submodule and every quotient module of a semisimple mod-
ule 18 semisimple.

PROOF. The proposition shows that V/W ~ S; and that W ~ V/S; ~ S;, where
I’ is the complement of I in {1,2,... ,r}. O

Simple k-algebras. A k-algebra A is said to be simple if it contains no two-sided
ideals except for the obvious two, namely, 0 and A. We shall make frequent use of
the following observation:

The kernel of a homomorphism f : A — B of k-algebras is an ideal in
A not containing 1; therefore, if A is simple, then f is injective.

ExAMPLE 1.5. Consider the matrix algebra M, (k). For A, B € M,(k), the jth
column (A- B); of A-Bis A- B; where Bj is the jth column of B. Therefore, a given
matrix B,

Bi=0 = (A-B);=0
B;#0 = (A-B); arbitrary.

It follows that the left ideals of M, (k) are the sets of the form L(I) where [ is a
subset of {1,2,... ,n} and L([) is the set of matrices whose jth columns are zero for
j ¢ I. In particular, the minimal left ideals are the sets L({jo}). Similar statements
hold for the right ideals, from which it follows that any nonzero two-sided ideal in
M, (k) is the whole ring: M, (k) is a simple k-algebra.

EXAMPLE 1.6. A k-algebra A is said to be a division algebra if every nonzero
element a of A has an inverse, i.e., there exists a b such that ab = 1 = ba. Thus
a division algebra satisfies all the axioms to be a field except commutativity (and
for this reason is sometimes called a skew field). Clearly, a division algebra has no
nonzero proper ideals, left, right, or two-sided, and so is simple.

If D is a division algebra, then, as in (1.5), the left ideals in M, (D) are the sets of
the form L(I) and M, (D) is simple.

EXAMPLE 1.7. For a,b € k>, let H(a,b) be the k-algebra with basis 1,1, j, k (as a
k-vector space) and with the multiplication table:

1 i j K

1 a k aj
7 —k b —n
k —aj bi —ab

ie.,i?=ua,j? =01 =k = —ji (= ik =1iij = aj etc.). Then H(a,b) is a k-

algebra, called a quaternion algebra over k. For example, if k = R, then H(—1,—1) is
the usual quaternion algebra. One can show (see 5.1) that H(a,b) is either a division
algebra or it is isomorphic to Ms(k). In particular, it is simple.

REMARK 1.8. Much of linear algebra does not require that the field be commu-
tative. For example, the usual arguments show that a finitely generated module V'
over a division algebra D has a basis, and that all bases have the same number n of
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elements—n is called the dimension of V. Let V be a D-module of dimension 1, so
that V' = Dey for some ¢y € V. A D-linear map ¢ : V — V is determined by its
value at eq, p(eg) = aeg, and ¢ — a is a bijection Endp(V) — D. If p(eg) = aep and
¢(€0) = beo, then

(0 ¥)(e0) < p(tb(en)) = @(beo) = b(ip(en)) = bac,

and so ¢ +— a is an isomorphism of k-algebras Endp (V) — D°PP. Similarly, if V' is a
D-module of dimension n, then the choice of a basis for V' determines an isomorphism
of k-algebras Endp(V) — M, (D°PP).

THEOREM 1.9. Any simple k-algebra is isomorphic to M, (D) for somen and some
division k-algebra D.

ProOF. Choose a simple A-module S, for example, any minimal left ideal of A.
Then A acts faithfully on S, because the kernel of A — End(S) will be a two-sided
ideal of A not containing 1, and hence is 0.

Thus, we can regard A as a subalgebra of E & Endg(S), the ring of k-linear map
S — S. Note that the centralizer Cg(A) of A in E is equal to End4(5), the ring
of A-linear maps S — S, and that S can be regarded as a Cg(A)-module. We shall
complete the proof of the theorem by proving:

(a) DL Cg(A) is a division algebra;
(b) A is the centralizer of D in E, i.e., A = Endp(5).

It will then follow from the Remark 1.8 that Endp(S) ~ M, (D°P?) O

LEMMA 1.10 (SCHUR’S LEMMA). For any k-algebra A and any simple A-module
S, Enda(95) is a division algebra.

PROOF. Let v be an A-linear map S — S. Then Ker(y) is an A-submodule of
S, and so it is either S or 0. In the first case, v is zero, and in the second it is an
isomorphism, i.e., it has an inverse that is also A-linear. [

THEOREM 1.11 (DOUBLE CENTRALIZER THEOREM). Let A be a k-algebra, and
let V' be a faithful semisimple A-module. Then C(C(A)) = A (centralizers taken in
End,(V)).

ExAMPLE 1.12. Let V' = k™. In the following, centralizers will be taken in
End (V') = M, (k).

(a) Let A = k acting by left multiplication on V' = k™. Then C(A) = M,(k),
and C'(C(A)) is the centre of M, (k). To see this, let a = (a;;) lie in the
centre of M, (k). Let e;; be the matrix with 1 in the (4, j)th position and zeros
elsewhere, so that

0 if j #£1.
Then a = 37, ;aie;;, and so aep, = 3, ageyn and ey, = 355 amjer;.  If
ey = ema, then ay = 0 for @ # [, a,,; = 0 for j # m, and ay = . It
follows that the centre of M, (k) is k (identified with the set of scalar matrices).
(b) Let A be the set of diagonal matrices in M, (k), and let V' = k™. Then
C(A)=A,and so C(C(A)) =C(A) = A.

€ij€im = { Com  1f] =1
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PROOF. In the situation of the proposition, let D = C(A) and let B = C(D).
Clearly A C B, and the reverse inclusion follows from the next lemma when we take
v1, ... ,U, to generate V as a k-vector space. [

LEMMA 1.13. Under the hypotheses of the proposition, for any vy, ... ,v, € V and
b € B, there exists an a € A such that

avy = bvy, ave =bvy, ..., av, = bv,.

PrROOF. We first prove this for n = 1. Note that Awv; is an A-submodule of V,
and so (see 1.3) there exists an A-submodule W of V such that V = Av; & W. Let
7w : V — V be the map (avi, w) — (avy,0) (projection onto Avy). It is A-linear, hence
lies in D, and has the property that 7w(v) = v if and only if v € Av;. Now

m(bvy) = b(mvy) = buy,
and so bvy; € Awvs.
We now prove the general case. Let W be the direct sum of n copies of V' with A
acting diagonally, i.e.,
a(xy, ..., xy) = (az1,... ,ax,), a €A, x;,€V.

Then W is again a semisimple A-module. The centralizer of A in Endy (W) consists
of the matrices (7;j)1<ij<n, Vij € Endg(V), such that (v;;a) = (ay;;) for all a € A,
i.e., such that ;; € D. In other words, the centralizer of A in End,(A) is M, (D). An
argument as in the above example, using the matrices e;;(d) with ¢ in the ijth position
and zeros elsewhere, shows that the centralizer of M, (D) in End,(W) consists of the
diagonal matrices

B0 - 0
08 - 0
00 - 3

with 0 € B. We now apply the case n = 1 of the lemma to A, W, b, and the vector
(v1,...,v,) to complete the proof. [

Modules over simple k-algebras. When we regard A as a k-vector space
and let A act on it by left multiplication, then we obtain a homomorphism A —
Endy_jinear (A)—this is called the regular representation of A.

PROPOSITION 1.14. For any simple k-algebra A, the simple submodules of A (re-
garded as a left A-module) are the minimal left ideals in A; any two such ideals are
1somorphic as left A-modules, and A is a direct sum of its minimal left ideals.

ProOOF. After Theorem 1.9, we may assume that A = M, (D) for some division
algebra D. An A-submodule M of A is a left ideal, and M will be simple if and only
if it is minimal. We saw in (1.6) that the minimal left ideals in M, (D) are those of
the form L({jo}). Clearly A = @1<j<,L({j}) and each L({j}) is isomorphic to D"
with its natural action of M, (D). O

THEOREM 1.15. Let A be a simple k-algebra, and let S be a simple A-module.
Then any A-module V' is isomorphic to a direct sum of copies of S. In particular, it
18 semisimple.



96 IV. BRAUER GROUPS

PROOF. Let Sy be a minimal left ideal of A. The proposition shows that, as a left
A-module, A ~ S for some n.

Let e1,..., e, be a set of generators for V' as an A-module. The map

(a1,...,a,) — Zaiei

realizes V' as a quotient of the A-module A", and hence as a quotient of SJ". Now
Proposition 1.3 shows that V ~ S§* for some m. O

COROLLARY 1.16. If A is a simple k-algebra, then any two simple A-modules are
isomorphic, and any two A-modules having the same dimension over k are isomor-
phic.

2. Definition of the Brauer Group

Tensor products of algebras. Let A and B be k-algebras, and let A ®; B be
the tensor product of A and B as k-vector spaces. There is a unique k-bilinear
multiplication on A ®; B such that

(a®b)(d @V)=ad @bV, a,a €A, bl e€B.

When we identify k& with k- (1®1) C A®y B, then A®j B becomes a k-algebra. If (e;);
and (f;); are bases of A and B as k-vector spaces, then (e;® f;); ; is a basis for A®y B,
and the structure constants for A ®; B can be obtained from those of A and B by an
obvious formula. We shall use that tensor products are commutative and associative
in the sense that, for any two k-algebras A, B, there is a unique isomorphism

AR, B — B, A

sending a ® b to b ® a, and for any three k-algebras A, B, C, there is a unique isomor-
phism

A, (B C)— (AR B) @, C
sending a ® (b® ¢) to (a ® b) @ c.

EXAMPLE 2.1. For any k-algebra A, A ® M, (k) = M,(A). To see this, note that
a ring B containing a subring R is isomorphic to M, (R) if and only if it admits a
basis (e;;)1<ij<n as a left R-module such that

Gicm =\ 0 if AL
If (e;;) is the standard basis for M, (k), then (1®e;;) is an A-basis for A® M, (k) with
the correct property. More generally, A ®y M, (A") = M, (A®y A’) for any k-algebras
A and A’

EXAMPLE 2.2. For any m,n, M,,(k) @ M, (k) = M, (k). To see this, note that
according to the preceding example, M,, (k) @ M, (k) = M,,(M,(k)), and an m x m-
matrix whose entries are n X n-matrices is an mn x mn-matrix (delete the inner
parentheses). Alternatively, let (e;;) and (fi,) be standard bases for M, (k) and
M, (k), and check that (e;; ® fi,) has the correct multiplication properties.



DEFINITION OF THE BRAUER GROUP 97

Centralizers in tensor products.

PROPOSITION 2.3. Let A and A’ be k-algebras, with subalgebras B and B’, and let
C(B) and C(B') respectively be the centralizers of B and B' in A and A’. Then the
centralizer of B ®y B" in A®@y A" is C(B) ®, C(B').

Proor. Certainly C(B ®; B') D C(B) ® C(B’). Let (f;); be a basis for A’ as
a k-vector space. Then (1 ® f;); is a basis for A ®; A" as an A-module, and so an
element o of A ®; A’ can be written uniquely in the form oo = Y, o; ® fi, a; € A. Let
£ € B. Then a commutes with § ® 1 if and only if fa; = «; for all 7. Therefore,
the centralizer of B® 1in A® A" is C(B) ® A’. Similarly, the centralizer of 1 ® B’
in C(B)® A" is C(B) ® C(B'), which therefore contains C(B ® B’). O

In particular, the centre of the tensor product of two k-algebras is the tensor product
of their centres: Z(A®y B) = Z(A) ® Z(B).

COROLLARY 2.4. The centre of a simple k-algebra is a field.

PrOOF. Obviously, the centre of a division algebra is a field, but Wedderburn’s
theorem (1.9) shows that every simple k-algebra is isomorphic to M, (D) for some
division algebra D. Now M, (D) = M, (k) ®x D, and so Z(M,(D)) = k ® Z(D) =
Z(D). O

A k-algebra A is said to be central if its centre is k, and a k-algebra that is both
central and simple is said to be central stmple. The corollary shows that every simple
k-algebra is central simple over a finite extension of k.

Primordial elements. Before continuing, it will be useful to review a little linear
algebra from the second edition of Bourbaki’s Algebra.

Let V be a k-vector space, and let (e;);cr be a basis for V. Any v € V can be
written uniquely v = 3 a;e;, and we define J(v) to be the set of ¢ € I such that
a; # 0. Let W be a subspace of V. An element w € W is said to be primordial
(relative to V' and the basis (e;)er) if

(a) J(w) is minimal among the sets J(w’) for w’ a nonzero elements of W, and
(b) in the expression w = Y b;x;, at least one b; = 1.

PROPOSITION 2.5.  (a) Let w € W be primordial, and let w' € V. Then
J(w') C J(w) if and only if w' = cw for some c € k, in which case w' =0 or
J(w') = J(w).

(b) The set of primordial elements of W generates it.

PROOF. (a) Let w =X;c () @iei and w' = ¢ j ajei be elements of W with
J(w'") C J(w). We may assume w’ # 0, so that J(w’) # (). Choose an iy € J(w'), and
set ¢ = a;, - a; *. Then J(w — cw') C J(w) and ig &€ J(w — cw'), and so w — cw' = 0.

(b) Let w = 3;c j(uw) @iei € W. We shall use induction on the number n of elements
in J(w) to prove that w lies in the subspace generated by the primordial elements. For
n = 0 the statement is obvious, and so suppose n > 0. Among the nonzero elements
w' of W with J(w') C J(w), choose one wy such that J(wp) has the fewest elements.
After replacing it by a scalar multiple, we may assume that wg is primordial, say
wo = > bie; with b, = 1. Then w — a;;wg € W but J(w — a;,;wp) has at most n — 1

10
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elements. By induction, w —a;,wy is a linear combination of primordial elements, and
so therefore is w. O

The results (and proofs) of this section do not require V' to be finite-dimensional
over k, and they do not require £ to be commutative, i.e., k£ can be a division algebra.

Simplicity of tensor products.

PROPOSITION 2.6. The tensor product of two simple k-algebras, at least one of
which s central, 1s again simple.

PRrooF. After (1.9), we may suppose that one of the algebras is M, (D) where D
is a division algebra with centre k. Let A be the second simple k-algebra. If A ®; D
is simple, say, A @y D ~ M,,(D’) with D’ a division algebra, then

A ®y M, (D) = M,(A® D) ~ M,(M,,(D") = M,,,(D"),
which is simple. Thus the proposition follows from the next lemma. [
LEMMA 2.7. Let A be a k-algebra, and let D be a division algebra with centre k.

Then any two-sided ideal A in A ® D is generated (as a left vector space over D) by
adAn(Aw1).

ProoOF. We make A ®; D into a left D-module by the rule:
da®d)=a®dd, acA, 00¢€D.

The ideal 2 of A ®; D is, in particular, a D-submodule of A ®; D.

Let (e;) be a basis for A as a k-vector space. Then (e; ® 1) is a basis for A ®; D
as a left D-vector space. Let a € U be primordial with respect to this basis, say

i€J(a) i€J(a)
For any nonzero § € D, ad € A, and ad = Y €;®6;0 = >_;c1(0;0)(e;®1). In particular,
J(0a) = J(«a), and so ad = &'« for some &' € D (Proposition 2.5a). As some §; = 1,
this implies that 0 = ¢’, and so each §; commutes with every § € D. Hence ¢; lies in
the centre k of D, and o € A ® 1. We have shown that every primordial element of
2 is in A ® 1, which completes the proof because 2 is generated (as a D-module) by
its primordial elements. [

COROLLARY 2.8. The tensor product of two central simple k-algebras is again cen-
tral simple.

ProoOF. Combine Proposition 2.3 with Proposition 2.6. [

Let A be a central simple algebra over k, and let V' denote A regarded as a k-vector
space. Then left multiplication makes V' into a left A-module, and right multiplication
makes it into a right A-module, or, what is the same thing, a left A°°P-module. These
actions identify A and A°PP with commuting subalgebras of Endg(V). From the
universality of the tensor product, we obtain a homomorphism

a®a — ad : A®p APP — Endg (V).
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As A ®; A°PP is simple and the kernel of the homomorphism does not contain 1, it is
injective. On counting degrees, we find that

[A®y APP k] = [A: k]* = n® = [Endi(V) : K],
and so the homomorphism is an isomorphism. We have shown:
COROLLARY 2.9. For any central simple k-algebra A,
A @y A°PP =2 Endy(A) = M, (k), n=[A:k].
The Noether-Skolem Theorem.

THEOREM 2.10 (NOETHER-SKOLEM). Let f,g: A — B be homomorphisms from
the k-algebra A to the k-algebra B. If A is simple, and B is central and simple over
k, then there exists an invertible element b € B such that f(a) =b- g(a) - b~ for all
a€ A.

Proor. If B = M, (k) = Endg(k™), then the homomorphisms define actions of A
on k"—let Vy and V, denote k™ with the actions defined by f and g. According to

(1.16), two A-modules with the same dimension are isomorphic, but an isomorphism
b:V, — V;is an element of M, (k) such that f(a)-b="5b-g(a) for all a € A.

In the general case, we consider the homomorphisms
f®lg®l: AR, B®® — B ®; BP.

Because B ®; B°PP is a matrix algebra over k, the first part of the proof shows that
there exists a b € B ®; B°PP such that

(feo)exb)=b-(go1)(axb)-b~"

for all a € A, I/ € B°®P. On taking a = 1 in this equation, we find that (1 ® V') =
b-(1@V)-b~! for all ' € B°PP. Therefore (see 2.3), b € Cpg, pors (k ® BPP) = By k,
ie., b="by® 1 with by € B. On taking b’ = 1 in the equation, we find that

fl@)®@1=(by-gla) by')®1
for all @ € A, and so by is the element sought. [

COROLLARY 2.11. Let A be a central simple algebra over k, and let By and Bs be
simple k-subalgebras of A. Any isomorphism f : By — By is induced by an inner
automorphism of A, i.e., there exists an invertible a € A such that f(b) = aba™" for
all b € B.

PRrROOF. This is the special case of the theorem in which ¢ is the identity map

COROLLARY 2.12. All automorphisms of a central simple k-algebra are inner.

For example, the automorphism group of M, (k) is PGL, (k) 4 GL,(k)/k*I,,.
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Definition of the Brauer group. Let A and B be central simple algebras over
k. We say that A and B are similar, A ~ B, if A®y M, (k) ~ B ®; M,,(k) for some
m and n. This is an equivalence relation: it is obviously reflexive and symmetric, and
(2.2) implies that it is transitive. Define Br(k) to be the set of similarity classes of
central simple algebras over k, and write [A] for the similarity class of A. For classes
[A] and [B], define

[AllB] = [A &y, B].

This is well-defined (i.e., if A ~ A" and B ~ B’, then A ®; B ~ A’ ®; B’), and the
associativity and commutativity of tensor products show that it is associative and
commutative. For any n, [M, (k)] is an identity element, and because A ®j A°PP ~
M, (k) (see 2.9) [A] has [A°PP] as inverse. Therefore Br(k) is an abelian group, called
the Brauer group of k.

ExXAMPLE 2.13.  (a) If k is algebraically closed, then Br(k) = 0, for let D be a
central division algebra over k. We have to show that D = k. Let a € D,
and let k[a] be the subalgebra of D generated by k and «. Then k[a] is a
commutative field of finite degree over k (because it is an integral domain of
finite degree over k). Hence ko] = k, and « € k. Since o was arbitrary, this
shows that D = k.

(b) The Brauer group of R is cyclic of order 2. Its elements are represented by k
and the usual quaternion algebra. (See Section 4 below.)

(c) The Brauer group of a finite field is zero (Theorem 4.1).

(d) The Brauer group of a nonarchimedean local field is canonically isomorphic to
Q/Z (Proposition 4.3).

(e) If K is a number field, then there is an exact sequence

0 — Br(K) — &, Br(K,) - Q/Z — 0.

The sum is over all the primes of K (including the infinite primes). This
statement is of the same depth as that of the main theorems of class field
theory. (See Chapter VIII).

REMARK 2.14. (a) Wedderburn’s theorem (1.9) shows that every central simple
algebra over k is isomorphic to M, (D) for some central division algebra D. Moreover,
D is the opposite algebra of End(.S) for any simple A-module S. Because any two
simple A-algebras are isomorphic (see 1.16), this shows that D is uniquely determined
by A (even by the similarity class of A) up to isomorphism. Therefore, each similarity
class is represented by a central division algebra, and two central division algebras
representing the same similarity class are isomorphic.

(b) We should verify! that the similarity classes form a set, and not merely a
class. For each n > 0, consider the families (a,lij>1§i7j’l§n that are structure constants
for central division algebras over k. Clearly, these families form a set, each family
defines a central division algebra over k, and these division algebras contain a set of
representatives for the Brauer group of k.

'T once heard Brauer, who normally had a gentle manner, deliver a tirade against “modern”
mathematicians who ignored the distinction between sets and classes. As he pointed out, if you
ignore the distinction, then you obtain a contradiction (Russell’s paradox), and once you have one
contradiction in your system, you can prove everything.
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Extension of the base field.

PROPOSITION 2.15. Let A be a central simple algebra over k, and let K be a field
containing k (not necessarily of finite degree over k). Then ARy K is a central simple
algebra over K.

PROOF. The same argument as in the proof of Proposition 2.3 shows that the
centre of A ®; K is k ®, K = K (the argument does not require K to have finite
degree over k). Also, the proof of Lemma 2.7 does not use that D is finite-dimensional
over k. Therefore, when A is a division algebra, any two-sided ideal in A ®; K is
generated as an A-module by its intersection with K, and therefore is 0 or A ®; K.
A general A ~ M, (D), and

AR K =~ M,(D)® K =~ M,(k)®r (D®, K) =~ M,(D® K) ~ M,(K)®k (DR K)
which is simple.

COROLLARY 2.16. For any central simple algebra A over k, [A: k] is a square.
PROOF. Clearly [A : k] = [A @ k¥ : k1], and A ®y, k¥ ~ M, (k) for some n. O

Let L be a field containing k (not necessarily of finite degree). Then
M, (k) ® L = M, (L),

and
(A@r L) ®p (A" @, L) = Ak (Lo (A @ L)) = (A®y A) @ L.
Therefore the map A — A ®; L defines a homomorphism

Br(k) — Br(L).

We denote the kernel of this homomorphism by Br(L/k)—it consists of the similarity
classes represented by central simple k-algebras A such that the L-algebra A ®; L is
a matrix algebra.

A central simple algebra (or its class in Br(k)) is said to be split by L, and L is
called a splitting field for A, if A ®; L is a matrix algebra over L. Thus Br(L/k)
consists of the elements of Br(k) split by L.

PROPOSITION 2.17. For any field k, Br(k) = UBr(K/k), where K runs over the
finite extensions of K contained in some fizved algebraic closure k™.

PROOF. Let A be a central simple algebra over k. Then A ®j, k* ~ M, (k¥), i.e.,
there exists a basis (e;;)1<ij<n for A @y k¥ such that e;jep, = djieim for all 4, 4,1, m.
Because A @, kM = Uik <o A @1 K, the e;; € A®y K for some K, and it follows that
Ay K =~ M,(K). O

3. The Brauer Group and Cohomology

For a Galois extension L/k of fields, let H*(L/k) = H?*(Gal(L/k), L*). We shall
show that there is a natural isomorphism H?(L/k) ~ Br(L/k), but first we need to
investigate the maximal subfields of a central simple algebra.
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Maximal subfields. We need a variant of the double centralizer theorem.

THEOREM 3.1. Let A be a central simple algebra over k, and let B be a simple
subalgebra over A. Then the centralizer C' = C(B) of B in A is simple, and B is the
centralizer of C. Moreover,

[B:K|[C: k] =[A: k]

PROOF. Let V denote B regarded as a k-vector space. Then B and B°PP act on V,
by right and left multiplication respectively, and each is the centralizer of the other
(see 1.8).

Consider the simple algebra A ®; Endg (V). Proposition 2.3 shows that the cen-
tralizer of B ® 1 in this algebra is C' ® Endy (V') and that of 1 ® B is A ® B°*". On
applying the Noether-Skolem theorem to the two embeddings b — b ® 1,1 ® b of B
into A ®; Endg(V'), we obtain an invertible element w of this k-algebra such that
b®1=u(l®b)u! for all b € B. Clearly then

u-C(B®1) -u'=C(1®B)

(centralizers in A ®; Endg(V')), which shows that these centralizers are isomorphic.
Therefore C' ®;, Endg (V) is simple because A @, B°PP is simple (see 2.6), and this
implies that C' itself is simple because, for any ideal a of C, a ®; End (V') is an ideal
in C' @ Endg(V). As Endy (V) has degree [B : k]? over k,

[C @, End(V) : k] = [C: K][B : k]?,
and obviously
[A® B°PP : k] = [A: k][B: k.
On comparing these equalities, we find that
[A: k] =[B:K][C: K]

If B" denotes the centralizer of C'in A, then B’ D B. But after the above, [A : k| =
[C:k][B":k|;s0 [B:k]=[B:kland B=B'. O

REMARK 3.2. In the case that A = End, (V) for V a k-vector space, Theorem
3.1 follows from Theorem 1.11 because V will be a faithful semisimple B-module.
This observation can be used to give an alternative proof of the theorem, because A
becomes of this form after a finite extension of the base field (see 2.17).

COROLLARY 3.3. If in the statement of the theorem, B has centre k, then so also
does C, and the canonical homomorphism B ®; C — A is an isomorphism.

PROOF. The centres of B and C' both equal B N C, and so B central implies
C central. Therefore the k-algebra B ®; C' is central simple, which implies that
B®,C — Aisinjective. It is surjective because the algebras have the same dimension
over k. [

COROLLARY 3.4. Let A be a central simple algebra over k, and let L be a subfield
of A containing k. The following are equivalent:

(a) L equals its centralizer in A;
(b) (A K] = [L: K
(¢) L is a mazimal commutative k-subalgebra of A.
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PROOF. Because L is commutative, it is contained in its centralizer C'(L), but
[A: k] =[L:Ek][C(L): k],

and so C(L) = L if and only if [A : k] = [L : k%
The equivalence of (b) with (c) follows from the observation that any commutative
k-subalgebra of A containing L is contained in C'(L). O

COROLLARY 3.5. The maximal subfields containing k of a central division k-algebra
D are exactly those with degree /|D : k] over k.

PROOF. Any commutative k-subalgebra of D is an integral domain of finite degree
over k, and hence is a field. O

COROLLARY 3.6. Let A be a central simple algebra over k, and let L be a field of

finite degree over k. Then L splits A if and only if there exists an algebra B similar
to A containing L and such that [B : L] = [L : k]*.

PROOF. Suppose L splits A. Then L also splits A°PP, say, A°?? @y, L = End, (V).
This equality states that A°PP ®; L is the centralizer of L in Endz(V), and so L is
the centralizer of A°*? ®; L in End. (V) (see 3.1). Let B be the centralizer of A°PP
in Endg(V). I claim that B satisfies the required conditions. Certainly, B D L, and
Corollary 3.3 shows that B is central simple and that B ®; A" = End(V). On
tensoring both sides with A and using that A ®; A°PP is a matrix algebra, we find
that B ~ A.

For the converse, it suffices to show that L splits B. Because L is commutative,
L = L°PP C B°PP and because L : k| = \/[B : k|, L is equal to its centralizer in B°PP.
Therefore the centralizer of 1® L in B®j, B°PP is B®j; L. When we identify B ®j B°PP
with Endg(B) (endomorphisms of B as a k-vector space—see 2.9), the centralizer of
L becomes identified with End(B) (endomorphisms as an L-vector space). This
completes the proof. [

COROLLARY 3.7. Let D be a central division algebra of degree n? over k, and let
L be a field of degree n over k. Then L splits D if and only if L can be embedded in
D (i.e., there ezists a homomorphism of k-algebras L — D).

PrOOF. If L splits D, then there is a central simple algebra B over k containing
L, similar to D, and of degree [L : k]?. But B ~ D implies B ~ M,,(D) for some m
(see Remark 2.14a), and the condition on the degrees implies that m =1. O

PROPOSITION 3.8. Any division algebra over k contains a maximal subfield sepa-
rable over k.

PrROOF. We omit the proof, because we are mainly interested in fields of charac-
teristic zero and finite fields, for which the problem doesn’t arise. [

COROLLARY 3.9. For any field k, Br(k) = UBr(L/k) where L/k runs over the
finite Galois extensions of k contained in a fized (separable) algebraic closure of k.

PROOF. The proposition shows that every element of Br(k) is split by a finite
separable extension, and therefore by a finite Galois extension. [J
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Central simple algebras and 2-cocycles. First, we need a remark that should
have been made in Chapter II. Let G be a group, and let M be a G-module. For
m € M, let p,, : G — M be the constant map o + ¢,,. Then

(dpm)(0,7) =0om —m+m = om.
In particular, (d@,,)(1,1) = m. Therefore, every class in H*(G, M) is represented by
a 2-cocycle ¢ with ¢(1,1) = 0. Such a 2-cocycle is said to be normalized.

Fix a finite Galois extension L of k, and let G = Gal(L/k). Define A(L/k) to be the
class of central simple algebras A over k containing L and of degree [A : k| = [L : k|?
(hence, L equals its centralizer in A).

Fix an A € A(L/k). For any o € G, Corollary 2.11 of the Noether-Skolem theorem
shows that there exists an element e, € A such that
oa = eyae,* for alla € L ().

Moreover, e, is determined by () up to multiplication by an element of L*, because
if f, has the same property, then f'e, centralizes L. Note that (*) can be written
as
er-a=oca-e, foralla € L (+")
which says that moving e, past a € L replaces it with oga. Clearly e,e, has the
property () for o7, and so
exer = p(0,T)eqr (xx)
for some ¢(o,7) € L*. Note that
epleser) = ey(p(o,7)eqsr) = pp(o,7) - (p,0T) - €por
and
(€p€(7>€7' = Sp(pa J)epaeT = SO(P: J)@(p‘% T) * €por-
Therefore the associative law implies that ¢ is a 2-cocycle. It is even a normalized

2-cocycle if we choose e; = 1. A different choice of e,’s leads to a cohomologous
2-cocycle, and so we have a well-defined map A — ~(A) : A(L/k) — H*(L/k).

THEOREM 3.10. The map A v(A) defines a bijection
A(L/R)~ — HE(L/K).
We first need a lemma.

LEMMA 3.11. Let A € A(L/k), and define e, to satisfy (x). Then the set (e;)oer
s a basis for A as a left vector space over L.

PRrRoOF. Note that
dimy (A) = dimy(A)/dimg (L) = n,

and so it suffices to show that the e, are linearly independent. Suppose not, and let
(és)ocs be a maximal linearly independent set. If 7 ¢ J, then

er =Y a,0
for some a, € L. Let a € L. When we compute e.a in two different ways,

67—CLZTCL'€7—:ZTCL'CLJ€J,
oeJ
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eTa:Zaaeaa:Zaa~aa~eg

oeJ oeJ
we find that 7a - a, = oa - a, for all ¢ € J. For at least one o € J, a, # 0, and
then the equation shows that 7 = o, contradicting the fact that 7 ¢ J. Therefore
J=G. O

Now A is uniquely determined by the following properties: A D L; (€,)sec is a
basis for A as an L-vector space; multiplication in A satisfies the equation (%) and

Let A" € A(L/k) and suppose that v(A) = vy(A"). The condition implies that we
can choose bases (e,) and (el) for A and A’ satisfying (x) and (**) with the same
2-cocycle ¢. The map Y ase, — > ase., : A — A’ is an isomorphism of k-algebras.

Next suppose that A and A’ are isomorphic elements of A(L/k). The Noether-
Skolem theorem allows us to choose the isomorphism f: A — A’ so that f(L) = L
and f|L is the identity map. If e, satisfies condition (k%) for A, then f(e,) satisfies
(xx) for A’. With the choices (e,) and (f(e,)), A and A’ define the same cocycle.

These remarks show that the map A +— ~(A) defines a injection
A(L/k)/~ — H*(L/k).
To show that the map is surjective, we construct an inverse.

Let ¢ : G x G — L* be a normalized 2-cocycle. Define A(y) to be the L-vector
space with basis (e,)seq endowed with the multiplication given by (*) and (#x*). Then
ey is an identity element for multiplication, and the cocycle condition (exactly) shows
that

epleser) = (epe0)er.
It follows that A(yp) is a k-algebra. We identify L with the subfield Le; of A(yp).

LEMMA 3.12. The algebra A(yp) is central simple over K.

PROOF. Let o = Y aqe, centralize L, and let a € L. On comparing ace = > aa, e,
with ca = Y a,(0a) - e,, we find that a, = 0 for ¢ # 1, and so a = a1e; € L.
Therefore, the centralizer of L in A(yp) is L.

Let « lie in the centre of A(yp). Then « centralizes L, and so a € L, say o = aey,

a € L. On comparing e, - @ = (ca)e, with « - e, = ae,, we see that o € k. Thus
A(yp) is central.

Let 2 be a two-sided ideal in A(p); in particular, 2 is an L-subspace of A(y). If
2( contains one element e,, then (**) shows that it contains all, and so equals A(yp).
Suppose 2 # 0, and let « = Y a,e, be a primordial element of A, with say a,, = 1.
If a,, # 0, 01 # 0, then for any a € L,

(1a) - a—a-a=> as(01a —ca)e, € A.

If a is chosen so that oia # opa, then this element is nonzero but has fewer nonzero
coefficients than «, contradicting its primordality. Therefore, @ = e,,, and we have
shown that A = A(p). O

Let ¢ and ¢’ be cohomologous 2-cocycles, say,

a(o)-oa(r) - ¢'(o,7) =aloT) - p(o,T)
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for some map a : G — L*. One checks immediately that the L-linear map A(p) —

A(¢') sending e, to a(o)el is an isomorphism of k-algebras. Therefore ¢ — A(yp)

defines a map H*(L/K) — A(L/k)/~, which is clearly inverse to A — ~(A). This
completes the proof of Theorem 3.10.

The algebras A(y) are called crossed-product algebra. Before group cohomology
existed, 2-cocycles ¢ : G x G — L* were called factor sets.

THEOREM 3.13. For any finite Galois extension L/k, the map ¢ — [A(p)] defines
an isomorphism of abelian groups H*(L/k) — Br(L/k).

To show that this map is bijective, it suffices (after Theorem 3.13) to show that
the map A — [A] : A(L/k)/~ — Br(L/k) is bijective.

If A and A" are similar central simple algebras over k, then (see 2.14) there exists
a central division algebra D such that A ~ D ~ A’ say, A =~ M, (D), A" ~ M, (D).
But if [A: k] = [A" : k], then n = n/, and so A ~ A’. This proves that the map
A(L/K)/~ — Br(L/k) is injective, and 3.6 proves that it is surjective.

LEMMA 3.14. For any two 2-cocycles ¢ and @', A(p+ ¢') ~ A(p) @ A(¢').
PROOF. The proof is a little messy because we have to recognize A(y)®;A(¢’), not
as a crossed-product algebra, but as matrix algebra over a crossed-product algebra.

I merely sketch the proof (see Blanchard, 1972, p94-95, or Farb and Dennis, 1993,
p126-128 for the details).

Set A= A(yp), B=A(¢'), and C = A(p+ ¢'). Regard A and B as left L-modules
(using left multiplication), and define

V=A®.B.
Concretely, V' is the largest quotient space of A ®; B such that
la®@,b=a®yr b
holds for alla € A, b€ B, ¢ € L.
The k-vector space V has a unique right A ®; B-module structure such that
(0 @b )(a®@rb) =da®,bb,alld';a€ A bV, be B,
and a unique left C-module structure such that
(Cel)(a®Lb) =lesa®pelbyalll € Lo e Gyae Abe B.
Here (e,), (€!), and (e2) are the standard bases for A = A(yp), B = A(¢'), and

C = A(p + ¢') respectively.
The two actions commute, and so the right action of A®; B on V defines a homo-

morphism of k-algebras
f . (A Rk B)opp — Endc(V)

This homomorphism is injective because A ®; B (and hence its opposite) is simple.
Since both (A ®;, B)°PP and End¢ (V) have degree n? over k, where n = [L : k|, f is
an isomorphism. As we noted in (1.16), any two modules over a simple ring of the
same k-dimension are isomorphic, and it follows that V' ~ C™ as a C-module. Hence

Ende(V) ~ Ende(C™) = M, (C°P),
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and on composing this isomorphism with f we obtain an isomorphism of k-algebras
(A®y B)PP — M, (C)°PP.
The same map can be interpreted as an isomorphism
A®, B — M,(C).
O

COROLLARY 3.15. For any separable algebraic closure k* of k, there is a canonical
isomorphism Br(k) — H?(k*/k).

PROOF. For any tower of fields £ O L D k with E and L finite and Galois over k,
the diagram

H*(L/k) H*(E/k)
! !
Br(L/k) < Br(E/k)
commutes (the vertical maps send ¢ to [A(gp)]. Now use that

Br(k) = UBr(L/k) (see 3.9),

and
H*(k*/k) = UH*(L/k)

where both unions run over the finite Galois extensions L of k contained in k2. [

COROLLARY 3.16. For any field k, Br(k) is torsion, and for any finite extension
L/k, Br(L/k) is killed by [L : k].

PROOF. The same statements are true for the cohomology groups. O

4. The Brauer Groups of Special Fields

The results of the last section allow us to interpret the results of Chapter III as
statements concerning the Brauer group of a field. In this section, we shall derive the
same results independently of Chapter III (but not quite of Chapter II).

Finite fields. Let k& be a finite field. We saw in Chapter III (see I11.2.3) that, for
any finite extension L of k, H*(L/k) = 0, and hence Br(k) = 0. The following is a
more direct proof of this fact.

THEOREM 4.1 (WEDDERBURN). Every finite division algebra is commutative.

PROOF. Let D be a finite division algebra with centre k, and let [D : k] = n?. Every
element of D is contained in a subfield k[a] of D, and hence in a maximal subfield.
Every maximal subfield of D has ¢" elements. They are therefore isomorphic, and
hence conjugate (Noether-Skolem). Therefore, for any maximal subfield L, D* =
UaL*a™!, but a finite group can not equal the union of the conjugates of a proper
subgroup (the union of the conjugates has too few elements), and so D = L. O



108 IV. BRAUER GROUPS

The real numbers. Let G = Gal(C/R) = {1,0}. Then
H*(C/R) ~ Hyp(G,C*) = R*/Nmg(C*) = {£}

and so Br(C/R) is a cyclic group of order 2. The nonzero element of H*(C/R) is
represented by the 2-cocycle ¢ : G x G — C*,

] -1 ifp=0o=1
ga(p,T)—{ 1 otherwise

Let H be the usual quaternion algebra over R. Then the C-linear map A(y) — H
sending x, to j is an isomorphism of R-algebras. It follows that every central simple
algebra over R is isomorphic either to a matrix algebra over R or to a matrix algebra
over H.

A nonarchimedean local field. Let K be a nonarchimedean local field.

Let K be a local field, and let D be a central division algebra over K. Let n? =
D : KJ.

For any subfield L of D containing K, the valuation | - | has a unique extension to
L. Since any element o of D is contained in such a subfield of D, for example, in
K|[a], the valuation | - | has a unique extension to D. It is possible to verify that | - |
is a nonarchimedean valuation on D in the obvious sense, i.e.,

(a) |a| =0 <= a=0;
(b) for all o, 5 € D, |af| = |a||B];
(c) for all a, 3 € D, o+ 8| < max{Jal, |3]}.

Let ¢ be the number of elements in the residue field k& of K, and define ord(«) for
a € D by the formula:

ol = (1/g)r.

Then ord extends the additive valuation ordgx on K (normalized to map K* onto Z)
to D. For any subfield L of D containing K, [L : K] < n, and so ord(L*) C n™'Z.
Hence also ord(D*) C n™'Z.

Let
Op ={a € D|ord(a) > 0}

B ={aeD|ord(a) > 0}.

Then Op is a subring in D, called the ring of integers. For any subfield L of D
containing K, Op N L = Op, and so Op consists precisely of the elements of D that
are integral over Ok. Moreover 8 is a maximal 2-sided ideal in Op (obviously),
and the powers of it are the only 2-sided ideals in D (the proof is the same as in
the commutative case). Hence ¢ = pOp for some e. Then ord(D*) = e7'Z, and
therefore e < n.

Clearly, the elements of Op not in P are units. Therefore d =4 Op /P is again a
division algebra, and hence a field. Let f be its degree over k. Write d = k[a]. We
can lift a to an element a of Op. Because [K[a] : K] < n, we have f < n.

The same argument as in the commutative case shows that n? = ef, namely, Op
is a free O-module of some rank m. Because Op ®o, K = D, m = n%. Moreover,
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because Op Ro,. k = Op/pOp, it also is free of dimension of n? over k. Now consider
the filtration of k-vector spaces

OpDPOP*D--- D P =pOp.

From our definition of f, Op/P = d has dimension f as a k-vector space, and the
successive quotients are one-dimensional vector spaces over d. Hence Op/pOp has
dimension ef over k, and so ef = n?.

Because e < n, f < n, the equality ef = n? implies that e = f = n. In particular,
every central division algebra # K is ramified. Again write d = ka], and lift a to
an element @ € D. Then KJa] is a field with residue field d, and so [K[a] : K| >
[d : k] = n. Therefore K[a] has degree n over K and is unramified. It is a maximal
subfield, and hence splits D. We have shown that every element of Br(K) is split by
an unramified extension, i.e., Br(K) is equal to its subgroup Br(K"™/K).

We next define the map
invg : Br(K) — Q/Z.
An element of Br(K) represented by a central division algebra D over K (unique
up to isomorphism). According to what we have just proved, there is a maximal
subfield L of D that is unramified over K. Let o be the Frobenius automorphism of
L. According to the Noether-Skolem theorem, there is an element o € D such that
ox = axa~ ! for all z € L. If o/ also has this property, then o/ = ca for some ¢ € L,
and so
ord(a’) = ord(c) + ord(a) = ord(a) mod Z.
We define
invg (D) = ord(a) mod Z.
It depends only on the isomorphism class of D.

EXAMPLE 4.2. Let L be the unramified extension of K of degree n, and let o be
the Frobenius automorphism of L/K, so that G £ Gal(L/K) = {o" | 0 <i <n —1}.
Let ¢ be the 2-cocycle

w@iﬂ)={

where 7 is a prime element of K (see the discussion preceding I11.2.9). The crossed-
product algebra A(y) equals ©o<j<n—1Le; with the multiplication determined by

1 if i+j<n-—1
moif i4j>n—1,

ei~a:aia~eialla€L,

and
€itj it 14 +] <n-— 1
€i€j = . . .
Teiyj—n if i4+7>n—1,
We identify L with a subfield of A(¢) by identifying ey with 1. Because ejae;* = ca
for a € L, we can use e; to compute the invariant of A(¢). According to the above
rules, e = e,_1e17 = meg = 7. Hence

invg (A(p)) = ord(er) = %ord(e’f) = %ord(ﬂ) =

1
e
n

as expected.

PROPOSITION 4.3. The map invg : Br(K) — Q/Z just defined is a bijection.
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PROOF. Let L be the unramified extension of K of degree n (contained in a fixed
algebraic closure K® of K), and let ¢/k be the corresponding extension of residue
fields. Because the norm maps ¢ — k, * — k* are surjective, and Uy, has a filtration
whose quotients are ¢* or ¢ one finds that the norm map Uy, — Uk is surjective (see
11.2.2). Therefore, H*(G,U;) = 0, and (because the cohomology of cyclic groups is
periodic) this implies that H?(G,Ur) = 0. As L* = Uy, x % for any prime element
7w of K,

H*(L/K) = H*(G,7%).
Consideration of the cohomology sequence of

0-Z—-Q—-Q/Z—0

shows that H?(G, %) is cyclic of order n and is generated by the class of the cocycle
¢ considered in the last example (see the discussion preceding I11.2.9). Therefore,
Br(L/K) is cyclic of order n, and it is generated by [A(p)]. It now follows that
invg : Br(K"/K) — Q/Z is an isomorphism, and we saw above that Br(K"™/K) =
Br(K¥/K). O

REMARK 4.4.  (a) The calculation in Example 4.2 shows that the invariant map
defined in this chapter agrees with that in the preceding chapter.

(b) A calculation as in Example 4.2 shows that invg(A(¢’) = £ mod Z. I claim
that if 7 is relatively prime to n, then A(p") is a division algebra. If not,
then A(¢') ~ M,(D) for a division algebra D of degree m? some m < n, and
invi (A(¢')) = invg(D) € S7Z/Z, which is a contradiction. It follows that
each division algebra over K is isomorphic to exactly one division algebra of
the form A(p?) for some n > 1 and some i relatively prime to n. In particular,
for a division algebra D, the order of [D] in Br(K) is \/[D : K].

(c) Let D be a division algebra of degree n? over K. Because the map Br(K) —
Br(L) multiplies the invariant by [L : K| (Theorem II1.1.1), D is split by every
extension L of K of degree n. Therefore (3.7), every such L can be embedded

into D. Hence every irreducible polynomial in K[X] of degree n has a root in
D.

5. Complements

Semisimple algebras. A k-algebra A is said to be semisimple if every A-module
is semisimple. Theorem 1.15 proves that a simple k-algebra is semisimple, and (yet
another) theorem of Wedderburn shows that every semisimple k-algebra is a product
of simple k-algebras. For any finite group G, the group algebra k[G] is semisimple
provided (G : 1) is not divisible by the characteristic of k. For more on semisimple
k-algebras, see the references below.

Algebras, cohomology, and group extensions. Let A be a central simple
algebra of degree n? over k, and assume that A contains a field L of degree n over
k (e.g., A a division algebra). Let E be the set of invertible elements o € A such
that aLa™" = L. Then each a € E defines an element z — aza™" of Gal(L/K), and
the Noether-Skolem theorem implies that every element of Gal(L/K) arises from an
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a € E. Because [L : k| = \/[A : k], the centralizer of L is L itself, and so the sequence
l1—-L"— E*— Gal(L/K) — 1

is exact. It is not difficult to show that the map sending A to this sequence defines
an isomorphism from A(L/K) to the set of isomorphism classes of extensions of
Gal(L/K) by L*, and hence to H*(L/k) (see 11.1.18). See Serre 1950/51.

Brauer groups and K-theory. Let k be a field containing a primitive nth root ¢
of 1. To any elements a,b € k*, one attaches the k-algebra A(a, b; () having generators
1 and 7 and relations

"=a, j"=0b, ij=_Ji.
It is a central simple algebra over k.

The (Milnor) K-group KyF of a field F' is the quotient of F'* ®y F'* by the abelian
group generated by the elements of the form v ® (1 — u) with u an element of F'*
such that 1 —u € F*. Thus KyF has as generators pairs {a, b}, one for each pair of
elements in F'*, and relations

{ab,c} = {a,c}+{b,c}
{a,bc} = {a,b}+{a,c}
{u,1—u} = 0

It is known that these relations imply that

{u,v} = {v,u}™?
{u,—u} =1

(see J. Rosenberg, Algebraic K-Theory and Its Applications, Springer, 1994, p214).

It is not difficult to show that the A(a, b; (), considered as elements of Br(k) satisfy
these relations, and so there is a well-defined homomorphism

Kok — Br(k).

Remarkably, it has been proved (Theorem of Merkuryev-Suslin, early 1980s) that this
map defines an isomorphism from Ksk/nKsk onto the subgroup of Br(k) of elements
killed by n, and so we have an explicit description of Br(k), in terms of generators
and relations. This theorem is discussed in the book (Kersten, 1., Brauergruppen von
Korpern, Vieweg, 1990).

EXERCISE 5.1. Let F' be a field of characteristic # 2, and define the quaternion
algebra H(a,b) as in (1.7). Thus H(a,b) has basis 1,i,j,k and i* = a, j*> = b,
1j = —ji. It is a central simple algebra over F'.

(a) Show that every 4-dimensional central simple algebra over k is isomorphic to
H(a,b) for some a,b € F*.

(b) According to Wedderburn’s theorem, either H(a,b) ~ My(F') or H(a,b) is a
division algebra. Show that the first case occurs if and only if w? — a?x? —
b*y? + abz? has a nontrivial zero in K. (Hint: for o = w + zi + yj + zk, let

a=w — xi — yj — zk, and note that aa = w? — a?x? — - -+)
(c) Show that H(1,1) ~ My(F). (Hint: consider the matrices ejs + €91 and
€11 — 622-)

(d) Show that H(a,b) ~ H(az? by?) any x,y € F*.
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(e) Show that H(a,b) ®p L is the quaternion algebra defined by a,b € L*.
(f) Verify that H(a,b) is in fact central simple over F'.

(g) Show that H(a,1— a) ~ My(F), provided a,1 —a € F*.

(h) Show that H(1,b) ~ H(a,—a) ~ My(F') (Hint: consider j + k and i + j.)
(i) Show that H(a,b) ~ H(a,b)°P.

(j) Show that H(a,b) ~ My(k) if and only if a € Nm(F[/b]).

(k) Show that the map {a,b} — [H(a,b)] : Ko F — Br(F) is well-defined.

Notes. Brauer groups were introduced and studied by R. Brauer, E. Noether, A.
Albert, H. Hasse, and others, starting in the nineteen-twenties. The classic accounts
are:

Deuring, M., Algebren, Springer, 1935.
Artin, E.; Nesbitt, C., and Thrall, R., Rings with Minimum Condition, University of
Michigan. Press, 1944.

Apart from the quaint terminology (e.g., Kronecker products for tensor products),
the latter is still an excellent book.

Other books include:
Blanchard, A., Les Corps Non Commutatifs, PUP, 1972.

This gives a concise elementary treatment of material in the chapter.
Herstein, 1., Noncommutative Rings, Carus, 1968.
Farb, B., and Dennis, R.K., Noncommutative Algebra, Springer, 1993.

These books include the Brauer group, but also cover much more (but no number
theory). The second has lots of exercises.

Much of this chapter is based on:

Serre, J-P., Applications algébriques de la cohomologie des groupes, I, II, Séminaire
Henri Cartan, 1950/51.



CHAPTER V

Global Class Field Theory: Statements of the Main
Theorems

La théorie du corps de classes a une réputation de difficulté qui est en partie justifiée.
Mais il faut faire une distinction: il n’est peut-étre pas en effet dans la science de
théorie ou tout a la fois les démonstrations soient aussi ardues, et les résultats d’une

aussi parfaite simplicité et d’une aussi grande puissance.
J. Herbrand, 1936, p2.

In this chapter, we state and explain the theorems of global class field theory. The
main theorems will be proved Chapter VII.

Throughout this chapter, K will be a number field, although most of the results
hold also for finite extensions of F,(T").

Recall that for a number field K, we define a prime of K to be an equivalence class
of nontrivial valuations of K. There are two types of primes: the finite primes, which
can be identified with the prime ideals of O, and the infinite primes. A real infinite
prime can be identified with an embedding of K into R, and a complex infinite prime
can be identified with a conjugate pair of embeddings of K into C. We use p or v to
denote a prime, finite or infinite. We use S denote a finite set of primes of K, and
also the set of primes of a finite extension L of K lying over K. The set of infinite
primes is denoted by S.

The completion of K at a prime p (resp. v) is denoted by K, (resp. K,), and the
inclusion K — K, (resp. K — K,) is denoted a — a, (resp. a — ay).

1. Ray Class Groups

Ideals prime to S. Let [ = [k be the group of fractional ideals in K. For a finite
set S of primes of K, we define I° to be the subgroup of I generated by the prime
ideals not in S. Each element a of I° factors uniquely as

a=pyt--opy, pi ¢S, n€Z,

and so I° can be identified with the free abelian group generated by the prime ideals
not in S. Define

K% ={ac K*|(a) € I’} = {a € K* | ordy(a) = 0 all finite p € S}.

There is a natural map i : K° — I° sending an element a of K to the ideal aOk-.
For example, if K = Q and S is the set of prime numbers dividing 7, then I° can be

113
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identified with
{r/s|r,s€Z,r,s>0, ged(r,n) =1= ged(s,n)}
and
Q° ={r/s|rs€Z, ged(r,n) =1 = ged(s,n)}.
In this case, the natural map Q% — I° is surjective with kernel {#1}.
LEMMA 1.1. For any finite set S of prime ideals in O, the sequence
0—>Ux - K°—=1°—=C—0
is exact. (Here Ux = OF and C' is the full ideal class group 1/i(K*).)

PROOF. We first show that every ideal class C is represented by an ideal in I°.
Let a = bc™! with b and ¢ integral ideals. For any nonzero ¢ € ¢, ¢|(c), and so
a(c) = b(c)c™! is an integral ideal. Therefore, C will be represented by an integral
ideal a. Write a = []pes p"® b where b € I°. For each p € S, choose a 7, € p \ p?,
so that ordy(m,) = 1. By the Chinese Remainder Theorem, there exists an a € Ok
such that

a=7y® mod p !
for all p € S. These congruences imply that ord,(a) = n(p) for all p € S, and so
(a) = [pes p" b with b’ € I¥. Now a~'a € I* and represents the same class as a in
C.

We have shown that I° — C is surjective. If a € I° maps to zero in C, then
a = (a) for some a € K¥, and « is uniquely determined up to a unit. [J

REMARK 1.2. In fact, every class in C' is represented by an integral ideal a in I°:
suppose the class is represented by a € I°; write a = b¢™! with b and ¢ integral ideals
in I, choose a nonzero ¢ € ¢ N K* (exists by the Chinese remainder theorem), and
note that ca is integral.

Moduli.
DEFINITION 1.3. A modulus for K is a function
m : {primes of K} — Z
such that

(a) m(p) > 0 for all primes p, and m(p) = 0 for all but finitely many p;
(b) if p is real, then m(p) =0 or 1;
(c) if p is complex, then m(p) = 0.

Traditionally, one writes

p

A modulus m = []p™® is said to divide a modulus n = [T, p"® if m(p) < n(p) for
all p. In particular, a prime p divides a modulus m if and only if m(p) > 0.

A modulus m can be written
m = My My

where m,, is a product of real primes and my is product of positive powers of prime
ideals, and hence can be identified with an ideal in Og.
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The ray class group. For a modulus m, define K\, ; to be the set of a € K* such
that
ordy(a —1) > m(p) all finite p dividing m
ap, > 0 all real p dividing m.

Note that
ordy(a — 1) = m(p) <= 7"|(a, — 1) <= ars 1in (Op/p"®)* = (O, /p"P)"
where 7 is a prime element in the completion K, at p. Let
S(m) = {primes dividing m}.

For any a € K1 and prime ideal p dividing m, ord,(a — 1) > 0 = ord,(1), and so

ordy(a) = ordp((a—1)+1) =0.
Therefore, for any a € Ky 1, the ideal i(a) 4 (a) lies in I5™ . The quotient

Co = I°™ [i( K1)

is called the ray class group modulo m.

EXAMPLE 1.4. The expression m = (2)3 - (17)% - (19) - co is a modulus for Q with
mp = (2)%-(17)%- (19) and my, = oo (here co denotes the unique infinite prime of Q).
Moreover, Q1 consists of the positive rational numbers a such that

ordg(a—1) > 3
ordyz(a —1) 2.

>
ordig(la—1) > 1

The condition at 2 says that a is the quotient of two odd integers, a = b/c, and that
the image of bc™! in (Z/8Z)* is 1. The other conditions can be expressed similarly.

THEOREM 1.5. For any modulus m of K, there is an exact sequence
0—U/Un1 — Kn/Kn1 — Cn — C—0

and canonical 1somorphisms

Ku/Ewp= [ {£}x I (Ox/pm®) = ] {£} x (Ox/mo)*,
p real p finite p real
pm pm plm

where
Ky = K™ ={a¢c K*| ord,(a) =0 for all pjmg}
U = Op, the group of units in K,
Uni = UNKng.
Therefore, Cy, is a finite group of order
1

Ao =h-(U:Un1)" -2 N(mg) - [](1 - =)
plmo Np

where 1o is the number of real primes dividing m and h s the class number of K
(order of C).
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Proof. The inclusion I°(™ — | defines a homomorphism Cy, — C. Consider the pair
of maps

K1 b Ky % 150,

According to the Lemma 1.1, the kernel and cokernel of g are U and C' respectively.
The cokernel of g o f is Cy, (by definition) and its kernel is Ky 1 NU = Uy 1. Finally,
f is injective. Therefore, the kernel-cokernel sequence (see 11.4.2) of the pair of maps

is
0= Un1 = U — Kyn/Kn1 — Con — C — 0.

We next prove that K, is canonically isomorphic to the given groups.

LEMMA 1.6. Let S be a finite set of prime ideals of K. Then any element o € K°
can be written o = a/b with a,b € O N K®.

PROOF. Because a € K°, (o) = a/b with a, b integral ideals in I°. Clearly a and
b represent the same element C of the ideal class group, and according to Remark 1.2
we can choose an integral ideal ¢ in I° to represent C~'. Now (a) = ac/bc = (a)/(b)
for some a,b € Ox N K°. [

Let p be a prime dividing m. If p is real, we map a € Ky, to the sign of a, (recall
that a real prime is an embedding K — R, and that «,, denotes the image of a under
the embedding). If p is finite, i.e., it is a prime ideal in Ok, then we map a € Ky, to
[a][b] 7! € (O /p™®))* where a, b are as in the lemma. As a and b are relatively prime
to p, their classes [a] and [b] in Ok /p™®) are invertible, and so this makes sense. The
weak approximation theorem (6.3) shows that the map Ky — [[{%} x [[(O /p™®))*
is surjective, and its kernel is obviously Ky 1.

The Chinese Remainder Theorem shows that there is an isomorphism of rings

OK/mO & HOK/pm(p)’

pim

and hence an isomorphism of groups

(O /mo)* = T](Ox /p™®)*,

This completes proof of the isomorphisms. It remains to compute the orders of the
groups. Note that Ok /p™ is a local ring with maximal ideal p/p™ (because its ideals
correspond to the ideals of O containing p™), and so its units are the elements not
in p/p™. The filtration

(O /™) D (L+p)/p™ DD (L4p™71)/p™ D0
has quotients isomorphic to
Kk, k kL Ok/p,
and so (O /p™)* has order (¢ —1)¢™ ™', ¢ = (Ok : p) & Np. This shows that
(Co:1)=(C:1) (Kn: K1)+ (Un : Un1)™?

is equal to the expression in the statement of the theorem. [



RAY CLASS GROUPS 117

ExAMPLE 1.7. (a) If m = 1, then Cy,, = C.

(b) When m is the product of the real primes, Cy, is the narrow class group and
there is an exact sequence

0-U/U; - K*/K;y - Cy—C—1

where K is the group of totally positive elements (i.e., positive under all real em-
beddings) and U, is the group of all totally positive units. Moreover, K* /K, =
[1p rear{E}, and so the kernel of Cy, — C' is the set of possible signs modulo those

arising from units.

For QQ, the narrow class group is trivial. For Q[\/E], d > 0, there are two real
primes, and U = {£&™ | m € Z} ~ (Z/2Z) x Z where ¢ is a fundamental unit. Let
€ be the complex conjugate of €. Then h,, = h or 2h according as € and & have the
same or different signs. Note that Nm(e) = +1 if the signs are the same and —1 if
they differ. For small values of d we have

d h € Nm(e)
2 1 1442 -1
31 2443 1
51 (1+vE)/2 -1
6 1 54+2V6 1

Therefore, Q[v/3] and Q[v/6] have class number 1 but narrow class number 2, whereas
for Q[v/2] and Q[v/5] both class numbers are 1.

(c) For the field Q and the modulus (m), the sequence becomes
0— {£1} = (Z/mZ)* — Cy — 0.
For the modulus co(m), the sequence becomes
0— {£1} = {£} x (Z/mZ)* — Cyn — 0.

Here —1 maps to (—, [—1]), and the subgroup (Z/mZ)* of the product maps isomor-
phically onto the quotient C,.

The Frobenius element. Let K be a number field, and let L be a finite Galois
extension of K with group G. Let p be an ideal of K, and let 8 be an ideal of L
lying over it. The decomposition group D() (or G()) is defined to be

{r e G| B =P}

Equivalently, it is the set of elements of G that act continuously for the PB-adic
topology, and so extend by continuity to an automorphism of the completion Lg. In
this way we obtain an isomorphism

D(B) — Gal(Ly/K,).

Assume ‘P is unramified over p. Then the action of Gal(Ly/Ky) on Of induces an
isomorphism

Gal(Ly/K,) — Gal(l/k)
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where [ and k are the residue fields. Pictorially:

B L Ly — I

f | D(B)
PBp L°P® — K, — k

g -/
p K

The group Gal(l/k) is cyclic with a canonical generator, namely, the Frobenius ele-
ment x — x? where ¢ is the number of elements of k. Hence D(®B) is cyclic, and the
generator of D() corresponding to the Frobenius element in Gal(l/k) is called the
Frobenius element (B, L/K) at PB. It is the unique element o of Gal(L/K) satistying
the following two conditions:

(a) 0 € D(P), ie., oP =P;
(b) for all « € O, ca = a? mod B, where ¢ is the number of elements the residue
field Ok /p, p =P N K.

We now list the basic properties of (B, L/K).
1.8. Let 7B be a second prime dividing p. Then D(TB) = 7D(P)7", and
(%, L/K) = 7(P, L/ K)r~".
PROOF. If p € D(*B), then

Tpr H(TP) = 7pP = 7B,

and so 7o' € D(7B). Thus 7D(P)r~! C D(r*P), and since they have the same
order, they must be equal.

Let « € Op and let 0 = (B, L/K); then
ot (a) = 7((77'a)? + a), some a € P, and
7((17')? + a) = o + 7a = amod7B.
U

As G acts transitively on the primes dividing p, this implies that

{(B, L/K) | Blp}

is a conjugacy class in G, which we denote (p, L/K). When L/K is abelian, (p, L/K)
contains a single element, and we regard it as an element of Gal(L/K) (rather than
a set consisting of a single element).

1.9. Consider a tower of fields

and assume that Q is unramified over p; then

(Q,M/L) = (Q, M/K)T®/p),
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PROOF. Let k(Q) D k(PB) D k(p) be the tower of residue fields. Then f(P/p) &
[k(B) : k(p)], and the Frobenius element in Gal(k(Q)/k(B)) is the f(B/p)™" power
of the Frobenius element in Gal(k(Q)/k(p)). The rest is straightforward. [

1.10. In (1.9), assume that L is Galois over K; then
(2, M/K)|L = (B, L/K).
Proor. Clearly (Q, M/K)|L satisfies the conditions characterizing (3, L/K). O

Let L; and Ly be Galois extensions of K contained in some field €2, and let M =
Ly - Ly. Then M is Galois over K, and there is an injective homomorphism

o (o|L1,0]Ls): Gal(M/K) — Gal(L,/K)) x Gal(Ly/K).
1.11. Let Q be a prime ideal of Onr, and let P, = QN Op,. Under the above map,
(Q, M/K) — (B1, L1/K) x (P2, Lo/ K).
Proor. Apply (1.10). O

Note that p splits completely in L if and only if (P, L/K) = 1 for one (hence all)
primes P lying over it. Hence, in the situation of (1.11), p splits completely in M if
and only if it splits completely in L; and Ls.

2. Dirichlet L-Series and the Density of Primes in Arithmetic
Progressions

We begin by briefly reviewing the elementary theory of Dirichlet L-series (see, for
example, J.-P. Serre, Cours d’Arithmétique, PUP, 1970, Chapter VI).

Let m be an integer. A Dirichlet character modulo m is a homomorphism y :
(Z/mZ)* — C*. Because (Z/mZ)* is finite, x([n]) is a root of 1 for all n. A
Dirichlet character modulo m can be regarded as a multiplicative function on the
set of integers prime to m whose value at n depends only on n mod m. Often one
extends y to a function on all the integers by setting x(n) = 0 when ged(m,n) # 1.
The Dirichlet character modulo m that takes the value 1 for all integers prime to m
is called the principal Dirichlet character xy.

To a Dirichlet character x modulo m, one attaches a Dirichlet series

L) = T == = 3 x(n) /"

am L= X@P 5
Both expressions converge for s a complex number with $(s) > 1—their equality is
the analytic expression of the unique factorization. Note that L(s, xo) differs from the

Riemann zeta function ((s) only in that it is missing the factors 1_;_S for p dividing
m.

THEOREM 2.1. (a) The zeta function ((s) extends to a meromorphic function on
the half-plane R(s) > 0, and

) = —

where ¢(s) is holomorphic for R(s) > 0.

+ ¢(s)
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(b) If x # Xxo, then the series for L(s,x) converges for R(s) > 0 and L(1, x) # 0.
PROOF. Serre, ibid. Propositions 10, 12, Théoreme 1. [

On applying log to the equality in (a), one finds that

1
> 1/p* ~ log —

as s | 1.
s

By this we mean that the quotient :lzo:gl({% converges to 1 as s approaches 1 through

real numbers > 1. This result makes reasonable the definition that a set 1" of primes
has Dirichlet density ¢ if

S 1/p° ~5log

peT

assll.

Define fy(s) = X pm x(p)/p°. Then (2.1b) shows that, for x # xo, fy(s) is bounded
near s = 1. An elementary argument (Serre, ibid., Lemme 9) shows that, for any a
prime to m,

> ZX )" fi(s)

p=a mod m

where @(m) = #(Z/mZ)* and the sum is over all Dirichlet characters modulo m.
THEOREM 2.2. For any a prime to m, the primes in the arithmetic progression
.,a—2m,a —m,a,a+m,a+2m,...

have Dirichlet density 1/p(m).

PROOF. For x # xo, fy(s) remains bounded near s = 1, and so

U BNV 1
Z 1/p ga(m)XO() fXO()

p=a mod m l—s

as s | 1.

O

COROLLARY 2.3. For any m, the set of primes splitting in the cyclotomic field
Q[Gn) has Dirichlet density 1/o(m).

PROOF. A prime ideal (p) splits in Q[(,] if and only if p =1 mod m. O

We now explain how the above results generalize to arbitrary number fields. Proofs
will be given in Chapter VI.

Let K be a number field, and let m be modulus for K. A Dirichlet (or Weber)
character modulo m is a homomorphism y : Cy, — C*—again, its values are roots of
1. Alternatively, a Dirichlet character is a multiplicative function I° — C* that is
zero on i( Ky 1) for some modulus m with S(m) = S. The principal Dirichlet character
modulo m is the function x¢ : Cy, — C* taking only the value 1.

To a Dirichlet character x modulo m, one attaches a Dirichlet series

1 S
L(s,x) = pl;n[1 T— x(p)Np— = (mmoz):OK x(a)/Na’.
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The product is over the prime ideals relatively prime to mg, and the sum is over ideals
in Ok relatively prime to mg. Again, both expressions converge for R(s) > 1, and
their equality is the analytic expression of the unique factorization of ideals. The
L-series L(s,xo) differs by only a finite number of factors from the Dedekind zeta
function

() ATl s = 2 M@/Ne

aCOgk

THEOREM 2.4. (a) The zeta function (k(s) extends to a meromorphic function on
the half-plane R(s) > 0, and

2" (2m)2Reg( K 1
2 (2m)" Reg( )hK ass |1
UJK’AK/Q’IH s—1

Cx (8)

where 1 and ro are the numbers of real and complex primes of K respectively, Reg(K)
is the regulator of K (see Math 676), wi is the number of roots of 1 in K, Akq is
the discriminant of K/Q, and hk is the class number.

(b) If x # Xxo, then the series for L(s,x) converges for R(s) > 0 and L(1, x) # 0.

The proof of (b) uses the Existence Theorem (see 3.6).
Again, on applying log to the equality in (a), one finds that

1
z:l/Npswlog1 as s | 1,
P

— S

and one says that a set T' of prime ideals in T" has Dirichlet density o if

> 1/Np® ~ dlog

peT

1.
1_Sassl

A similar argument to that in the previous case proves:

THEOREM 2.5. For any ideal a relatively prime to mg, the prime ideals in Ok
whose class in Cy, is [a] have Dirichlet density 1/hy,.

The analysis in the proofs of Theorems 2.4 and 2.5 is the same as in the case
K = Q, but the number theory is much more difficult.

3. The Main Theorems in Terms of Ideals

The Artin map. Let L/K be an abelian extension Galois group G. Recall that,
for a prime ideal p of K that is unramified in L, there is a Frobenius automorphism
o = (p,L/K) of L uniquely determined by the following condition: for any prime
ideal P of L lying over p, o = P, and ca = o'P mod P.

For any finite set S of primes of K containing all primes that ramify in L, we have
a homomorphism

wL/K : IS - Gal(L/K)a p?l o p?t = H(pHL/KyM

called the global Artin map (or reciprocity map).
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EXAMPLE 3.1. Let K = Q[\/m] where m is a square-free integer. The set S of
finite primes ramifying in K consists of the primes dividing m if m =1 mod 4 and
the primes dividing m together with 2 otherwise. Identify Gal(//Q) with {£1}. The
Artin map is the homomorphism determined by

p () 1% = Gal(K/Q)
p

where (%) is the quadratic residue symbol.

EXAMPLE 3.2. Let L = Q[¢,] where n is a primitive n'" root of 1. Assume that n
is odd or divisible by 4 (so that the primes ramifying in L are precisely the primes
dividing n). The map sending an integer m prime to n to the automorphism ¢ — (™

~
~

of L is an isomorphism Gal(L/Q) = (Z/nZ)*. For p not dividing n, (p, L/K) = [p]
(see 0.8). If r and s are positive integers prime to n, then r/s defines a class [r/s] =
[7][s]7' € (Z/nZ)*, and the Artin map is the composite of

18 WU g gy I, qal(L/Q).

Recall (Math 676, p63) that for any finite extension of number fields L/K, the
norm map Nmyp g: I, — Ix from the group of fractional ideals of L to the similar
group for K, is the unique homomorphism such that, for any prime ideal B of L,
Ny, x(P) = p/®® where p = PN Ok. For any a € L, Nmy, x((a)) = (Nmp/x @).

PROPOSITION 3.3. Let L be an abelian extension of K, and let K' be any interme-
diate field: L D K' D K. Then the following diagram commutes:

15, 25 Gal(L/K)

le linclusion

15 2% Gal(L/K).

Here S is any finite set of prime ideals of K containing all those that ramify in L,
and also the set of primes of K' lying over a prime in S.

PROOF. Let p’ be any prime ideal of K’ lying over a prime ideal p of K not in S.
Then Nmy,k(p’) = p/®"/?) and we have to show that 1y (p') = ¥/ (p?F7P), ie.,
that (0, L/K’') = (B, L/K)I®' /%) for any prime ideal 8 of L lying over p. But this
was proved in (1.9). O

COROLLARY 3.4. For any abelian extension L of K,
Nmy, x(17) C Ker(vrx : I® — Gal(L/K)).
ProOF. Take K’ = L in the above diagram. [

Thus the Artin map induces a homomorphism
VYr/i 12/ Nm(I7) — Gal(L/K)

whenever L/K is an abelian extension. Note that °/Nm(I?) is still an infinite group,
and so 11,k can not be injective.
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The main theorems of global class field theory. Let S be a finite set of
primes of K. We shall say that a homomorphism v : I° — G admits a modulus if
there exists a modulus m with S(m) C S such that ¢ (i(Kwm1)) = 0. Thus ¢ admits a
modulus if and only if it factors through Cy, for some m with S(m) C S.

THEOREM 3.5 (RECIPROCITY LAW). Let L be a finite abelian extension of K, and
let S be the set of primes of K ramifying in L. Then the Artin map ¢ : I° —
Gal(L/K) admits a modulus m with S(m) = S, and it defines an isomorphism

1™ Ji(Kyy) - Nm(I;™) — Gal(L/K).

A modulus as in the statement of the theorem is called a defining modulus for L.

Note that the theorem does not imply that K has even a single nontrivial abelian
extension. Write I for group of S(m)-ideals in K, and I} for the group of S(m)-
ideals in L, where S(m)’ contains the primes of L lying over a prime in S. Call a
subgroup H of I} a congruence subgroup modulo m if

IR O H D i(Knp).

THEOREM 3.6 (EXISTENCE THEOREM). For any congruence subgroup H modulo
m, there exists an abelian extension L/K such that H = i(Ky1) - Nmy /g (I7).

Note that, for H and L as in the theorem, the Artin map v,/ induces an isomor-
phism

°™ /0 — Gal(L/K).
In particular, for each modulus m there is a field L, called the ray class field modulo

m such that the Artin map defines an isomorphism Cy — Gal(Ly/K). For a field
L C Ly, set Nm(Cpw) = i(Kwni1) - Nm(I7) mod i(Knpq).

COROLLARY 3.7. Fiz a modulus m. Then the map L — Nm(Cp ) is a bijection
from the set of abelian extensions of K contained in Ly to the set of subgroups of Cy,.
Moreover,

L1 CL, <= Nm(CLLm) D) Nm(CL%m);
Nm(Cp,z,m) = Nm(Cp,m) "Nm(Cp,m);
Nm(CleL%m) = Nm(CLhm) . Nm(CL%m).

In Section 5 below, we shall restate Theorems 3.5 and 3.6 in terms of ideles, and
in Chapter VII we prove the restated theorems.

As we discuss below, there is a rather simple analytic proof that the Artin map is
surjective. Thus the difficulty in proving the Reciprocity Law is in showing that the
Artin map admits a conductor and that

(I5™ - §(Ky,) - Nm(I7™) = [L : K].

To prove the Existence Theorem we must construct a ray class field for each modulus.
Unfortunately, we don’t know how to construct the ray class field directly. Rather we
construct enough extensions to force the theorem to be true.
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REMARK 3.8. Let L/K be an abelian extension with Galois group G. According
to the Reciprocity Law, there is a modulus m with support the set of primes of K
ramifying in L such that the Artin map ¢k : I°™ . @G takes the value 1 on
i(Km1). Consider the map in Theorem 1.5

(O /™) s Koy [ Ky 5 Cy 225 G
Clearly, there will be a smallest integer f(p) < m(p) such that this map factors
through (Ox/p/®)*. The modulus §f(L/K) = mu [1p/® is then the smallest mod-
ulus such that ¢/ factors through Cj—it is called the conductor of L/K 1 The
conductor f(L/K) is divisible exactly by the primes ramifying in L.
The subfields of the ray class field Ly, containing K are those with conductor f|m.
Every abelian extension of K is contained in L, for some m.

EXAMPLE 3.9. The ray class group for the modulus m = 1 is the ideal class group,
and the corresponding ray class field is the Hilbert class field; it is the maximal abelian
extension of K that is unramified at all primes (i.e., such that each finite prime is
unramified in the usual sense, and each real prime remains real). For example, the
Hilbert class field of Q is Q itself (because Q has class number 1). The Hilbert class
field of Q[v/—5] is Q[v/—1, v/5]—both 2 and 5 ramify in Q[v/—5], but only 2 ramifies
in Q[v/—1] and only 5 ramifies in Q[v/5], from which it follows that the primes of
Q[v/—5] dividing 2 and 5 do not ramify Q[v/—1,v/5].

EXAMPLE 3.10. Let m be a positive integer which is odd or divisible by 4. The ray
class field for (m) is Q[Gn + (), and the ray class field for co(m) is Q[(,]. Thus the
Reciprocity Law implies the Kronecker-Weber theorem: every abelian extension of Q

has conductor dividing co(m) for some m, and therefore is contained in a cyclotomic
field.

ExXAMPLE 3.11. Let d be a square-free integer. We compute the conductor of
K = Q[V/d] by finding the smallest integer m such that Q[v/d] C Q[Cn).
First, consider an odd prime p. Then Gal(Q[(,]/Q) = (Z/pZ)* is cyclic of order
p — 1, and so has a unique quotient group of order 2. Therefore, Q[(,] contains a
unique quadratic field, which because it can only be ramified at p, must equal Q[/p*]
where p* = (—1)"Z p (the sign is chosen so that p* = 1 mod 4).
Second, note that (s = (1+1)/v/2, and so (g + (s = V2. Therefore Q[v/2] C Q[]
(in fact, Q[v/2] is the largest real subfield of Q[¢s], and Q[(s] = Q[4, v2]).
Let n be the product of the odd primes dividing d (so d = £n or £2n). I claim
that
Q[vVd] c Q¢ ifd=1 mod 4,
QIVd € Qlc]ifd=3 mod 4,
QVd] C Q) ifd=2 mod 4

and that, in each case, this is the smallest cyclotomic field containing Q[\/E] For
example, note that d = p;...p,, d = 1 mod 4, implies that d = p]---p;, and so
Q[Vd] C Q[¢,]. Also note that if d is even, then Q[v/d] is not contained in Q[(4]

'Fiihrer in German—in Germany in the 1930s, conversations in public on class field theory could
be hazardous.
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because otherwise Q[(y,] would contain 4, v/d, /d/2, and hence would contain i, v/2,
and (g.

We conclude that the conductor of Q[vVd] is |Ax/g| or oo|Ak/g| depending on
whether d > 0 or d < 0—here Ag/q is the discriminant of K/Q.

EXERCISE 3.12. Compute the conductor of Q[v/d]/Q by applying the quadratic
reciprocity law to find the smallest m such that i(Qu 1) is in the kernel of the Artin
map (cf. Exercise 0.1).

The field L corresponding to a congruence subgroup H is called the class field of
H, whence the name of the subject. Note that for a prime p of K not dividing the
conductor of L/ K, the residue class degree f(/p) for a prime lying over p is the order
of pin I™/H (because this is the order of the Frobenius element in Gal(k(B)/k(p))).
Thus we have obtained a classification of the abelian extensions of K in terms of the
ideal structure of K, and for each abelian extension we know the decomposition laws
of the primes in K.

EXERCISE 3.13. Verify the last row in the following table:

Discriminant —15 —20 —23 —24 —-31
Class number 2 2 3 2 3
Hilbert class field | X2 +3 | X2 +1 | X3 - X — 1| X?+3 | X3+X —1

The first row lists the discriminants of the first five imaginary quadratic fields with
class number not equal to 1, the second row lists their class numbers, and the final
row lists the minimum polynomial of a generator of the Hilbert class field. (Note that
for a totally imaginary field, the class number and the narrow class number coincide.)

EXERCISE 3.14. This exercise explains what happens when we ignore a finite set
S of prime ideals of K. Let m be a modulus of K with S(m)NS =0, and let H be a
subgroup of I°Y9(™ containing i(Ky ;). Define an extension L of K to be an S-class
field for H if

(a) L is a finite abelian extension of K, and the prime ideals in S split completely
in L;

(b) m(p) =0 = p does not ramify in L;

(c) the prime ideals not in S U S(m) that split in L are precisely those in H.

Prove that an S-class field L exists for each group H as above, that it is unique, and
that 1°95(™ /[T = Gal(L/K); moreover, every field L satisfying (a) is the S-class field
for some H.

Hint: Show I5Y5™) /i( K1) 22 19™ ) <S> «i(Kyy), where <S> is the subgroup of
I°(™ generated by the primes in S.

The norm limitation theorem. In our classification of the abelian extensions
of K, we attach to L the group H = (K1) Nm(77™) for m a modulus sufficiently
large to be a defining modulus (and then (I°™ : H) = [L : K]). One might hope
that something similar works for nonabelian extensions, but the following theorem
shows that it does not.
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THEOREM 3.15 (NORM LIMITATION THEOREM). Let L be a Galois extension of
K, and let L'/ K be the mazimal abelian subexstension of L/K. For any defining
modulus m for L' /K,

(K1) - Nmp e (I7™) = i(Kpa) - Nmp g (15™).

This indicates that, for a nonabelian extension L/K, Spl(L/K) is not described by
congruence conditions.

The principal ideal theorem. The following theorem was conjectured by Hilbert
about 1900.

THEOREM 3.16. FEvery ideal in K becomes principal in the Hilbert class field of K.

I explain the idea of the proof. Recall that for a group G, the commutator (or
derived) subgroup G’ of G is the subgroup generated by the commutators ghg 'h™*,
g,h € G. The quotient G* = G /G’ is abelian, and it is the largest abelian quotient
of G. If L is a Galois extension of K with Galois group G, then L is an abelian
extension of K with Galois group G?P, and it is the largest abelian extension of K
contained in L.

Suppose we have fields
LOK DK

with L Galois over K (not necessarily abelian). For any finite set of primes S of K,
a — aOpg is a homomorphism 1% — I%2,. Consider:

18 K Gal(L/K)™

15, L Gal(L) K.

What is the map “?” making the diagram commute?

Before describing it, we need to explain a construction in group theory. Let H be
a group of finite index in a group G, and write G as a disjoint union of cosets,

G=HgpUHg U...UHg,.
For g € G, set 90(9> =g; if g € Hg;, and define
V(g) =] 9i9¢(9:9)"" mod H'
=1

where H' is the commutator subgroup of H.

PROPOSITION 3.17. The map g — V(g) is a homomorphism G — H/H', and it is
independent of the choice of the coset representatives g;.

PROOF. The verification is straightforward—see, for example, M. Hall, The Theory
of Groups, Macmillan, 1959, 14.2.1. O
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Thus, whenever we have a group G and a subgroup H of finite index, we have a
well-defined homomorphism
V. G*® — g
called the Verlagerung (or transfer) map.

In the situation of the above diagram, Gal(L/K”) is a subgroup of Gal(L/K), and
hence the Verlagerung is a homomorphism

V : Gal(L/K)*™ — Gal(L/K")®.

Emil Artin showed that this is the map making the above diagram commute (cf.
I1.2.9b).

Consider the fields
K'DK DK
where K’ is the Hilbert class field of K, and K" is the Hilbert class field of K’. Then

(a) K" is normal over K (because any conjugate of K” is again an abelian un-
ramified extension of K’, and hence is contained in K");

(b) K’ is the maximal abelian extension of K contained in K” (because every
abelian extension of K contained in K” is unramified over K, and hence is
contained in K').

From (b) we find that Gal(K"”/K)* = Gal(K’/K). Therefore, when L = K", the
diagram becomes

Cx —=— Gal(K'/K)

Jan v

Cxr —— Gal(K"/K'),
where C and Cks are the class groups of K and K'. Let G = Gal(K"/K) and
let H = Gal(K"”/K'). Because of (b), H is the commutator subgroup of G. The
next theorem (which was conjectured by Emil Artin) shows that V' is zero in this
situation, and hence that the canonical map Cx — Cg- is zero, i.e., that every ideal
of K becomes principal in K’.

THEOREM 3.18. Let G be a finite group, and let H be its commutator subgroup;
then

VG — HY

1S 2ero.

PRrooOF. This is a theorem in group theory. It was proved by Furtwangler in 1930.
For a simple proof, see: Witt, Proc. International Congress of Mathematicians,
Amsterdam, 1954, Vol 2, pp71-73. [

REMARK 3.19. It is in fact easy to see that there exists an extension L of K of
degree dividing the class number h of K such that every ideal in K becomes principal
in L: write the class group of K as a direct sum of cyclic groups; choose a generator
a; for each summand, and let h; be the order of a; in the class group; write ai“ = (a;),
and define L to be the field obtained from K by adjoining an h;th root of a; for each
1.
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However, a field constructed in this fashion will not usually be the Hilbert class
field of K—it need not even be Galois over K. There may exist fields of degree < h
over K in which every ideal in K becomes principal.

REMARK 3.20. The principal ideal theorem does not, of course, imply that every
ideal in the Hilbert class field K’ of K is principal, because not every ideal of K’ is
in the image of the homomorphism Ix — Ix/,. One can form the Hilbert class field
K" of K’, and so on, to obtain a tower

KCcCK cK'c---cK™c...

in which KV is the Hilbert class field of K. Note that the same argument that
proved K" is Galois over K shows that K is Galois over K. The class field tower
problem (stated by Hasse in 1925) asks whether this tower is always finite, and so
terminates in a field with class number one. The answer was shown to be negative by
Golod and Shafarevich in 1964 (see Roquette’s article in Cassels and Frohlich 1967).
For example, Q[v/—2.3.5.7.11.13] has infinite class field. In fact, Q[v/d] has an infinite
class field tower whenever d has more than 8 prime factors.

The Chebotarev Density Theorem. Let L be a Galois extension of K with
Galois group G. Recall that, for any prime ideal p of K unramified in L,

(b, L/K) S {(B, L/K) | Blp}

is a conjugacy class in G.

THEOREM 3.21 (CHEBOTAREV DENSITY THEOREM). Let L/K be a finite exten-
sion of number fields with Galois group G, and let C' be a conjugacy class in G. Then
the set of prime ideals of K such that (p, L/K) = C has density #C/#G in the set
of all prime ideals of K. In particular, if G is abelian, then, for a fixred T € G, the
set of prime ideals p of K with (p, L/K) = 7 has density (G : 1).

PROOF. For an abelian extension L/K this follows from Theorem 2.5 and Theorem
3.5: the latter says that the map p — (p, L/K) induces a surjective homomorphism
Cn — Gal(L/K) for some modulus m, and the former says that the primes are
equidistributed among the classes in C,. The nonabelian case is derived from the
abelian case by an ingenious argument—see Chapter VIII. O

COROLLARY 3.22. If a polynomial f(X) € K[X] splits into linear factors modulo
p for all but finitely prime ideals p in K, then it splits in K[X].

PROOF. Apply the theorem to the splitting field of f(X). O

For a finite extension L/K of number fields and a finite set S of primes of K, let
Spls(L/K) be the set of primes of K not in S that split in L.

THEOREM 3.23. If L and M are Galois extensions of K, then
LCcM < Spls(L/K) D Spls(M/K).

Hence
L=M <= Splg(L/K) = Splg(M/K).
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PROOF. As a consequence of (1.11),
Spls(LM/K) = Spls(L/K) N Spls(M/K).
Hence
Spls(L/K) O Spls(M/K) = Spls(LM/K) = Spls(M/K),
which, by the Chebotarev density theorem, implies
[LM : K] =[M : K],
and so L. C M. The reverse implication is obvious. [J

REMARK 3.24. (a) Theorem 3.23 is not true without the Galois assumption (see
Cassels and Frohlich 1967, p363).

(b) In the statement of Theorem 3.23, S can be replaced by any set of primes of
density 0.

(c) Let f(X) be an irreducible polynomial in K[X]. If f(X) has a root modulo p
for almost all prime ideals p, then f(X) has a root in K (ibid. p363, 6.2).

The conductor-discriminant formula. Two Dirichlet characters x : I° — C*
and \': I¥ — C* are said to be cotrained if they agree on %" for some S” > SUS".
This is an equivalence relation. In each equivalence class, there is a unique y with
smallest S—such a y is said to be primitive.

Let x1 be the primitive character equivalent to y. The smallest modulus m such
that x7 is zero on Ky is called the conductor of f(x) of x. Set f(x) = foo(X)fo(X)
where fo, and fo are respectively divisible only by infinite primes and finite primes.

THEOREM 3.25 (FUHRERDISKRIMINANTENPRODUKTFORMEL). For any  finite
abelian extension L/K of number fields with Galois group G,

disc(L/K) = ] fo(xovrx), G' % Hom(G,C*);

xX€GY
f(L/K) = lemf(x © ¢r/x).

Clearly NKer(x : G — C*) = 0, from which the second statement follows. We
omit the proof of the first—it is really a statement about local fields.

REMARK 3.26. Let H be the kernel of the character x. Then f(y) = f(L¥ /K). For
example, if y is injective, then f(x) = f(L/K).

EXAMPLE 3.27. Let L = Q[v/d]. Then G = Z/2Z, and there are only two charac-
ters G — C*, one xo trivial and the other x; injective. Therefore, the theorem says
that A/ = fo(x1) = fo(K/Q), as we showed in Example 3.11.

EXAMPLE 3.28. Let L = QI[{], p an odd prime. Then G = (Z/pZ)*, which is
cyclic of order p — 1. It therefore has p — 2 nontrivial characters. If y is nontrivial,
then f(x)|oo(p), but f(x) = 1 or oo is impossible (because it would imply x is trivial).
Therefore, f(x) = (p) or oco(p) if x is nontrivial, and so the conductor-discriminant
formula shows (correctly) that Ay, g = £pP=2.

EXERCISE 3.29. Verify the conductor-discriminant formula for the extension

Q[¢21/Q-
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REMARK 3.30. Let L/K be a finite extension of number fields with Galois group
G (not necessarily abelian). To a representation p : G — GL(V') of G on a finite-
dimensional vector space V', Artin attaches a Dirichlet L-series L(s, p) (see the intro-
duction). The analytic properties of these Artin L-series are still not fully understood.

When @ is commutative, the Artin map I° — G identifies characters of G' with
Dirichlet characters, and hence Artin L-series with Dirichlet L-series. This was Artin’s
motivation for seeking the map (not, as seems natural today, in order to construct a
canonical isomorphism between the groups Cy, and G, already known to be abstractly
isomorphic).

A part of Langlands’s philosophy is a vast generalization of this correspondence
between Dirichlet L-series and abelian Artin L-series.

The reciprocity law and power reciprocity. Assume K contains a primitive
nth root of 1, and let a € K. If {/a is one root of X™ — a, then the remaining roots
are of the form ¢ {/a where ( is an nth root of 1. Therefore L 4K [{/a] is Galois over
K, and o/a = (/a for some nth root ¢ of 1.

If p is a prime ideal of K that is relatively prime to n and a, then p is unramified
in L, and we can define an nth root (3), of 1 by the formula

. L/K) () = (5) v

One can show that

a
(—) =1 <= ais an n'" power modulo p,

and so (%)n generalizes the quadratic residue symbol. For this reason (%) is called
n

the power residue symbol. Artin’s reciprocity law implies all known reciprocity laws

for these symbols, and so, as Artin pointed out, it can be viewed as a generalization

of them to fields without roots of unity. We shall explain this in Chapter VIII.

An elementary unsolved problem. Let K be a number field, and let S be a
nonempty finite set of prime ideals of K. Does there exist for every prime number p
not divisible by any prime in S a sequence of fields ... , L,, L,+1, ... such that

(a) L, is unramified outside the primes of S;

(b) p"|[Ln - K]?
A key case, for which the answer is unknown, is K = Q and S = {¢}.

More explicitly (and slightly harder), fix a prime ¢ in Q. Does there exist for every
prime p # ¢ a sequence of monic irreducible polynomials f,,(X) € Z[X] such that

(a) disc(f,(X)) is not divisible by any prime other than ¢;
(b) p"| deg fn(X).

See (Milne, Arithmetic Duality Theorems, Academic Press, 1986, p60/61) to find
where this problem turned up. It is certainly very difficult.
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Explicit global class field theory: Kronecker’s Jugentraum and Hilbert’s
twelfth problem. Unlike local class field theory, global class field theory does not
(in general) provide an explicit construction of the abelian extensions of a number
field K.

Gauss knew that the cyclotomic extensions of Q are abelian. Towards the end
of the 1840s Kronecker had the idea that the cyclotomic fields, and their subfields,
exhaust the abelian extensions of Q, and furthermore, that every abelian extension of
a quadratic imaginary number field F is contained in the extension given by adjoining
to E roots of 1 and certain special values of the modular function j. Many years later
he was to refer to this idea as the most cherished dream of his youth (mein liebster
Jugendtraum).

More precisely, Kronecker’s dream 2 is that every abelian extension of Q is contained
in the field obtained by adjoining to @ all values of the function 2™ for z € Q*,
and that every abelian extension of an imaginary quadratic field K is contained in
the field obtained by adjoining to K all values of the function j(z) for z € K*.

Later Hilbert took this up as the twelfth of his famous problems: for any number
field K, find functions that play the same role for K that the exponential function
plays for Q and the modular function j plays for a quadratic imaginary field 3, Proc.
Symp. Pure Math. XXVIII, Part 1, AMS, 1976. The first part of Kronecker’s dream,
that every abelian extension of QQ is a subfield of a cyclotomic extension, was proved
by Weber (1886, 1899, 1907, 1911) and Hilbert (1896).

The statement above of “Kronecker’s dream” is not quite correct. Let K be an
imaginary quadratic field. We can write Ox = Z + Z7 with &(7) > 0. It is known
that K[j(7)] is the Hilbert class field of K. Now adjoin to K all roots of unity and
all values j(7) with 7 € K, §(7) > 0. The resulting field K’ is abelian over K, and
[K#" : K'] is product of groups of order 2. To get the whole of K?| it is necessary
to adjoin special values of other elliptic functions. These statements were partially
proved Weber (1908) and Feuter (1914), and completely proved by Takagi (1920).

From the modern point of view, special values of elliptic modular functions are
related to the arithmetic of elliptic curves with complex multiplication, and it is
results about the latter that allow one to prove that the former generate abelian
extension of a quadratic imaginary field.

Beginning with the work of Taniyama, Shimura, and Weil in the late fifties, the
theory of elliptic curves and elliptic modular curves has been generalized to higher
dimensions. In this theory, an elliptic curve with complex multiplication by an imag-
inary quadratic field is replaced by an abelian variety with complex multiplication by
a “CM-field”, that is, a quadratic totally imaginary extension K of a totally real field
F', and an elliptic modular function by an automorphic function.

Philosophically, one expects that (with the exception of @), one can not obtain
abelian extensions of totally real fields by adjoining special values of automorphic
functions. However, it is known that, roughly speaking, one does obtain the largest
possible abelian extension of a CM-field K consistent with this restriction.

More precisely, let K be a CM-field and let F' be the largest totally real subfield

2For a careful account of Kronecker’s idea and work on it, see Schappacher, N., On the history
of Hilbert’s twelfth problem, I, Paris 1900—Ziirich 1932: The comedy of errors (preprint).
3See ppl8-20 of Mathematical Developments arising from Hilbert’s Problems
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of K. Then G £ Gal(Q/K) is a subgroup of index 2 in G’ £ Gal(Q/F), and the
corresponding Verlagerung is a homomorphism V : G'*® — G2b. In this case, V has
a very simple description.

THEOREM 3.31. Let K be a CM-field, and let F' be the totally real subfield of K
with [K : F| = 2. Let H be the image of the Verlagerung map

Gal(F**/F) — Gal(K*/K).

Then the extension of K obtained by adjoining the special values of all automorphic

functions (defined on canonical models of Shimura varieties with rational weight) is
(Kab>H . Qab.

PROOF. See Wafa Wei’s thesis (Michigan 1993). O

Notes. The relation between congruence groups and abelian extensions of K was
known before Artin defined his map. It emerged only slowly over roughly the period
1870-1920. The main contributors were Kronecker, Weber, Hilbert, and Takagi.
Chebotarev proved his theorem in (1926) (a less precise result had been proved much
earlier by Frobenius), and Artin defined his map and proved it gave an isomorphism
in 1927. (Earlier, it had been known that I™/H ~ Gal(L/K), but no canonical
isomorphism was known.) The fact that analysis, in the form of Chebotarev’s (or
Frobenius’s) theorem was required to prove the main theorems, which are purely
algebraic in form, was regarded as a defect, and in 1940, after much effort, Chevalley
succeeded in giving a purely algebraic proof of the main theorems. (The difficult point
is proving that if L/K is an abelian extension of number fields of prime degree p, then
at least one prime of K does not split or ramify in L.) He also introduced ideles,
which make it possible to state class field theory directly for infinite extensions. Group
cohomology (at least 2-cocycles etc.) had been used implicitly in class field theory
from the 1920s, but it was used systematically by Nakayama, Hochschild, and Tate
in the 1950s. In 1951/52 in a very influential seminar, Artin and Tate gave a purely
algebraic and very cohomological treatment of class field theory. Since then there
have been important improvements in our understanding of local class field theory
(mainly due to Lubin and Tate). Nonabelian class field theory is a part of Langlands’s
philosophy, which is a vast interlocking series of conjectures, and some progress has
been made, especially in the local case and the function field case (Drin’feld). A
fairly satisfactory abelian class field theory for more general fields (fields of finite
transcendence degree over Q or F,) has been created by Bloch, Kato, Saito, and
others. It uses algebraic K-theory (see W. Raskind, Abelian class field theory of
arithmetic schemes, Proc. Symp. Pure Math, AMS, Vol 58.1 (1995), 85-187).

4. Ideles

Theorems 3.5 and 3.6 show that, for any number field K, there is a canonical
isomorphism lim wC — Gal(K*"/K). Rather than studying lim Cy directly, it
turns out to be more natural to introduce another group that has it as a quotient—
this is the idele class group.
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Topological groups. A group G with a topology is called a topological group if
the maps

9.9 —99:GxG—G, g—g"G—-G
are continuous. The translation map
g—ag: G— G

is then a homeomorphism.

In general, to determine a topology on a set we have to give a fundamental system
of neighbourhoods of each point, i.e., a set of neighbourhoods of the point such
that every neighbourhood contains one in the set. Because the translation map is a
homeomorphism, the topology on a topological group is determined by a fundamental
system of neighbourhoods of 1.

We shall need to make use of various generalities concerning topological groups,
which can be found in many books. Fortunately, we shall only need quite elementary
things.

Let (X;); be a (possibly infinite) family of topological spaces. The product topology
on [[ X; is that for which the sets of the form [] U;, U; open in X for all ¢ and equal to
X; for all but finitely many ¢, form a basis. Tychonoff’s theorem says that a product
of compact spaces is compact. However, an infinite product of locally compact spaces
will not in general be locally compact: if V; is a compact neighbourhood of x; in X;
for all 4, then [TV; will be compact, but it will not be a neighourhood of (z;) unless
V; = X, for all but finitely many 1.

Ideles. We now often write v for a prime of K. Then:

|- |, = the normalized valuation for v (for which the product formula holds),
K, = the completion of K at v,

p, = the corresponding prime ideal in O, (when v is finite),

O, = the ring of integers in K,

v, = O

p, = the completion of p, = maximal ideal in O,.

Recall that, for all v, K, is locally compact—in fact, O, is a compact neighbourhood
of 0. Similarly K is locally compact; in fact

1+p, D1+p2D1+p*D -

is a fundamental system of neighbourhoods of 1 consisting of open compact subgroups.

We want to combine all the groups K¢ into one big topological space, but [] Kf
is not locally compact. Instead we define the group of idéles to be

Ix = {(ay,) € [[ K) | ay € O for all but finitely many v}.

For any finite set S of primes that includes all infinite primes, let

HS = II PQT X I]:C);

veES v¢S
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with the product topology. The first factor is a finite product of locally compact
spaces, and so is locally compact, and the second factor is a product of compact
spaces, and so is compact (by Tychonoff). Hence Ig is locally compact. Note that

T=JIs.

We want to endow [ with a topology such that each Is is open in I and inherits the
product topology. We do this by decreeing that a basis for the open sets consists of
the sets of the form

1. = U, open in K for all v;
L7 Uy, = OF for almost all .

An intersection of two sets of this form contains a set of this form, and so they do
form a basis for a topology. It is clear that the topology does have the property we
want, and moreover that it endows I with the structure of a topological group. The
following sets form a fundamental system of neighbourhoods of 1: for each finite set
of primes S D S, and ¢ > 0, define

U(S,e) ={(av) | lay — 1], <&, veS, |ayl, =1, allvéS}.
4.1. There is a canonical surjective homomorphism id

(ay) — H pgrd’)(a“) e — Ix

v finite

whose kernel is Ig_.

We can think of the ideles as an enlargement of the ideals: it includes factors for the
infinite primes, and it includes the units at the finite primes. Note that I /Ig ~ yAQ)
(direct sum of countably many copies of Z with the discrete topology), but that
[1 K} /Is, =~ ZN (product of countably many copies of Z, which is itself uncountable).

4.2. There is a canonical injective (diagonal) homomorphism
a—(a,a,a,...): K* —lg.

I claim that the image is discrete. Because we have groups, it suffices to prove that
1 € K* is open in the induced topology. Let U = U(S,e) with S any finite set
containing S, and 1 > ¢ > 0. For any a € K* N U,

la—1|, <e forallves
lal, =1 for all v ¢ S.

The second condition implies that
|a = 1]y < max(|al,, [ —1],) < 1.

Therefore, if a € K* NU, then [], |a — 1|, < ¢#¥ < 1, which contradicts the product
formula unless a = 1.

The quotient C = I/ K™ is called the ideéle class group of K. It maps onto the ideal
class group of K. It is not compact (see (4.4) below).



IDELES 135
4.3. There is a canonical injective homomorphism
a— (1,...,1,a,1,...1): K —1
(a in the v’ place). The topology induced on K¢ is its natural topology, because

{a|la—1],<e} v €8

U<S’€>“K5:{ falld,=1 v ¢S

and such sets form a fundamental system of neighbourhoods of 1 in K *.

4.4. There is canonical surjective homomorphism
a = (a,) — c(a) = [[lav] : I = Reo.
The image of a is called the content of a. Define
I' = Ker(c) = {a € 1| c(a) = 1}.

Note that, because of the product formula, K* C I'. The quotient I/K* can’t be
compact because it maps surjectively onto Rsq, but one can prove that T'/K* is
compact.

ASIDE 4.5. Define Iy the same way as I, except using only the finite primes. We
call Iy the group of finite idéles. We have

Il Ooxci,c [ K.

v finite v finite

The subgroup [T O is open and compact in Iy, and Iy /[T O = I (the group of ideals
of K).

Again there is a diagonal embedding of K> into Iy, but this time the induced

topology on K * has the following description: Uk 4 Oy is open, and a fundamental
system of neighbourhoods of 1 is formed by the subgroups of Ux of finite index
(nontrivial theorem). In particular, K* is a discrete subgroup of Iy <= Uy is finite
<= K = Q or an imaginary quadratic field.

Realizing ray class groups as quotients of I. We have seen that the class

group Cx = I /i(K*) can be realized as the quotient of I. We want to show the same
for Ch.

Let m be a modulus. For p|m, set

] Ry p real
Wi(p) = { 1+ pm® p finite.

Thus, in each case, Wy(p) is a neighbourhood of 1 in K, and

Kni=K*nN H W (p).

pim
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Define
I, = (H K x HWm(p)) NI
pfm plm
Wa = I K xI[Wae)x ][I UG-
pfm plm pfm
p infinite p finite
Thus

(ap) € Iy <= ay, € Wi (p) for all p|m,

(ap) € Wy <= (ap) € I, and ay is a unit for all finite p { m.

Note that I, N K = Ky 1 (intersection inside I).

PROPOSITION 4.6. Let m be a modulus of K.
(a) The map id : I, — I°™ defines an isomorphism
Ln/Kma - Wa = Cha.
(b) The inclusion Ly, — 1 defines an isomorphism:
L/Kma — I/ K™,
PROOF. (a) Consider the pair of maps
Ky — Iy 2% 150,

The first map is injective, and the second is surjective with kernel Wy, and so the
kernel-cokernel sequence (I1.4.2) of the pair of maps is

Wi = In/Kng — Cn — L.

The proves (a) of the proposition.

(b) The kernel of I, — I/K* is K* N1, (intersection in I) which, we just saw, is
Ky 1. Hence the inclusion defines an injection

In/Kwn1 — I/K*.

For the surjectivity, we apply the weak approximation theorem (Theorem 6.3 below).
Let S = S(m) and let a = (a,) € 1. If we choose b € K to be very close to a, in K
for all v € S, then a,/b will be close to 1 in K* for all v € S; in fact, we can choose
b so that a,/b € Wy (p) for all v € S. For example, for a real prime v in S, we need
only choose b to have the same sign as a, in K,. Then a/b € I, and it maps to a in
I/K*. O
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Characters of ideals and of ideles. Let S D S, be a finite set of primes of K,
and let G be a finite abelian group. A homomorphism
v 17— G
is said to admit a modulus if there exists a modulus m with support in S such that
Y(i(Km1)) = 1. For example, for any abelian extension L/K, the Artin map
I° — Gal(L/K)
admits a modulus.

PROPOSITION 4.7. If 1 : I — G admits a modulus, then there exists a unique
homomorphism ¢ : 1 — G such that

(a) ¢ is continuous (G with the discrete topology)
(b) o(K>) = 1;
(c) d(a) = ¥(id(a)), allacT® L {a|a,=1allve S}

Moreover, every continuous homomorphism ¢ : 1 — G satisfying (b) arises from a 1.

PROOF. Because 1 is admits a modulus m, it factors through I™/i(Kn1) = Ch.
Hence we have the diagram:

m _— Ca —— G

Hm/[(m,l EE— Hm/Km,IWm

I —— I/K*.

The isomorphisms are those in Proposition 4.6, and the remaining unnamed maps
are quotient maps. Define ¢ to be the composite I — G. It certainly has properties
(a) and (b), and it also has the property that

¢(a) = Y(id(a)) for all a € Iy,

and so, a fortiori, it has property (c).

To prove that the map is uniquely determined by (a), (b), and (c), it suffices to
prove that I° K* is dense in I, but this follows from the weak approximation theorem
(Theorem 6.3): let a € I; choose b € K* to be very close to a, for v € S, and let a’
be the element of I° such that a/b = a, for all v ¢ S. Then a’b € ¥ - K and is close
to ain I.

For the converse, let ¢ : I — G be a continuous map. The kernel contains an open
neighbourhood of 1, and so U(S,¢) C Ker(¢) for some S and . Consider an infinite
prime v. The restriction of ¢ to K is a continuous map R* — G or C* — G.
Clearly, the connected component of K containing 1, namely, R5y or C*, maps to
1, and so is in the kernel. On combining these remarks, we see that the kernel of ¢
contains Wy, for some m.

Now we can use the diagram at the start of the proof again. We are given a homo-
morphism ¢ : [/ K* — G, which we can “restrict” to a homomorphism I, /K1 — G.
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This homomorphism is trivial on Wy, and hence factors through I /Ky Wey. The
homomorphism can now be transferred to Cy,, and composed with I — Ci,. This is
the 1) we are looking for. O

REMARK 4.8. Let G be a commutative topological group. Define a homomorphism
Y I — G to be admissible if for every neighbourhood N of 1 in G, there exists
a modulus m such that ¢ (i(Kn1)) C N. Then every admissible homomorphism
¢ defines a homomorphism ¢ : I — G satisfying conditions (a), (b), (c¢) of the
proposition. Moreover, if G is complete and has “no small subgroups” i.e., there
exists a neighbourhood of 1 containing no nontrivial subgroup, then every continuous
homomorphism ¢ : I — G satisfying (b) arises from an admissible ¢. The proof is
the same as that of the proposition (see Proposition 4.1 of Tate’s article in Cassels
and Frohlich 1967).

The circle group G = {z € C | |z| = 1} is complete and has no small subgroups.
The admissible 1 : I® — G, and the corresponding ¢, are called Hecke characters.

REMARK 4.9. Given ¢ we chose an m, and then showed how to construct ¢. In
practice, it is more usually more convenient to identify ¢ directly from knowing that
it satisifies the conditions (a), (b), (c). For this, the following observations are useful.

(a) Let a = (a,) be an idele such that a, = 1 for all finite primes and a, > 0 for
all real primes; then ¢(a) = 1. To see this, note that the topology induced on
[lsje0 K¢ as a subgroup of T is its natural topology. Therefore, the restriction
of ¢ to it is trivial on the connected component containing 1.

(b) Let a = (a,) be an idele such that a, = 1 for all v € S and a, is a unit for all
v ¢ S; then ¢(a) = 1. In fact, this follows directly from condition (c).

(c) Ifais “close to 17, ¢(a) = 1. In fact, this follows directly from condition (a)
in view of the fact that G' has the discrete topology.

(d) On combining (a), (b), (c), we find that if a = (a,) is such that

a, > 0 when v is real;
a, is “close to 17 when v € S is finite;
a, is a unit when v ¢ S

the ¥(a) = 1. In fact, (a) and (b) say that we can multiply a with ideles of
certain types without changing the value v (a). Clearly, if a, is close to 1 for
the finite v in .S, we can multiply it by such ideles to make it close to 1.

EXAMPLE 4.10. Let L = Q|[(,], and let ¢ be the Artin map
I® — (Z/pL)* — Gal(L/Q), S = {p,o0}.

Recall that first map sends the ideal (uniquely) represented by (r/s), r,s > 0,
(p,r) =1 = (p,s), to [r][s]7!, and that the second sends [m] to the automorphism
¢ — (™. Overall, for any prime number ¢ # p, the map sends (¢) to the Frobenius au-
tomorphism at £, ¢ — ¢’ Let ¢ : T — Gal(L/Q) be the homomorphism corresponding
to ¢ as in the theorem. We wish to determine ¢ explicitly.

Let a = (Goo,G2y--. ,Qp,... ,ap...) be an idele of Q. If axw = 1 = a,, then
¢(a) = ¢(id(a)). Thus ¢(a) = " where m = [ £,
Consider p = (1,...,1,p,1,...) (p in the p-position). Then

p/p=0p"...,p L Lp ).
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According to (d) of the above Remark, ¢(p/p) = 1, and so

o(p) = ¢(p/p)o(p) = 1.

In this, p denotes both the element p € Q, and the principal idele (p,p, .. .).
Now consider a = (1,...,1,u,1,...), u € Z}, u in the p-position. Write

ul=a+ap+--+ap+---, 0<a;<p, a €l

and let ¢ = ag+ -+ + asp® € Z. Then uc € 1 4+ p**'7Z,, i.e., for large s it is “close to
1”7. Write
l)e
ac=(c,¢,...,c, 1,c,... ,Zc,c,...)(l,... J1,e,1,000).

The first factor is ac except that we have moved the components at the primes ¢
dividing ¢ to the second factor. For large s, ¢(first factor) = 1 by (d) of the above
remark. The second factor lies in I, and the description we have of ¢|I° shows that
¢(second factor) maps ¢ to ¢¢. In conclusion,

c u~t
p(a)(C) = ¢ =¢" .
Because ¢ is a homomorphism, this completes the explicit description of it.

REMARK 4.11. The map 7, : I — C, is the unique continuous homomorphism
such that

(a) mm(K*) = 1;

(b) 7m(a) = id(a) for all a € T5(™).
If m|m’, then the composite of my with the canonical homomorphism Cyy — Cy, satis-
fies the conditions characterizing my,. Therefore, the 7, combine to give a continuous
homomorphism 7 : I — lim Cy,. We wish to determine the kernel and image of this
map.

Because each map 7y, : I — Cp, is onto, the image is dense. In fact, I' — Cy, is

onto, and so Ty, (T') is dense. But 7y (I') is compact, because 7y, factors through the
compact group I'/K*, and therefore is complete. This shows that 7 is onto.

Let IT be the set of ideles a such that a, = 1 if v is finite and a, > 0 if v is real.
Thus I, is isomorphic to the identity component of (K ®g R)* = [l e K. The
kernel of I — lim C\, contains I, - K, and hence its closure. In fact, it equals it.

Norms of ideles. Let L be a finite extension of the number field K, let v be a
prime of K. Recall from (Math 676, 8.2) that there is a canonical isomorphism

L®KKv_>HLw

wlv
It follows (ibid. 8.3) that for any o € L,

Nmy g a = H Nm;, /k, (equality in K,).

wlv

For an idele a = (a,) € I, define Nmy,(a) to be the idele b € Ix with
by = Ilyje Nmr, K, aw. The preceding remark shows that the left hand square in
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the following diagram commutes, and it is easy to see that the right hand square
commutes:

Lx I, —94. 7

J/NmL/K J/NmL/K J/NmL/K

K~ Tp —9 I

Thus we get a commutative diagram:

CL—>CL

J/NmL/K J/NmL/K
CK —_— CK

(Ck = idele class group I/K*; Ck =ideal class group I/i(K*)).

PropoSITION 4.12. If L/K is a finite extension of local fields of characteristic
zero, then

(a) Nmp/x(L*) =Ry (case K =R, L = C);
(b) Nmy k(L) D 1+ pR for some m (case K is nonarchimedean);
(c) Nmy/k(L*) D Ok (case K is nonarchimedean and L/K is unramified).

PROOF. Statement (a) is obvious. For (b), see (1.1.9), and for (c), see 111.2.2. O

COROLLARY 4.13. Let L/K be a finite extension of number fields. Then
Nmp, g I D Wy for some modulus m.

5. The Main Theorms in Terms of Ideles

The statement of the main theorems of class field theory in terms of ideals is
very explicit and, for many purposes, it is the most useful one. However, it has
some disadvantages. Omne has to fix a modulus m, and then the theory describes
only the abelian extensions whose conductor divides m. In particular, it provides
no description of the infinite abelian extensions of K. The statement of the main
theorems in terms of ideles allows one to consider infinite abelian extensions, or,
what amounts to the same thing, all finite abelian extensions simultaneously. It also
makes transparent the relation between the local and global Artin maps.

Let L be a finite abelian extension of K. Let v be a prime of K, and let w be
a prime of L lying over v. Recall that the decomposition group D(w) of w is the
subgroup

D(w) ={o € Gal(L/K) | ow = w}.

Its elements extend uniquely to automorphisms of L,,/K,, and D(w) = Gal(L,/K,).
Local class field theory provides us with a homomorphism (the local Artin map)

¢, Ky, — D(w) C G.

LEMMA 5.1. The subgroup D(w) of G and the map ¢, are independent of the choice
of the prime w|v.
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PROOF. Any other prime lying over v is of the form ocw for some ¢ € G, and
o : L — L extends by continuity to a homomorphism o : L, — L, fixing K,. We
have

D(ow) = e D(w)o ™,
which equals D(w) because G is commutative.

Let 2 and €2’ be maximal abelian extensions of K, containing L,, and L, respec-
tively. From Chapter III, we obtain local Artin maps ¢, : K* — Gal(2/K,) and
¢, K* — Gal(€'/K,). The choice of an isomorphism & : 2 — €' determines an
isomorphism

p—acopos ':Gal(Q/K,) — Gal(Q/K,)
which is independent of &. Moreover, its composite with ¢, is ¢! (because it satisfies
the conditions characterizing ¢! ). O

PROPOSITION 5.2. There exists a unique continuous homomorphism ¢x : 1 —
Gal(K®* /K) with the following property: for any L C K finite over K and any
prime w of L lying over a prime v of K, the diagram

K, % Gal(L,/K.)

! !

a—¢i(a)|L
RASE AN

Gal(L/K)

Ik

commautes.

PROOF. Let a € I, and let L C K" be finite over K. If a, € U, and L,/K, is
unramified, the ¢,(a,) = 1 (see II1.1). Therefore, ¢,(a,) = 1 except for finitely many

v’s, and so we can define
¢L/K(a> = H ¢v(av)-

(product inside Gal(L/K)). Clearly, ¢,k is the unique homomorphism making the
above diagram commute.

If L' O L, then the properties of the local Artin maps show that ¢/ x(a)|L =
¢r/x(a). Therefore there exists a unique homomorphism ¢ : I — Gal(K*"/K) such
that ¢(a)|L = ¢,k (a) for all L C K", L finite over K.

Again, the properties of the local Artin maps show that, for any fields K ¢ K’ C
L C K with L finite over K,

15, 22 Gal(L/K)

lN m linclusion

18 5, Gal(L/K)

commutes. On taking K’ = L, we find that Nmy,/x(I) is contained in the kernel of
¢r/k- In particular, the kernel of ¢ x contains an open subgroup of I (Corollary
4.13), and this implies that ¢x is continuous. [

THEOREM 5.3 (RECIPROCITY LAW). The homomorphism
bk Ix — Gal(K?**/K) has the following properties:
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(a) ox(K*)=1;
(b) for every finite abelian extension L of K, ¢k defines an isomorphism

¢k I /(K™ - Nm(I)) — Gal(L/K).

We saw in the proof of the proposition that ¢ /x(Nm(I;)) = 1, and so (assuming
(a) of the theorem) we see that ¢,k does factor through Ix /K> - Nm(I;). Part (b)
can also be stated as: ¢ defines an isomorphism

¢r/k : Cx/Nm(Cp) — Gal(L/K).

EXAMPLE 5.4. Statement (a) of the theorem says that, for any b € K>, []¢,(b) =
1. On applying this to the extension K[a=]/K under the assumption that K contains
a primitive nth root of 1, one obtains the product formula for the Hilbert symbol:

II(a,b), = 1.

v

See (II1.4.3).

THEOREM 5.5 (EXISTENCE THEOREM). Fiz an algebraic closure K* of K; for

every open subgroup N C Cyg of finite index, there exists a unique abelian extension
L of K contained in K* such that Nmy, x Cr = N.

The subgroups N open and of finite index in Cg are called the norm groups, and
the abelian extension L of K such that Nm(Cp) = N, i.e., such that N = Ker (¢, k),
is called the class field of K belonging to N.

As stated, the Existence Theorem is valid for all global fields. In the number field
case, all subgroups of finite index in Cg are open.

COROLLARY 5.6. The map L — Nm(Cy) is a bijection from the set of finite abelian
extensions of K to the set of open subgroups of finite index in Cgx. Moreover,

LyCL, <= Nm(CLl) D Nm(CLg);
Nm(CLl.Lg) = Nm(CLl) N Nm(CL2>,
Nm(CLlﬂlQ) = Nm(Clq) ' Nm(CL2>'

REMARK 5.7. (a) In the number field case, the map
o : I — Gal(K*™/K).

is surjective. For an infinite prime v of K, write K, for the connected component of
K¢ containing 1; thus K ~ C* or R according as v is complex or real. Clearly
[ K C Ker(¢x). By definition K* C Ker(ér), and so K* - (T, K;) C
Ker(¢r). But ¢x is a continuous homomorphism and Gal(K*"/K) is Hausdorff,
and so the kernel is a closed subgroup. Thus Ker(¢x) contains the closure of K* -
(ITujeo K7). It is a theorem that this is precisely the kernel. The image of the closure
of K- (Il K;7) in Ck is the connected component of Cg containing 1.

(b) In the function field case, the Artin map ¢r : Ix/K* — Gal(K*®/K) is
injective, but it is not surjective (its image is dense).
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REMARK 5.8. Assume that the global Artin map ¢ : I — Gal(K*/K) contains
K> in its kernel. Then, for every finite abelian extension L/K, ¢k : 1 — Gal(L/K)
arises (as in Proposition 4.7) from a homomorphism v : I° — Gal(L/K) admitting
a modulus. Moreover, because ¢ is the product of the local Artin maps, ¢ must
be the ideal-theoretic global Artin map (which therefore admits a modulus). It is a

straightforward exercise to derive Theorems 3.5 and 3.6 from their idelic counterparts,
Theorems 5.3 and 5.5. We shall prove Theorems 5.3 and 5.5 in Chapter VII.

Example.

LEMMA 5.9. The map
(r,t, (up)) — (rt,rug, rus,rus,...) : Q% x Rug x [[Z) — Ig
is an isomorphism of topological groups (Q* with the discrete topology).

PROOF. Any idele a = (aoo, @2, - . . , Gp, ... ) can be written
a=a(t,ug,us,us,...), a€Q, te€Rs, wu,€cZ;

—take a = (sign(as)) [1p°% %), t = an/a, u, = a,/a. Moreover, the expression is
unique because the only positive rational number that is a p-adic unit for all p is 1.

The subsets

{1} xUx [] U,

p finite

with U, U, open neighbourhoods of 1 in R*,Q,, and Uy = Z; for all but finitely

p )
many p’s, form a fundamental system of neighbourhoods 1 on the left, and also on

the right. O

Thus there is a canonical isomorphism of topological groups

Co—Rogx [[ Z)=RuoxZ".

p finite
Let
Q¥ = [JQI¢)-

In this case, the global reciprocity map is
¢:lp— 7Z* — Gal(Q<°/Q)

where Iy — Z* is the above projection map, and Z* — Gal(Q<¢/Q) is the canonical
isomorphism (see 1.5.5¢).

EXERCISE 5.10. Show that every subgroup of finite index in Cg is open (K a
number field).

Hint: Use that every subgroup of K, of finite index is open.
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6. Appendix: Review of some Algebraic Number Theory

The weak approximation theorem. The theorem in this subsection should
have been proved in Math 676. Recall that a valuation on a field K is homomorphism
a+— |a| : K* — Rsq such that |a + b| < |a| + |b] for all a,b € K*. We extend it to
K by setting |0] = 0. A valuation is trivial if |a| = 1 for all a # 0. Two nontrivial
valuations | - |1 and | - |2 are equivalent if |a]; < 1 implies |a|s < 1, in which case
| ]2 = |-|] for some r € R5o (Math 676, 7.8). The statements in this section continue
to hold if we replace “valuation” with “positive power of a valuation” (which, in the
archimedean case, may fail to satisfy the triangle rule).

LEMMA 6.1. If |- |1, |- |2, ---, | |n are nontrivial inequivalent valuations of K, then
there is an element a € K such that

]a]l > 1
’CL’Z‘ < 1, 27&1

PRrROOF. First let n = 2. Because | |; and | |2 are inequivalent, there are elements
b and c such that

’bh < 17 ’6’221
’C’l > 1, ’C’2<1.

Now a = § has the required properties.

We proceed by induction assuming that the lemma is true for n — 1 valuations.
There exist elements b, ¢ such that

’b’l > 1, ’b’z<1, 2':2,3,...,n—1
el < 1, efa>1

If |6, < 1, then a = ¢b” works for sufficiently large r. If |b|, > 1, then a, = f_&;r
b”‘

works for sufficiently large r, because 75 converges to 0 or 1 according as [b| < 1 or
b > 1. O

LEMMA 6.2. In the situation of the last lemma, there exists an element of K that
is close to 1 for | -|1 and close to O for|-|;, i =2,...n.

PROOF. Choose a as in (6.1), and consider a, = ~%—. Then

1+a™
1 1
]ar — 1’1 = S o — 0
’1+ar’1 ’a’l—l
as r — 0o. For ¢ > 2,
lali lali
Qrl; = 0
ol e S T
asr— 0. O
THEOREM 6.3. Let |- |1, |- |2, .., |+ |n be nontrivial inequivalent valuations of a
field K, and let ay,... ,a, be elements of K. For any € > 0, there is an element

a € K such that |a — a;|; < € for all i.
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PRrROOF. Choose b;, i = 1,... ,n, close to 1 for | |; and close to 0 for | |;, j # ¢.
Then

a=apby + -+ ayb,

works. O

Let K; be the completion of K for |- |;. The statement of the theorem also holds
with a; in K; (rather than K)——choose a} € K very close to a; and a € K very close
to each a;. Thus K (embedded diagonally) is dense in ] K;.

The theorem shows that there can be no finite product formula. More precisely:

COROLLARY 6.4. Let |- |1, | |2, - , |+ |n be nontrivial inequivalent valuations on
a field K. If

’CLHI T ’a’rn = 17 T € Ra

for all a € K*, then r; =0 for all 1.

PRrROOF. If any r; # 0, an a for which |a|; is sufficiently large and the |a|;, j # 1,
are sufficiently small provides a contradiction. [

The reader should compare the Weak Approximation Theorem with what the Chi-
nese Remainder Theorem gives.

EXERCISE 6.5. Let |- |1, ... , | - |, be the valuations on a number field K corre-
sponding to distinct prime ideals p;, and let a4, ... ,a, be elements of K. Let d be a
common denominator for the a; (so that da; € Ok). Show that, for any € > 0, there
is an element a € K such that |a —a;|; < e fori =1,... ,n and |a] < 1/|d| for all
valuations | - | corresponding to prime ideals other than the p;.

Hint: Apply the Chinese Remainder Theorem to the da;.

Notes: The Weak Approximation Theorem first occurs in: Artin, E., and Whaples,
G., Axiomatic characterization of fields by the product formula for valuations, Bull.
AMS, 51, 1945, pp. 469-492. Our account follows the original.

The decomposition of primes. Recall the following theorems from Math 676.

THEOREM 6.6. Let A be a Dedekind domain with field of fractions K, and let L be
a finite separable extension of K of degree n. Let B be the integral closure of A in K.

(a) Letp be a prime ideal of A and write

pB=TI% fiL[B/B:: Alpi.
=1

Then
g
Z eifi = n.
i=1

If L is Galois over K, then Gal(L/K) acts transitively on the B;, and the
numbers e;, f; are independent of i: n =efg.

(b) A prime p ramifies in L (i.e., at least one of the e; is > 1) if and only if
p|disc(B/A).
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Note that, for a Galois extension, except for the finitely many primes that ramify,
the type of the decomposition of pB into prime factors is described by the single
number f.

THEOREM 6.7. Let K and A be as in the preceding theorem, and let f(X) be a
monic polynomial in A[X]. Let L = K|a] with a a root of f(X), and let B be the
integral closure of A in L. The following conditions on p are equivalent:

(a) p does not divide disc(f(X));
(b) p does not ramify in B and Ap[a] is the integral closure of Ay in L (here

Ay ={a/b|b ¢ p});
(c) there is a factorization
f(X) = fi(X) - fy(X) modp
with the f; distinct, monic, and irreducible modulo p.

When these conditions hold, the factorization of p into prime ideals in L is
pB = (b, fi(a)) - (p, fy(a)).

Thus class field theory is really about polynomials in one variable with coefficients
in a number field and their roots: abelian extensions of K correspond to monic
irreducible polynomials f(X) € K[X] such that the permutations of the roots of
f(X) that give a field automorphism form an abelian group; Theorem 6.7 shows that
the factorization of all but finitely many prime ideals of K in an abelian extension L
corresponds to the factorization of a polynomial over a finite field.



CHAPTER VI

L-Series and the Density of Primes

Euler used the Riemann zeta function in rudimentary form to prove that there are
infinitely many prime numbers. In order to prove that the primes are equally dis-
tributed among the different arithmetic progressions modulo m, Dirichlet attached
L-series (regarded as functions of a real variable) to a character of (Z/mZ)*. Rie-
mann initiated the study of the Riemann zeta function as a function of a complex
variable. In this section, we shall (following Weber) extend Dirichlet methods to the
study of the distribution of the prime ideals among the classes in a ray class group.
Except for the definition of the ray class group, this chapter is independent of the
preceding chapters.

In this chapter, we shall need to use a little complex analysis. Recall that the power
series 1 + z + 22—2, + --- converges for all z € C to a holomorphic function, which is
denoted e*. For any positive real number n and complex number z, n* is defined to
be e°8™* where log is the natural log (function R-q — R inverse to e”).

1. Dirichlet series and Euler products

A Dirichlet series is a series of the form
f(s):Z@ a(n)e C, s=o+iteC.
n>1 T
An FEuler product belonging to a number field K is a product of the form
1
g\s) = )
) 1;[ (1= 01(p)Np=) - -- (1 — ba(p)Np~2)

in which p runs over all but finitely many of the prime ideals of O.

01(p> € (C7 s € (C7

EXAMPLE 1.1. (a) The Riemann zeta function is
1 1

)=~ = 11

n>1 P

1—p—s
It is known that the behaviour of ((s), especially in the critical strip 0 < R(s) < 1,
is related to the distribution of the prime numbers.

(b) The Dedekind zeta function. For any number field K,
1
Crl(s) =2

S
>0 Na

1
_l;ll—Np—S'

147
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Here Na = (Ok : a). The sum is over the integral ideals in Ok, and the product is
over the prime ideals in Og.

(c) A Dirichlet character is' a homomorphism
x:I™— C~

whose kernel contains (K1) for some modulus m, i.e., x is a character of the ray
class group CY,. For such a character, the corresponding Dirichlet L-series is

o= ¥ Ao o

aCOg, (m,a)=1 (m,p)=1 1 - X(p>Np_S

(d) A Hecke character (or Grdssen character) is a continuous homomorphism
¥ I /K> — C*

with image in the unit circle. If it is 1 on the identity components of Ix at the
infinite primes, then it factors through C\, for some m, and is a Dirichlet character;
conversely, a Dirichlet character defines a Hecke character with discrete image. A
Hecke character will take the value 1 on some set [[,¢5 U, (S a finite set of primes
containing the infinite primes), and the corresponding Hecke L-series is

1
L —
s(s:9) 1;15 1 — (m,)Np,*

where 7, is an idele with a prime element in the v-position and 1 elsewhere.
(e) Let L be a finite Galois extension of K with Galois group G. Let V be a finite
dimensional vector space over C and let

p:G— GL(V)

be a homomorphism of GG into the group of linear automorphisms of V. We refer to
p as a (finite-dimensional) representation of G. The trace of p is the map sending o
to the trace of the automorphism p(o) of V. For o € G, let

it dimV

P,(T)=det(1—p(o)T | V)= ] (1 —ai(o)T), a; € C,
i=1

be the characteristic polynomial of p(¢). Because P,(T') depends only on the conju-
gacy class of o, for any prime p of K unramified in L, we can define B, (7") to be the
characteristic polynomial of (P, L/K) for any prime ‘B of L dividing p. The Artin
L-series attached to p is

1 1

o =m0~ o 719

(product over all unramified primes of K; a;(p) = a;((B, L/K))).

n the case K = Q and m = oo(m), so that Cy, = (Z/mZ)*, these characters and L-series
were introduced by Dirichlet. For arbitary ray class groups, they were introduced by Weber. Some
authors restrict the terms “Dirichlet character” and “Dirichlet L-series” to the case Q and refer to
the more general objects as “Weber characters” and “Weber L-series”. Dirichlet used L to denote
his L-functions, and the letter has been used ever since.
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2. Convergence Results
We study the elementary analytic properties of Dirichlet series and Euler products.
Dirichlet series.

PROPOSITION 2.1. Let
(n

S~
S
!
g

IS

S
n>1

Write S(x) = 3_,<, a(n), and suppose there exist positive constants a and b such that
|S(z)| < ax® for all large . Then the series f(s) converges uniformly for s in

D(b,0,e) = {R(s) > b+6, |arg(s—10b)| < g — ¢}
for all 6, > 0, and it converges to an analytic function on the half plane R(s) > b.

PROOF. Since every point s with R(s) > b has a neighbourhood of the form
D(b,0,¢), the second part of the statement follows from the first. To prove the
first, we use Cauchy’s criterion for uniform convergence. For large integers n; < no,

_ iS(n)—S(n—l)‘

n1

n2

5 a(n)

S
n=ni n

/n/S

no w_nz—l s(n)

S e T E ey

ni n’ ni—1
s(ng)  s(ng —1) "2 1 1
= - - sn)| — — ———
ns ramn D DR CON for g PR IR
[s(na)|  [s(m = D] A /”“ dt
<
s Ty + 7 + %: |s(n)] |s o
a a 2l | ML dt
< -
S g + e + %: |s|an /n ",
20 " nt1 bt
<
. + %: |s|a /n P
2a © dt
< ot ’5"1/ fot1-b
1 m
2a |sla 1 |
S =5 b
ng o—btr*]
2a |s|a
<

But for s € D(b,9,¢),

|s] :]s—b+bl<]s—bl+ b1 N b < 1

b
+ —

o—>b o—>b o—>b o—b cos o—b " cosf 0§
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1
7 cosf

with 0 = arg(s — b). Now because || < T —¢ is bounded by some number M,

and so
f: a(n) o 2 (M + %)a

The right hand side of this equation tends to zero as n; — oo, and so we can apply
Cauchy’s criterion to deduce the uniform convergence of f(s). O

REMARK 2.2. (a) For the Dirichlet series ((s), S(z) is [z], and so the series of ((s)
converges for R(s) > 1. For (x(s), S(z) is the number of integral ideals in K with
numerical norm < z. It is obvious that S(x) is finite, but in fact (see 2.8) S(z) < Cu.
Therefore the series for (i (and for L(s, x)) converge for R(s) > 1. (It is also possible
to show directly that the Euler products converge for R(s) > 1, which implies that
the Dirichlet series converge. See Frohlich and Taylor, Algebraic Number Theory,
CUP, 1991, VIIL.2.2.)

(b) Let f(s) =X “fzf) be a Dirichlet series with a(n) > 0. If f(s) converges for
all s with R(s) > b, but does not converge on the half-plane {s | R(s) > b — ¢} for
any € > 0, then f(s) — oo as s — 1 through real numbers > 1. i.e., the domain of
convergence of f(s) is limited by a singularity of f situated on the real axis. (See
Serre, Cours..., 1970, I11.2.3.) For example, the series for ((s) does not converge on
any half-plane R(s) > 1 — ¢, € > 0, and, as we shall see, ((s) does have a pole at
s =1.

LEMMA 2.3. The zeta function ((s) has an analytic continuation to a meromorphic
function on R(s) > 0 with its only (possible) pole at s = 1.

PROOF. Define

1 1 1
— ] — = — =
C2(S) s + 3s 48 +
For this Dirichlet series, S(z) = 0 or 1, and so (3(s) is analytic for s > 0. Note that
1 1 1 1 1 1 1 1 1
1 — 4 — 4 — 4o )2 — 4 — ) =] — — — —
(+25+35+4s+ ) (25+4s+6s+ ) TR
that is,
2
(ls) — 2C(s) = (o),
or
_ G(s)
C(S) - 1 — 21_5'

Thus ((s) is analytic for R(s) > 0 except possibly for poles where 257! = 1. But
271 =1 = 826D =1 — (log2)(s — 1) = 2ki,

and so ((s) is analytic except possibly at
2
s=1+—""" keZ

In fact, the only possible pole is s = 1. To see this, define

4‘*()—1+1 2. 1.1 2,
W AT T T T 6
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and observe (as for (3(s)) that (5(s) is analytic for s > 0, and

S
oy =72

Hence ((s) is analytic for s > 0, except possibly for poles at

14 ka"

log 3

Thus, at a pole for ((s), we must have

2k 2k'mi

log2 log3’

or

/

oF — 3k, k k' €Z.
Because of unique factorization, this is possible only if k. =0 =F. O

LEMMA 2.4. For s real and s > 1,

1 1
< <14 —-
s—l_C(s)_ +s—1

Hence ((s) has a simple pole at s = 1 with residue 1, i.e.,

C(s) = T+ function holomorphic near 1.
S p—

PrOOF. Fix an s > 1, s real. By examining the graph of y = 27, one finds that

/Oo x%dr < ((s) <1+ /OO x%dx.
1 1

But )
00 —s |®° 1
/ r %dr = v = ,
1 l—s|, s—1
which gives the inequalities. Because ((s) is meromorphic near s = 1,
c g(s
((s) = -l

(s—1m (s—1)m-1
near s = 1 for some m € N, ¢ € C, and g(s) holomorphic near s = 1. The inequalities

imply that m=1land c=1. O

PROPOSITION 2.5. Let f(s) be a Dirichlet series for which there ezist real constants
C and b, b <1, such that
1S(n) — agn| < Cnl.
Then f(s) extends to a meromorphic function on R(s) > b with a simple pole at s =1
with residue ag, i.e., near s =1

fls) =

+ holomorphic function
S —

near s = 1.

PROOF. For the Dirichlet series f(s) —aog((s), we have |S(n)| < Cn®, and therefore
f(s) — aopC(s) converges for R(s) >b. O
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Euler products. Recall that an infinite product [[72; 1+ b,, b, € C, b, # —1, is
said to converge if the sequence of partial products

IL,=J[1+bn
n=1

converges to a nonzero value. Moreover, the product is said to converge absolutely if
[152, 1+ |b,| converges. It is a standard fact that [I°°, 14 b, converges if it converges
absolutely, in which case, any reordering of the product converges (absolutely) to the
same value.

LEMMA 2.6. The product [I3° 1 + b, converges absolutely if and only if the series
>~ b, converges absolutely.

PRrROOF. We may suppose that b, > 0 for all n. Then both II,, =4 [I7" 1 + b,, and
Y =4 2.1'by, are monotonically increasing sequences. Since II,, > ¥,,, it is clear
that 3, converges if I1,, does. For the converse, note that

e =1le" > T[(1 +b) =1L,
i=1 i=1

and so, if the sequence ¥, converges, then the sequence II,, is bounded above, and
therefore also converges. []

Recall that a product of finite sums, say,

3

is a sum

Z aibjck

1<i<li
1<j<m
1<k<n

of products, each of which contains exactly one term from each sum. Also that

! =14+t+t*+ it <1
1—t ’ '
Hence (formally at least),
1
[T = (L2 ()7 )L 374 () )5 4 (89 o
p

= Y

because each positive integer can be written as a product of powers of primes in
exactly one way. This identity is sometimes referred to as the analytic form of unique
factorization. We now prove a more general result.

PROPOSITION 2.7. Let x be a Dirichlet character of a number field K. For all s
with R(s) > 1, the Euler product [y, W converges to L(s,x).
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PRrROOF. For R(s) > 1,

1 x(p) | x(p?)
— =1+ + 4o
1 — x(p)Np~—s Nps = (Np?)s
Now
1 B x(a)
(,,71,}1 1 —x(p)Np~* 2R (a)=
Np<to

where the second sum runs over all integral ideals expressible as a product of prime ide-
als with numerical norm < ¢o. As ty — 00, the right hand side converges (absolutely)
to L(s, x). Therefore the infinite product converges, and its value is L(s, x). O

Partial zeta functions; the residue formula. Let K be a number field, let m
be a modulus. For any class ¢ in Cy, & I™/i(Kw 1), we define the partial zeta function

1

o= X

a>0, act

(sum over the integral ideals in £).

Note that for any character y of Cy,,

L(s,x) = > x(&)¢(s, ).

teCn

In particular,

Cr(s) =D ((s,8).

teCn

Therefore, knowledge of the ((s, €) will provide us with information about L(s, x) and
Ck(s).
Let

S(x,8) = #{a € t| a integral Na < z} |
i.e., it is the S(z) for the Dirichlet series ((s, ). Recall from Math 676 that there is
a homomorphism

(.U — R uw (log|loi(u)l,...,2log|oms(u)|)

whose kernel is the torsion subgroup of U and whose image is an r + s — 1 dimen-
sional lattice. The regulator reg(K) is defined to be the volume of a fundamental
parallelopiped for this lattice. Let Uy 1 = U N Ky,1. Then Uy has finite index in U,
and we define reg(m) to be the volume of the fundamental parallelopiped for ¢(Us 1).
Thus reg(m) = reg(K)(U : U(m)).

PROPOSITION 2.8. For all x > 1,

1S(2,8) — gl < Cal=h,  gn — —22m)reg(m)

d:[KQ]:
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where
r = number of real primes,
s = number of complex primes,
Wy = number of roots of 1 in Ky 1,
N(m) = N(m)2",
ro = number of real primes in m, and

Agjg = discriminant of K/Q.

PROOF. First show that there is an integral ideal by € €. Then for any a € &,
a integral, aby = (), some a € Ok. Now S(z, ) is the number of principal ideals
(a) such that o € by N K1 with | Nm(a)| < #N(bg). Now count. The techniques
are similar to those in the proof of the unit theorem. For the details, see Lang 1970,
V1.3, Theorem 3. (A slightly weaker result is proved in Janusz 1996, IV.2.11). O

COROLLARY 2.9. The partial zeta function ((s,€) is analytic for R(s) > 1 — 5
except for a simple pole at s = 1, where it has residue gn,.

ProoF. Apply Proposition 2.5. [
Note that g, does not depend on &.

LEMMA 2.10. If A is a finite abelian group, and x: A — C* is a nontrivial char-
acter (i.e., homomorphism not mapping every element to 1), then

Z x(a) =0.

a€A

PROOF. Because x is nontrivial, there is a b € A such that x(b) # 1. But

Y x(a) =" x(ab) = (3 x(a)x(b),

a€A a€A

and so
(x(6) = 1) >_x(a) =0,
which implies that >, x(a) =0. O
COROLLARY 2.11. If x is not the trivial chaaracter, then L(s,x) is analytic for
R(s) >1—1.
PROOF. Near s =1,

t
_ Zéecm—xi)g‘“ + holomorphic function,
s —

L(s,x) = > x(€)-((s,¥)

teCn

and the lemma shows that the first term is zero. []

Later we shall see that L(1,x) # 0.
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COROLLARY 2.12. The Dedekind zeta function (k(s) is analytic for R(s) > 1 — %
except for a simple pole at s = 1, where it has residue

27(2m)°reg(K)
wi|Al2
PROOF. Recall that (x(s) = Yecc, ((s,8). O
EXAMPLE 2.13. (a) For K = Q, the last formula becomes 1 = 2.
(b) For K = Q[/d], the formula becomes

hi

' —21°gl(“) hi, u > 1 a fundamental unit ,d > 0
lim(s —1)C(s) =9 2, 4
wi|A|2

It is possible to find a closed formula for the expression on the left, and this leads to a
very simple expression for the class number. Recall that the Artin map for K/Q can
be regarded as a character y: I® — {41} where S is the set of primes that ramify.
Rather than a map on ideals, we regard it as a map on positive integers, and we
extend it to all positive integers by setting x(m) = 0 if m is divisible by a prime that
ramifies in K. Thus x is now the multiplicative map on the set of positive integers
taking the values

1 if p splits in K

x(p) = ¢ —1 if p remains prime in K

0 if p ramifies in K.

For a quadratic imaginary field with discriminant < —4, the formula becomes

1
hg = —— x(x).
2— X(Q) (x,%):l
0<z<|Al/2

For example, if K = Q[v/—5], then |A| = 20, and
1 4
h=5— 0@ +xEB) +x(M) +x09)) =5 =2,
because 2 ramifies, and
—5=1=1? mod 3, —5=2=3% modT.
See Borevich and Shafarevich, 1966, Chapter 5, Section 4, for more details.

3. Density of the Prime Ideals Splitting in an Extension

For a set T" of prime ideals of K, we define (xr(s) = [Iyer ﬁ. If some positive

integral power (xr(s)" of (xr(s) extends to a meromorphic function on a neigh-
bourhood of 1 having a pole of order m at 1, then we say? that T has polar density
(T)=m/n.
PROPOSITION 3.1. (a) The set of all prime ideals of K has polar density 1.
(b) The polar density of any set (having one) is > 0.
(c) Suppose that T is the disjoint union of Th and Ty. If any two of T', T1, Ty have
polar densities, then so also does the third, and §(T') = 6(1T1) + 0(13).

2Following Marcus, Number Fields, Springer 1977, p188.
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(d) If T C T, then 6(T) < 6(T") (when both are defined).

PROOF. (a) We know that (x(s) itself extends to a neighbourhood of 1, and has a
simple pole at 1.

(b) To say that T has negative density means that (g r(s) is holomorphic in a

neighbourhood of s = 1, and is zero there. But (x 7 (1) = [I,er # > 0.

(c) Clearly,
Crr(s) = Crmy(8) - Cry(5)

Suppose, for example, that (x 7(s)™ and (x 7, (s)™ extend to meromorphic functions
in neighbourhoods of 1, with poles of order n and ny; at 1. Then (xr1,(s)™™ =
Crr(s)™™ /Crer (s)™™ extends to a meromorphic function in a neighbourhood of 1,
and has a pole of order min — mny at 1. Therefore

§(Ty) = 0 T 5(7) — §(T).

mmaiq mmaiq

(d) Combine (c) with (b). O

PROPOSITION 3.2. If T' contains no primes for which Np is a prime (in Z), then
(T)=0.

PRrROOF. For p € T, Np = p/ with f > 2. Moreover, for a given p, there are at
most [K : Q] primes of K lying over p. Therefore (xr(s) can be decomposed into
a product [I%, gi(s) of d infinite products over the prime numbers each factor of a
gi(s) being 1 or of the form ﬁ with f > 2. For each 4, g;(1) < X,5on" 2 = ((2).
Therefore g;(s) is holomorphic at 1. O

COROLLARY 3.3. Let Ty and Ty be sets of prime ideals in K. If the sets differ only
by primes for which Np is not prime and one has a polar density, then so does the
other, and the densities are equal.

THEOREM 3.4. Let L be a finite extension of K, and let M be its Galois closure.
Then the set of prime ideals of K that split completely in L has density 1/[M : K].

PROOF. A prime ideal p of K splits completely in L if and only if it splits completely
in M. Therefore, it suffices to prove the theorem under the assumption that L is
Galois over K. Let S be the set of prime ideals of K that split completely in L, and
let T be the set of prime ideals of L lying over a prime ideal in S. Corresponding
to each p in S, there are exactly [L : K| prime ideals P in 7', and for each of them
Nmy, kP = p, and so NP = Np. Therefore, (x,s(s) = (r.r(s)EE. But T contains
every prime ideal of L that is unramified in L/K for which N¥ = p. Therefore T
differs from the set of all prime ideals in L by a set of polar density 0, and so 7" has
density 1. This implies that (x s(s) has the property signifying that S has density
1/[L: K]. O

COROLLARY 3.5. If f(X) € K[X] splits into linear factors modulo p for all but
finitely many prime ideals p, then f splits into linear factors in K.

PrROOF. Apply the theorem to the splitting field of f. O
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COROLLARY 3.6. For Galois extensions L and M of a number field K,
L C M <= Spl(L) D Spl(M).
Hence
L=M < Spl(L) =Spl(M),
and
L — Spl(L)
is an injection from the set of finite Galois extensions of K (contained in some fized
algebraic closure) to the set of subsets of {p C Ok}.
PROOF. See the proof of (V.3.23). O

EXAMPLE 3.7. Let f(X) be an irreducible polynomial of degree 3. The density
of the set of primes p for which f(X) splits modulo p is 1/3 or 1/6 depending on
whether f(X) has Galois group C3 or Ss.

COROLLARY 3.8. For any abelian extension L/K and any finite set S O S of
primes of K including those that ramify in L, the Artin map ¥rk : I° — Gal(L/K)
18 surjective.

PROOF. Let H be the image of ¢y, /. Forallp ¢ S, (p, L /K) = (p, L/K)|L" =1,
which implies that p splits in L¥. Hence all but finitely many prime ideals of K split
in L which implies that [L¥ : K| =1. O

4. Density of the Prime Ideals in an Arithmetic Progression
Let f(s) and g(s) be two functions defined (at least) for s > 1 and real. We write
f(s)~g(s) assll
if f(s) — g(s) is bounded for

l<s<1+e, sreal, somee > 0.

Note that
f(s) ~ dlog as s | 1
S p—
implies
lim f(si = 0.
sll log —

When f(s) and g(s) are functions holomorphic in a neighbourhood of s = 1 except
possibly for poles at s = 1,

f(s)~g(s) assll

if and only if f(s) and g(s) differ by a function that is holomorphic on a neighbourhood
of 1.

Let T be a set of primes of K. If there exists a § such that

1
> ~ ¢ log
e Nps s—1

then we say that T has Dirichlet density §.

ass | 1,
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If the limit
. number of p € T" with Np < x
im

z—oo  pnumber of p with Np < x

exists, then we call it the natural density of T

PROPOSITION 4.1. (a) If the polar density exists, then so also does the Dirichlet
density, and the two are equal.

(b) If the natural density exists, then so also does the Dirichlet density, and the
two are equal.

PROOF. (a) If T has polar density m/n, then

a g(s)
G_17 ' (s_Dmt

Crr(s)" =

where g(s) is holomorphic near s = 1. Moreover, a > 0 because (xr(s) > 0 for s > 1
and real. On taking logs, we find that

1
— ~ml 1
nzT:NpS m ogs_1 as s | 1,
which shows that 7" has Dirichlet density m/n.
(b) See Goldstein 1971, p252. O

REMARK 4.2. (a) A set 7" may have a Dirichlet density without having a natural
density. For example, let T" be the set of prime numbers whose leading digit (in the
decimal system) is 1. Then T" does not have a natural density, but its Dirichlet density
is log;(2) = -3010300... (statement in Serre 1970, Cours..., VI.4.5). Thus it is a
stronger statement to say that a set of primes has natural density 6 than that it has
Dirichlet density. All of the sets whose densities we compute in this course will also
have natural densities, but we do not prove that.

(b) By definition, polar densities are rational numbers. Therefore any set having a
natural density that is not rational will not have a polar density.

Recall that the exponential function

ZTL

e = Zﬁ =e"(cosy + isiny), z=x+ 1y,

defines an isomorphism from
{zeC| —1m<3(z2) <7}
onto the complement of the negative real axis
{zeR|z<0}

in C whose inverse is, by definition, the (principal branch of)) the logarithm function
log. With this definition

log z = log |z| + i arg 2

where the log on the right is the function defined in elementary calculus courses and

—rm<argz <.
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With this definition

22 23
1 = — =+ 1.
0g T z—|—2+3—|— , |z| <
LEMMA 4.3. Let uy,us,... be a sequence of real numbers > 2 such that
ax 1
df
f(S) - 1:[1 1 — U*_S
j= J

is uniformly convergent on each region D(1,0,¢), 6, > 0. Then
1
log f(s) ~> — ass | 1.
u 3

Proor. We have

1 = 1
og f(s) Z:l S —
J= J
_ Z s 1
T el mus™
1 > 1
= 2ot —
i U T m=e Y
1
= Z s + g(S)’
i
where
]g(S)ISZZ sm :ZZ mo JZ?R(S)
j=1 m=2 | VU j=1 m=2 "MU;
Estimate the inner sum by using (v > 2, o > 1)
> 1 171N\ 1 1 1 u™? 1
<Y (=) == —uT 1y == < —.
T;Qmum“_;QQ(u") 2{1—u—" “ } 21 —u=" wu?
Hence

l9(s)] < f(20).
Because f(s) is holomorphic for #(s) > 1, f(2s) is holomorphic for #(s) > 1, and so
g(o) is bounded as o | 1. [

PROPOSITION 4.4. (a) The set of all prime ideal of K has Dirichlet density 1.

(b) The Dirichlet density of any set (having one) is > 0.

(c) If T is finite, then §(T) = 0.

(d) Suppose that T is the disjoint union of Th and Ts. If any two of 6(T1), §(T»),
d(T) are defined, so is the third, and §(T') = 0(11) + 6(1%).

(e) If T C T, then 6(T) < 6(T") (assuming both are defined).

PROOF. (a) The set of all primes ideals even has polar density 1.
(b) For s > 0 real, NLPS >0, and for s =1+ ¢, logs%1 = —loge, which is positive
for 0 <e < 1.

(c) When T is finite, >-,cr NLPS is holomorphic for all s and hence bounded near any
point.
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(d) Clearly
1 1
Z Nps - Z Nps +

peT peTy

Therefore, if, for example,

1 1 1 1
ZNpS LS ST ZNpS 28T

peT peTs

then
1

Nps

D

peT

(e) If both §(7") and §(7”) exist, then so also does §(7"\ T'), and

N((51+(52)10gs_ .

S(T") — (1) L 5(1\ T) 2 0,

O

PROPOSITION 4.5. Let T' be the set of prime ideals of K having degree 1 over Q,
i.e., such that the residue class degree f(p/p) = 1. Then §(T) = 1.

PROOF. The complement of T" has polar density 1 (Proposition 3.2) O

COROLLARY 4.6. Let T be as in the Proposition. For any set S of primes of K
having a Dirichlet density

5(T'NS) =d(S).

PROOF. The complement 7" of T" has density 0, and it follows easily that §(SNT") =
0. Because S is the disjoint union of S N7 and S N7’ this implies that 6(SNT) is
defined and equals 6(S5). O

LEMMA 4.7. Let A be a finite abelian group, and let a € A. Then

> x(a) =.

XEAY
Here AY is the group of characters of A, i.e., AY = Hom(A,C*).
PROOF. If a = 1, then x(a) = 1 for all x, and so the statement follows from the

fact that AY has the same number of elements as A (it is in fact noncanonically
isomorphic to A). If a # 1, there is a character y; such that x1(a) # 1. Then

> x(@) =Y ax)a) = Y xi(a)x(a) = xila) Y x(a).

x€AY x€AY x€AY x€AY

Since x1(a) # 1, this implies that >, c4v x(a) = 0.
Alternatively, identify A with AVY by means of the isomorphism

a— (x—x(a): A— (AY),

and apply (2.10). O
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THEOREM 4.8. Let m be a modulus for K, and let H be a congruence subgroup for
m:
I™ D H D i(Kn1).
Then
[ 1/(%™  H) if L(1, x) is nonzero for all characters x # xo of 1°™ /H;
o({p € H}) = { 0 otherwise.

PROOF. Let x be a character of I™ trivial on H, and let

1
K==

Then the argument in the proof of (4.3) shows that

x(p)
log L(s,X) = Y v
pim Np

is holomorphic for R(s) > 1. In particular,

log(L(s,x)) ~ > éif;} as s | L.
pfm

But (see 4.7)
) h peHd
and so, on summing over all x, we find that

1
ZlogL(s,X)NhZN—ps as s | 1.
X

peH

If x # X0, then L(s, x) is holomorphic near s = 1, say L(s, x) = (s — 1)™g(s) where
m(x) > 0 and g(1) # 0. Thus
1
log L(s, x) ~ m(x)log(s — 1) = —m(x)log —.
If x = X0, then L(s, x) = (x(8)/ Ipjm ﬁ, and so
log L(s, xo0) ~ log Ck(s) ~ log . as s | 1.
On combining these statements, we find that
1
iy Np~*~ (1= 37 m(x))log —,
peH X#X0 5
and hence
1—
s(p € Hy) = T Tt

h

This shows that 6({p € H}) = + if L(1,x) # 0 for all x # xo, and 6({p € H}) =0
otherwise (and at most one L(s,x) can have a zero at s = 1, and it can only be a
simple zero). [
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The Second Inequality.

THEOREM 4.9. For any Galois extension L of K and modulus m of K,
(I5M™) : §(Kpy) - Nm(I;™)) < [L: K].

PROOF. Let H = Nmy i I} - K*. From Theorem 4.8, we know that 6({p € H}) =
1/(I°™ : H) or 0, and that the first case holds exactly when, for all nontrivial
characters y of I°/H, L(1,x) # 0.

If p splits in L, i.e., f(*P/p) = 1 for all P|p, then p is the norm of any prime ideal
of Op lying over it, and so {p € H} contains the set of prime ideals splitting in L.
Hence, Theorem 3.4 shows that

S({p e HY) = [L: K] 0.
On combining the two statements we find

(a) o({p e H})#0;

(b) that for all nontrivial characters y of I°/H, L(1, ) # 0;
(€) (I5: H) =d({p € HY) < [L: K]
]

COROLLARY 4.10. Let x be a nontrivial character of Cy, and suppose that there is
a Galois extension L of K such that Nmp, i Camz, C Ker(x). Then L(1,x) # 0.

ProoOF. This was shown in the course of the proof of the theorem. [

The Reciprocity Law (Theorem V.3.5) implies that the hypothesis of the corollary
holds for all x. It is possible to prove that L(1, x) # 0 without using class field theory,
but, at this point we prefer to return to class field theory. We shall complete the proof
of the Chebotarev Theorem in Chapter VIII.



CHAPTER VII
Global Class Field Theory: Proofs of the Main Theorems

In this chapter we prove the main theorems of global class field theory, namely,
the Reciprocity Law and the Existence Theorem (Theorems V.5.3, V.5.5), following
the method of Tate’s article in Cassels and Frohlich 1967 (see also Artin and Tate
1951/52). Throughout, we work with ideéles rather than ideals.

This chapter is independent of Chapter VI, except that Theorem VI.4.9 can be used
to replace Section 6. We shall need to refer to Chapter V only for the definitions of
the idele class group and the the definition of the global Artin map ¢ : I — Gal(L/K)
as the “product” of the local Artin maps (Section 5). On the other hand, we shall
make frequent use of the results in Chapters II and III.

1. Outline

Let L/K be a finite Galois extension of number fields with Galois group G. The

idele class group Cy, a I,/L* plays the same role for global class field theory that the
multiplicative group L* plays for local class field theory. In particular, when L/K is
abelian, we shall prove that there is a isomorphism

¢ : CK/NHIL/K(CL) — G

whose local components are the local Artin maps, i.e., such that for any prime v of
K and prime w of L lying over it, the following diagram commutes,

KX =2 Gal(Ly/K,)

l l

Iy —2— Gal(L/K)
where ¢, is the local Artin map of Chapters II and IV.

According to Tate’s theorem I1.2.18, to obtain such an isomorphism, it suffices to
prove that, for every finite Galois extension L/K with Galois group G,

(a) H'(G,C) = 0;
(b) H*(G,Cy) is cyclic of order [L : K] with a canonical generator ur,s;
(c) if E D L D K are two finite Galois extensions of K, then Res(up/x) = ur/k.

The isomorphism ¢,k is then the inverse of that defined by ur/ K,

H:*(G,7) — HYG,Cyp).

163
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Once the fundamental class ur/x has been shown to be compatible with the local
fundamental classes, ¢,k will be a product of the local Artin maps.

In fact, we adopt a slightly different approach. We shall define the global Artin
map Cx — Gal(L/K) to be the “product” of the local Artin maps, and we shall use
results slightly weaker than (a) and (b) to deduce that it has the correct properties.

In Section 2, we express the cohomology of the idéles in terms of the cohomology
of the local fields,

HY(G, 1) =1g; H(G, 1) = @ .HH (G, L)

(sum over the primes v of K; for some choice of a prime w|v, GV is the decomposition
group of w and LV = L,,). After computing the Herbrand quotient of the group of
S-units in Section 3, we prove the first inequality,

For any cyclic extension L/K, (Cx : Nmy,x Cr) > [L : K].

in Section 4. We also prove in Section 4 that, for any abelian extension, the Galois
group is generated by the Frobenius elements. In Section 5 we state the theorem,

For any Galois extension L/K of number fields,
(a) (Ck : Nmy/x Cr) < [L: K] (second inequality);
(b) H'(G,Cp) =1;
(c) H*(G,Cy) has order < [L: K].

and we prove it using Theorem VI.4.9. In the following section, we give a different
proof of the theorem that avoids the use complex analysis.

After some preliminaries on Brauer groups, in Section 7 we complete the proof of
the reciprocity law by showing that, for any abelian extension L/K, K* is contained
in the kernel of ¢r/k : Ix — Gal(L/K). Because we already know that Nmy /x(I.)
is contained in the kernel of ¢,k and that ¢,k is surjective (because Gal(L/K) is
generated by the Frobenius elements), the second inequality implies that ¢/ is an
isomorphism.

We prove the Existence Theorem in Section 9 by showing the every (open) subgroup
of finite index in Ck contains the norm group of some subextension of the extension
obtained by first adjoining a root of unity to K and then making a Kummer extension.

To some extent, the cyclic cyclotomic extensions of K play the same role as the
unramified extensions of a local field. For example, a key point in the last step of
the proof of the Reciprocity Law is that every element of Br(K') is split by a cyclic
cyclotomic extension.

2. The Cohomology of the Ideles

Let L/K be a finite Galois extension of number fields with Galois group G. Recall
that 0 € G acts on the primes w of L lying over a fixed prime v of K according to
the rule |oalyy = |aly. Therefore o is an isomorphism of valued fields

(L | w) = (Lo | low),
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and so extends to the completions: there is a commutative diagram

Lw L) Law

A‘\’iw A‘&’iaw

L —2— L.

Fix a prime v of K, and let wy be a prime of L lying over v. The map o — cwy
defines a bijection

G/Guy — {wlv},
where G, is the decomposition group of wy.

We wish to extend the action of G on L to an action of G on []
676, 8.2) that the map

L. Recall (Math

wlv

a®biy(a)b: L@k Ky — [] Lu
wlv
is an isomorphism. The group G acts on L ®k K, through its action on L, and we
use the isomorphism to transfer this action to [[,, Lw. Thus,

wlv

(a) the elements of G acts continuously on [, Luw;
(b) all elements of the form (a, ... ,a), a € K,, are fixed by G;
(c) foranya e L, o(... iyw(a),...) = (... ,iw(oa),...).

These conditions determine the action uniquely.

LEMMA 2.1. For o € G and a = (a(w)) € [yjw Lw,
(ca)(w) = o(alo™ w).  (¥)

PRrROOF. The rule (x) does define a continuous action of G on [] Ly, and so it
suffices to check that it satisfies (b) and (c). Condition (b) is obvious. For (c), let
a(w) = iy(a), a € L. Then (by (x))

(ca)(w) = o(ig-14(a)).

When we replace w with o~ 'w in the commutative diagram above, we obtain the
formula o 0 i,-1,, = i, 0 0. Therefore
(ca)(w) = iy(oa),

as required. [

In more down-to-earth terms, (ca)(ocw) = o(a(w)): if a has the element @ in the
w-position, then oo has the element oa in the ocw-position.

Note that the action of G on []
and J[,y Uw Of [Ty Law-

wjv Lw induces an action of G on the subsets [, L,

PROPOSITION 2.2. Choose a wol|v, and let Gy, be its decomposition group. For
@ € [y Lw and 0 € G, define fo(0) = o(a(c " wy)). Then fo € IndgwO (Ly,), and
the map

@ foi [] L — IndG, (Lu,)

wlv
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15 an isomorphism of G-modules. Similar statements hold with L., replaced with L
and with U,,.

PROOF. Recall (II.1) that
Indg, (Luy) = {f: G = Luy | f(po) = pf(0), all p € Gy}

and that 7 € G acts on f € Ind§, , (L) according to the rule (7f)(c) = f(o7). For
p € Gy,
falpo) = po(alo™"p~ wo)) = po(a(o™ wo)) = pfa(o),
and so f, € IndgwO (Luw, ). Moreover,
(7f2)(0) = foloT) = or(a(t7 o wg)) = o(ra) (0 wo) = fralo),
and so a +— f, is a homomorphism of G-modules [[,, L, — IndgwO (Luy,). Given
fe IndgwO (Luy ), set
ap(w) =o(f(c™), w=ow.
Then f — oy is an inverse to a — f,. 0O

ProproSITION 2.3. For all r,
H’"(G,HLX = H(Guy, Ly,)-

wlv

HYG ] L) = K

wlv

In particular,

Similar statements hold with L., replaced with U,,.

Proor. We have
H' (G, J[ L) = H'(G,Indg, L)) = H (G, Lyy,)
wlv
by Shapiro’s lemma (I1.1.11). O
REMARK 2.4. The group H"(Gu,, L;;,) is independent of the prime wy dividing v
up to a canonical isomorphism, for let w be a second such prime. Then we can write
w = owy, and we have a compatible pair of isomorphisms
T 070 " Gy — G, T 0w Ly — Ly,
and hence isomorphisms
H"(Gw, L) — H"(Gu,, Lyy,)
for each r (see II.1).

If w = o’wy, then ¢’ = o7 with 7 € G,,,. The maps defined by ¢ and ¢’ differ by
the automorphism of H"(G.,, Ly, ) defined by 7, which is the identity map (I1.1.27d).
Therefore H" (G, Ly, ) and Hr(Gw,qu}) are canonically isomorphic. This suggests
the following notation: choose a prime w|v and set,

G =Gy, L'=Ly, U’=U,.

These objects are defined only up to noncanonical isomorphisms, but H"(G", L")
and H"(G",U") are defined up to canonical isomorphisms.
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We endow I; with the action of GG such that the inclusions

HL;; —>HL

wlv

are GG-homomorphisms. Thus if « has a,, in the w-position, then o« has oa,, in the
ow-position.

PROPOSITION 2.5. (a) The map Ix — 1, induces an isomorphism I — I¢.

(b) For allr >0, HH(G,1) = &, HR(GY, L¥™).

PROOF. (a) Clearly a = (a,,) is fixed by G if and only if each subfamily (a. )|y is
fixed by G. But (auw)y|s is fixed by G only if a,, is independent of w and lies in K.

(b) For each finite set S of primes of K, let

Ins = [TATL3) x TTTTUw).

veES wlv vgS wlv

Then [ g is stable under the action of G, and I, is the directed union of the I ¢ as
S runs over the finite sets of primes of K containing all infinite primes and all primes
that ramify in L. Hence (see 11.3.3),

Hr(Ga HL) = h—H>1HT(G7 HL,S)-
On applying (I1.1.25) and (2.3), we find that
H'(GIps) = J[H(G]]Ly) > [T H(G.]]U)

veES wlv vgS wlv
= [[ a7 @1 x [ H(G,UY).
veES v¢S

Because of (II1.2.1), the second factor is zero when r > 0, and so
H"(G,1;) =lim sH"(G,Is) = lim g ®pes H'(GY, L) = @an oH"(G", L™).
The same argument works for » < 0 when one uses the Tate groups. [

COROLLARY 2.6.  (a) H*(G,I) = 0;
(b) H*(G,1L) ~ &, (R%Z/Z), where n, = [LV : K,).

PRroOOF. (a) Apply Hilbert’s theorem 90.
(b) From Theorem III.1.1 we know that the invariant map gives an isomorphism
1

H2(Gv, L'UX) i)
Ny

7/7.

O

PROPOSITION 2.7. Let S be a finite set of primes of K, and let T be the set of
primes of L lying over primes in S. If L/K is cyclic, then the Herbrand quotient

h(HL,T> = H Ny, Ny = [Lv : Kv]

veS
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Proor. We have

Lr = (H(HL;>) y (H(Hzm).

veES wlv vgS wlv

The Tate cohomology of the second factor is zero, and so the Herbrand quotient

MG Ir) =[] MG T] L) = [T h(G", L) = [] #H*(GY, L) = [] no-

veS wlv veS veS veS

O

The norm map on idéles. Let L/K be a finite Galois extension of number fields.
As for any G-module, there is a norm map

T +— Hax:HL—MIf:HK.
oeG

We need to examine this map. Recall (Math 676, 8.3) that there is a commutative
diagram:
L* —— Tlyw Lo

wlv

leL/K l(aw)’—’n NmLu,/KU Qw
X X
K* —— K.

For any w, Nm L is open in K (for example, because it is of finite index), and for
any unramified w, the norm map sends U, onto U, (see I11.2.2). The image of the
right hand vertical map in the diagram is just Nm L for any w|v (because any two
L,’s are K,-isomorphic). We denote it by Nm L"*.

Let S D S, be a finite set of primes of K containing those that ramify, and let T’
be the set of primes lying over a prime of S. The above remarks show that

Nmp/xlpr = H Ve X H Uy,
veES v¢S

where V), is an open subgroup of finite index K. This is an open subgroup in Ix g
and [ s is open in [x. We have proved:

PROPOSITION 2.8. For any finite Galois extension L/K of number fields,
Nmy, g I contains an open subgroup of Ix and therefore is itself open.

Consider
0 Lx I CL 0
J/NmL/K J/NmL/K l
0 K~ Ik Cxk 0.

The left hand square commutes, and so the norm map I[; — Ix induces a norm map
C; — Cg. From the snake lemma, we find that the quotient map Iy — Cg induces
an isomorphism I /K* - Nm(I;) — Ck.
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3. The Cohomology of the Units

Let L/K be a finite extension of number fields with Galois group G. Let S D S
be a finite set of primes of K, and let T" be the set of primes of L lying over a prime
of K in S. Because T is stable under the action of GG, the group of T-units

UT) L {aeL|ordy(a)=0all w¢T}
is also stable under G.

PROPOSITION 3.1. In the above situation, assume that G is cyclic. Then the Her-
brand quotient h(U(T')) is defined, and satisfies

n-h(U(T)) = [ n,

veS

where n = [L : K] and n, = [L" : K,].

We first show that any two G-stable full lattices® in the same real vector space have
the same Herbrand quotient. Then we construct two such lattices, one with Herbrand
quotient n - h(U(T')) and the other with Herbrand quotient [] n,.

LEMMA 3.2. Let G be a finite group, and let k be an infinite field. Let M and
N be k[G]-modules that are of finite dimension when regarded as k-vector spaces. If
M ®y, Q2 and N ® Q are isomorphic as Q[G] modules for some field Q D k, then they
are already isomorphic as k[G]-modules.

PrOOF. First note that if V' is the space of solutions for a system of homogeneous
linear equations over k, then the solution space for the same system of equations over
) admits a basis with coordinates in k. In fact, the standard algorithm for finding a
basis for the solution space yields the same result when carried out over k or €.

A k-linear map o : M — N is a G-homomorphism if a(om) = ca(m) all m € M,
o € G. Once bases have been chosen for M and N, giving a k-linear map o : M — N
is the same as giving a matrix A, and the condition that o be a G-homomorphism
takes the form A - B(o) = C(o) - A for certain matrices B(o) and C(c). This is
a linear condition on the coefficients of A, and so the remark shows that there are
k[G]-homomorphisms ai,...,q, : M — N that form an Q-basis for the space of
Q[G)-homomorphisms M ®;, 2 — N ®;, .

Because M @5 2 and N ®; Q are isomorphic as Q[G]-modules, there exist
ai,...,a, € € such that > a;q; is an isomorphism, and hence has nonzero deter-
minant. But det(} a;«;) is a polynomial in the a; with coefficients in k, and the
preceding sentence shows that not all of its coefficients are zero. As k is infinite,
there exist a;’s in k such that Y- a;a; has nonzero determinant (see the proof of the
Normal Basis Theorem 11.1.24), and hence is a k[G]-isomorphism M — N. O

REMARK 3.3. (For the experts). It is possible to give an alternative proof of the
lemma (at least when k has characteristic zero). The group H of automorphisms of
M as a k[G]-module is a product of groups of the form GL4(D), D a division algebra
over k. The functor of isomorphisms M — N is a principal homogeneous space for H

'Recall that a subgroup M of a real vector space V is called a full lattice if M is the Z-submodule
generated by a basis for V'; equivalently, if the canonical map R ®7 M — V is an isomorphism. The
definition of a full lattice in a Q-vector space is similar.
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(nonempty, because there exists an isomorphism over some field containing k), and
hence defines an element of H'(k, H). Now a generalization of Hilbert’s theorem 90
shows that H'(k, H) = 1.

LEMMA 3.4. Let G be a finite cyclic group, and let M and N be G-modules that are

finitely generated as Z-modules, and such that M ®7 Q and N ®z Q are isomorphic
as G-modules. If either h(M) or h(N) is defined, so also is the other, and the two
are equal.

PrOOF. After (I1.2.16), we may assume that M and N are torsion free. Choose
an isomorphism
a:MQ — NQ.
Then o(M) and N are lattices in the same Q-vector space, and so a(M) C n~!N for
some n € N (express the elements of a basis for «(M) in terms of a bases for N, and
let n be a common denominator for the coefficients). After replacing a with na, we
have that a(M) C N. Now we have an exact sequence

O—>Mﬁ>N—>N/Oz(M)—>O

with N/a(M) finite, and we can apply (I1.2.16) again to deduce that h(M) =
h(N). O

LEMMA 3.5. Let G be a finite cyclic group, and let V be a real vector space on
which G acts linearly (i.e., V is an R[G]-module). Let M and N be two G-stable full
lattices in V. If either h(M) or h(N) is defined, then so is the other, and they are

equal.

PROOF. Because M and N are full lattices in V', the canonical maps
M®;,R—V, N;R—-V

are isomorphisms. These maps are G-homomorphisms, and therefore (3.2) M ®;Q ~
N ®7 Q as Q[G]-modules, and we can apply Lemma 3.4. O

We now complete the proof of the Theorem. Let V' be a product of copies of R
indexed by the elements of T, i.e.,

V = Hom(T, R).
We let G act on V according to the rule:
(cf)(w) = f(c™'w), oc€G, weT.
The first lattice in V is N & Hom(T,7Z). For each v € S, choose a w lying over v,

and let GV be the decomposition group of w. The sets G¥ - w, v € S, are the orbits
of G acting on T'. In particular, T" is a disjoint union of these sets, and so

Hom(T,Z) = &, Hom(G/G", Z).
But Hom(G/GY,7Z) = Ind%, (Z) (Z regarded as a trivial G¥-module). Therefore,
WG, N) =[] (G, Ind&.(Z)) = [[MG", Z) = [ no-

We now define the second lattice. Let A : U(T) — V be the map a —
(...,log|a|w,-..), and let M° to be the image of A\. Note that A commutes with
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the action of G. The kernel of A consists of the elements a of L* such that |a|, = 1

for all w (including the infinite primes). These are the roots of 1 in L, and so
h(U(T)) = h(M®). The product formula shows M? is contained in the subspace

VO:wa:(),

of V, and the proof of the T-unit theorem shows that M? is a lattice in V? (cf. Math
676, 5.7). The vector e = (1,1,... ,1) is stable under G, and we define M = M°+ Ze.
Then M @z R =V 4+ Re =V, and so M is a lattice in V. Moreover,

h(M) = h(M°) - h(Z) = h(M°) - n.

This completes the proof Proposition 3.1.

4. Cohomology of the Idele Classes I: the First Inequality

Let L/K be a finite Galois extension of number fields with Galois group G. We
have a commutative diagram of G-modules with exact rows,

0 K~ Ik Cg 0
O LX HL CL 07

That the rows are exact is the definition of the idele class groups. The vertical arrows
in the left hand square are the natural inclusions. The square therefore commutes,
which shows that the right hand vertical arrow exists.

LEMMA 4.1. The canonical map Cx — Cp, induces an isomorphism

Cx — CY = H°(G,Cy).

PrROOF. From the bottom row of the above diagram, we obtain a cohomology
sequence

0 —— HYG,L*) —— HYG,I;) —— HYG,C) —— HYG, L")

Lx¢ ;¢ c¢ 0
which can be identified with
0— K* =1 — Cxg —0.

O

The ideal class group of a number field is finite, and it is generated by the classes
of prime ideals. Therefore, it is generated by a finite number of prime ideals.

LEMMA 4.2. Let K be a number field, and let S O S be a finite set of primes of
K containing a set of generators for the ideal class group of K. Then

Iy =K Ig.
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PrROOF. The condition that S contains a set of generators for the ideal class group
of K means that every fractional ideal a can be written

a=b-(c
with b in the group generated by the prime ideals in S and ¢ € K*. Therefore,
a = (c) in the quotient group I° = I/ <S>, and so I°/i(K*) = 0.
For any finite set S O Ss of primes of K, the natural map I — I° defines an
isomorphism I/Ig = I°. On dividing out by K> on both sides, we find that I/K> -
I¢ 2 I9/i(K*)=0. O

Recall that we want to prove that for any abelian extension L/ K, Cx/Nmy /x Cp =
Gal(L/K) and that for any Galois extension H'(G,Cy) = 1. For a cyclic extension,
the two statements imply that the Herbrand quotient

hCy) & (if;[ i(l\gflc(i? _ L K]

As a first step, we verify this equality.

THEOREM 4.3. For any finite cyclic extension L/K of number fields, h(Cr) = [L
K].
PROOF. Let S any finite set of primes of K such that:

(a) S D S, the set of infinite primes of K;

(b) S contains all primes that ramify in L;

(c) S contains the prime ideals PN O for a set of generators P of the ideal class
group of L.

Let T be the set of primes of L lying over a prime in S. Condition (c) implies that
I, =17 -L*, and so

C,¥1,/L% =L% 1pp/L* 2 1p0/L7 Ny
Note that
L*Nlr={a€ L]|ordy,(a)=0,YVw ¢ T} =U(T),
and so
hCr) = h(lLr)/R(U(T)).

The theorem now follows from Proposition 2.7 and Proposition 3.1. [

COROLLARY 4.4 (FIRST INEQUALITY). If L/K 1is cyclic of degree n, then

PROOF. Since h(Cp) = n, its numerator must be > n. O

We now give some application of the First Inequality.

LEMMA 4.5. Let L be a finite solvable extension of K (i.e., a finite Galois extension
with solvable Galois group). If there exists a subgroup D of Ik such that

a) D C Nmy,xIz; and
/
(b) K* - D is dense in I

then L = K.
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ProoF. If L # K, then the exists a subfield K’ of L that is cyclic over K and
# K. Then

D C NmL/K(HL) = NmK//K(NmL/K HL)) C NmK//K(HK/)

Therefore, K* - Nmgr g I is dense in Ix. Because it is a union of translates of
Nmg i Igr, it is open (2.8), and because it is a subgroup of I, it is also closed.
Therefore, K* - Nmg//x Ig» = I, and the first inequality implies that K' = K. [

PROPOSITION 4.6. Let L be a finite solvable extension of K. If L # K, then there
are infinitely many primes of K that do not split completely in L.

PROOF. Suppose there are only finitely many, and let S D S, be a finite set of
primes of K including all those that do not split completely. We shall apply the
lemma with

D=T1°<%{(a,) | ay =1 for all v € S}.

For wjv ¢ S, L, = K,, and so clearly D C Nm(I;). Let a = (a,) € I. By the Weak
Approximation Theorem (V.6.3), there is an element b € K* that is very close to a,
in K, for all v € S. Choose a’ to be the element of I° such that the v component of
ba' is equal to a, for all v ¢ S. Then ba’ is close to a in Ix. Hence K* - D is dense
il’l HK |:|

PROPOSITION 4.7. For any finite solvable extension L/K with Galois group G, and

any finite set of prime ideals T' of L including those that ramify from K, the Frobenius
elements (P, L/K) for B ¢ T generate G.

PROOF. Let H be the subgroup generated by the Frobenius elements at the 9 ¢ T,
and let £ = L. Recall (V.1.10) that

(B, E/K) = (B, L/K)|g,

which is the identity map. Therefore all primes p ¢ S split in F, which shows that
E = K. By the main theorem of Galois theory, this implies that H = G. O

COROLLARY 4.8. For any abelian extension L/K and finite set of primes S D Sx
of K including the primes that ramify in L, the map

p— (p,L/K): I° — Gal(L/K)

is surjective. (Recall that I° is the group of fractional ideals generated by prime ideals
not in S.)

PROOF. The image contains the Frobenius elements (3, L/K) for all B|p € S, and
these generate Gal(L/K). O

REMARK 4.9. Of course, Proposition 4.6 is much weaker than the result available
using complex analysis—see Theorem VI.3.4—but it suffices for the proof of the
Reciprocity Law.



174 VII. GLOBAL CLASS FIELD THEORY: PROOFS

5. Cohomology of the Idele Classes II: The Second Inequality

THEOREM 5.1. Let L/K be a Galois extension of number fields with Galois group
G. Then

(a) (second inequality) the index (Ix : K* - Nm(Iy)) is finite, and divides [L : K|;
(b) the group H'(G,Cr) = 0;
(c) the group H*(G,Cy) is finite, and its order divides [L : K].

LEMMA 5.2. If G is cyclic, then statements (a), (b), and (c) of the theorem are
equivalent (and (I : K* -Nm(I.)) = (H*(G,CL) : 1) = [L: K]).
ProoF. Without restriction on G,
Ix/K* - Nmyp,x(I;) 2 Cx/Nmp/x(Cr) = HMNG, Cyp).

If G is cyclic, its cohomology is periodic, and so HX(G,C) ~ H?*(G,Cp). This
proves that (a) and (c) are equivalent. Theorem 4.3 states that the Herbrand quotient
h(Cr) = [L : K], and so each of (a) and (c) is equivalent to (b). O

LEMMA 5.3. It suffices to prove the theorem in the case that G is a p-group, p

prime.

PrOOF. Recall (I1.1.33), that if H is the Sylow p-subgroup of G then, for any
G-module M, the maps
Res : H7.(G, M) — H}(H, M)

are injective on the p-primary components. Therefore, if the theorem holds for L/L
then p does not divide the order of H}.(G, Cy) and the power of p dividing the orders
HY(G,Cp) and H2(G,Cy) is less than the power of p dividing [L : K|. On applying
this for all p, we obtain the lemma. []

LEMMA 5.4. It suffices to prove the theorem in the case that G is a cyclic group of
prime order p.

PRrROOF. After the last lemma, we may assume that G is a p-group. We shall prove
the theorem for G' by induction on (G : 1). Because G is a p-group, it has a normal
subgroup H of index p (see Math 594g, 4.15). Consider the exact sequence (I1.1.34)

Inf

0 — H'(G/H,Cx)) 2% HYG,CL) = H'(H,Cy)

where K' = L. By assumption H'(G/H, Cg/) = 0 and by induction H'(H, Cr) = 0.
Therefore H'(G, Cr) = 0—statement (b) is true.
Because H'(H,Cp) = 0, the sequence

0 — H*(G/H,Ck/) — H*(G,Cr) — H*(H,Cyp)

is exact, from which it follows that statement (c) is true.
Finally, note that

(CK : NmL/K(CL)) = (CK : NmK//K(CK/))(NmK//K(CK/) : NmL/K(CL)),
which divides p[L : K'] because Nmyg /i defines a surjection

CK//NHIL/K/(CL) — NmK//K(CK/)/NmL/K(CL)
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O

It therefore remains to prove that the Second Inequality holds for a cyclic extension
of characteristic p, but in (VI.4.9 we proved that the Second Inequality holds for all
finite Galois extensions. (For the translation between the idealic and the idélic form
of the statement, see Proposition V.4.6). In the next section, we give an algebraic
proof of the Second Inequality, independent of Chapter VI.

REMARK 5.5. To a finite Galois extension L/K of number fields, we have attached
the group Cx/Nm(Cp) and H*(G,Cr). When L/K is cyclic, they are canonically
(up to a choice of a generator for G) isomorphic, but not otherwise. The first group
is always isomorphic to G®, and the second is always cyclic of order [L : K]. Thus,
when G is abelian but not cyclic, the two groups have the same order but are not
isomorphic, and when G is nonabelian, they have different orders.

6. The Algebraic Proof of the Second Inequality

We shall prove the Second Inequality in the case that L/K is cyclic of prime degree
p.

LEMMA 6.1. It suffices to prove the Second Inequality in the case that K contains
a p" root of 1.

PROOF. Let ¢ be a primitive p'* root of 1 (in some fixed algebraic closure of K
containing L), and let K’ = K[(] and L' = K'- L = L[(]. Then [K': K] = m|p — 1,
and so is relatively prime to p. Hence K’ N L = K, and we have the picture:

L =
p p
K ™ K.

The map
Gal(L'/K) — Gal(L/K) x Gal(K'/K)
is an isomorphism. Consider the diagram:

ir iK
NmL//K/

CL/ _— CK/ e CK//NHICL/ e O

NmL//L NmK//K

Here i;, and ix are the maps induced by the inclusions I, — I, and [x — Ik,
Nmy, g and Nmy, g are the maps

z— Y ox, o€ Gal(L/K)=Gal(L'/K'),
and Nmp/,;, and Nmg/ i are the maps

z+— Y ox, o€ Gal(l'/L)= Gal(K'/K).
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Clearly the squares at left commute, and this implies that the rest of the diagram
exists. The composites

NmL//L OiL and NmK//K OiK
are both multiplication by m. Therefore the composite

CK/NHICL — CK//NHICL/ — CK/NHICL

is also multiplication by m, and hence is an isomorphism (clearly, p'* powers in Cy are
norms, and so Cx/Nm Cy, is killed by p). In particular, the second map is surjective,
and so

(CK : NmCL) divides (CK/ : NmCL/),
which by assumption, divides p. O

We shall prove the Second Inequality in the case the K contains a primitive pth
root of 1, and L is a finite abelian extension of K of exponent p with Galois group
G. Let [L: K| =p", so that G = (Z/pZ)". By Kummer theory (see the appendix to
this chapter),

=

L=K(a},...,af).
Let S be a finite set of primes of K such that

(a) S contains the infinite primes;

(b) S contains all divisors of p;

(c) S is so large that all a; are S-units.

(d) S contains a set of generators for the ideal class group of K, and so Ix =
I s - KX (see 4.2).

Note that, by (10.5), (b) and (c) imply that S contains all primes that ramify in
L.

As usual, we write U(S) for the group of S-units, i.e., the group of elements of K*
that are units for all primes outside S. Recall that the unit theorem says that

U(S) ~ 7t % U(S>tors: s = #5,

and U(S)tors 1s a finite cyclic group. In our case, the order of U(.S)tors is divisible by
p (because it contains y,), and so

U(S)/U(S) = (Z/pZL).
Let M = K[U(S )%] This is the Kummer extension corresponding to the group
US) - K*P/K*P = U(S)/US)NK*P =U(S)/U(S)" = (Z/pZ)*.
We therefore have extensions
M th L pDT K, r+1t=s.

LEMMA 6.2. There exists a set of primes T of K, disjoint from S, such that
{(py, M/K) | v € T} is a basis for Gal(M/L) (regarded as an F,-vector space).
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PRrooOF. Note that if w'|v ¢ S, then M, is an unramified extension of K,. Hence
Gal(M,,/K,) is cyclic, and it has exponent p (because it is a subgroup of Gal(M/K)).
Therefore it is either cyclic of order p or trivial. In particular, if M,, # L, then
L, =K,.

According to (4.7), there is a finite set {wy,...,w;} of primes of L, none lying
over a prime in S, such that the Frobenius elements (p,,, M/L) form a basis for
Gal(M/L). Let v; be the prime of K lying under w;. Then, according to the above
observation, L,, = K,,, and therefore (p,,, M/L) = (po,, M/K). We can take T to
be {v1,...,v:}. O

Note that the order of T is t where p' = [M : L], and that for any wjv € T,
L, =K,.
LEMMA 6.3. With the above notations,

L**NUS)={acU(S)|ae K7, alveT}.

PROOF. C: If a € LHS, then it is in U(S) and it becomes a p* power in L.
Therefore it is a p™ power in LX for all w, but if w|v € T', then L, = K,, and so it
is a p'" power in K.

D: If a € U(S), then ar € M. If further a is a p'" power in K, for v € T, then ar
is fixed by (p,, M/K). Since these Frobenius elements generate Gal(M /L), a lies in
L,and soa€ LP. O

LEMMA 6.4. The subgroup
E=]] K> [ KSx [] Us
veES veT vg SUT
of I is contained in Nmy x(Ir).
PRrOOF. Let a = (a,) € E. We have to show that each component a, of a is a
norm.
v € S: From local class field theory, we know that
K)/NmL} = Gal(Ly /Ky).
Because the second group is killed by p, so also must be the first group, which means
that K, C NmL}.
v € T: Here L, = K, and so every element of K, is a norm from L,,.

v ¢ SUT: Because L, is unramified over K,, the norm map U,, — U, is surjective
(see I111.2.2) O

Now
(CK : NmCL) = (HK : KX . NmHL),

which divides (Ix : K*E), and so it remains to show that

(Ix : K*E)|p".

But [ = K* - Ig = K* 'HSUT’ and so
(I : K*E) = (K*Igur : K*F).
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LEMMA 6.5. Let A, B, and C be subgroups of some abelian group, and assume that
AD B. Then
(AC : BC)(AnC:BNC)=(A:B)
in the sense that, if two of the indexes are finite, so is the third, and the equality
holds.

PROOF. In the following commutative diagram, the columns and the top two rows
are obviously exact, and it follows (from the snake lemma for example) that the
bottom row is exact. This implies the statement.

0 0 0

0 — BncC —— B —— BC/C —— 0

0 — ANC — A — AC/C — 0

0 —— ANC/BNC —— A/B —— AC/BC —— 0

O

On applying the lemma with A =l 7, B = F, and C' = K* we find that

(HSUT : E)
(U(SUT):K*NE)

LEMMA 6.6. With the above notations:
(Isur : E) = pQS.
LEMMA 6.7. With the above notations:

(U(SUT): KXNE) = p*.

(Ix : KXE) =

Since r + t = s, this will prove the boxed formula.

PRrROOF. (of 6.6). Obviously (Isur : E) = [l,es(KS : KJP). Since there are s
primes in S and K contains p distinct pt* roots of 1, the next proposition shows that

p2s

oes Pl

By assumption, S contains all the primes for which ||n|, # 1, and so

[T Izl = IT linlle.

veS all v

(HSUT : E) =

which equals 1 by the product formula. [
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PROPOSITION 6.8. Let K be a local field of characteristic zero, and let U be the
group of units in K. Then

(U:U") = (MTTL’ 1), (K> : K*") = n(ﬂTn’ 1)

where (i, is the group of n'* roots of 1 in K*.

PRrOOF. For an abelian group M, we write
ho(M)= (M :nM)/(M, :1), M, ={xe€ M |nz =0}

Then h,, (M) is the Herbrand quotient of M regarded as a Z/nZ-module with trivial
action, and so we may apply the results in I1.2.

As we saw in the proof of (II1.3.3), the exponential map defines an isomorphism
from a subgroup of finite index in Ok onto a subgroup of finite index in U. Therefore

ha(U) = hn(Og) = (Ok : nOk) L |n|™".

Hence
U, :1
U.U") = ( )
n|
and U, = p,. Since K* ~ U x Z, we have
(KX K*™) = (U : U")(Z : nZ) = T;"T .

O

PROOF. (of 6.7.) Clearly K* N E D U(SUT)P. It follows from the unit theorem
(as before) that (U(SUT) : U(SUT)P) = p*" and so it remains to prove that

K*NECUSUT).
This is accomplished by the next two lemmas (the first shows that the second may
be applied to prove the inclusion). [
LEMMA 6.9. With the above hypotheses, the obvious map
u(s) — 1 U./U2
veT

18 surjective.

PROOF. Let H be the kernel of the map. To prove that the map is surjective, we
shall show that
(U(S): H) =[] W, :U?).
veT
Because T is disjoint from S, ||p||, = 1 for all v € T', and so (6.8) shows that the right
hand side is p’. On the other hand, by Lemma 6.3, H = U(S) N L*?, and so

U(S)/H = U(S)/U(S) N L*? = U(S) - L*?/L*P.

This last group corresponds by Kummer theory (see 10.3) to the extension M/L, and
hence has order [M : L] =p’. O
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PROPOSITION 6.10. Let K be a number field containing a primitive nt" root of 1.
Let S be a set primes containing the infinite primes, the divisors of n, and a set of
representatives of the ideal class group of K. Let T be a set of primes disjoint from
S and such that

us) — 11 0./uy
veT

is surjective. Suppose that b € K* is an n'" power in K, for all v € S and a unit
outside SUT. Then be K*".

PROOF. Let L = K[bw]—we have to show that L = K. Put
D=l K x[[U}x [ U..
veES veT vg SUT
By Lemma 4.5, in order to show that L = K, it suffices to shows that
(a) D C Nmy kI, and
(b) D- K* = Ig.
(a) Let d = (d,) € D. We have to check that d, is a norm from K,[bs] for all v.
v € S: In this case K,[bn] = K,, and so every element of K, is a norm.

v € T: By local class field theory, the index (K : Nm K,[bx]*) is equal to the
degree [K,[b] : K,], which divides n. Hence every n" power in K, is a norm.

v ¢ SUT: Because nb is a unit at v, the field K,[bw] is unramified over K,, and
hence every unit is a norm.

(b) Obviously Is/D = [l,eq U,/U, and by hypothesis U(S) — [l,es Uy /Ul is

v

surjective. Hence Ig = D - U(S), and therefore
Ix =Is- KX =D-U(S)-K* = D-K*.
0

This completes the proof of Theorem 5.1 (the Second Inequality).

7. Application to the Brauer Group

Readers, especially those who skipped Chapter IV, may interprete the nota-
tion Br(L/K) as shorthand for H*(Gal(L/K),L*) and Br(K) as shorthand for
H?(Gal(K*/K), Ka™).

THEOREM 7.1. For any Galois extension L/K of number fields (possibly infinite),
the canonical map
Br(L/K) — &, Br(L"/K,)
18 injective.
PROOF. Assume initially that L/K is a finite Galois extension with Galois group
G. Because H'(G,Cp) = 0, the cohomology sequence of

0—-L" =1, -C;, —0
is

0 — H*(G,L*) — H*(G, 1) — - .
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But
H*(G,L*) = Br(L/K)
and (see 2.5)
H*(G, 1) = H*(G", L") = @ Br(L"/K,),
and so this proves the theorem in this case. To obtain the theorem for an infinite
extension, pass to the limit over the finite Galois subextensions. []

An extension L/K of fields is said to be cyclotomic if L C K[(] for some root ¢ of
1. The next proposition will play a role in the proof of the global reciprocity law

PROPOSITION 7.2. For any 3 € Br(K), there exists a cyclic cyclotomic extension
L of K such that  maps to zero in Br(L).

PROOF. The theorem shows that [ is determined by its images in Br(X,), and
hence by the invariants inv,(3,) € Q/Z (see Theorem II1.1.1). For any finite extension
L of K and prime w|v of L, inv,(B|L) = [L, : K,] - inv,(3) (ibid.), and so we have
to find a cyclic cyclotomic extension L/K such that

(LY : K,]-inv,(6,) =0 mod Z

for all v. Note that, because Br(L/K) maps into the direct sum of the local Brauer
groups, inv,(3,) = 0 for almost all v. Hence there exists an integer m such that
minv,(5,) = 0 for all v. The existence of an L with the correct properties is ensured
by the next lemma. O

LEMMA 7.3. Given a number field K, a finite set S of finite primes of K, and an

integer m > 0, there exists a totally complex cyclic cyclotomic extension L of K such
that m|[LV : K] for allv € S.

Proor. It suffices to prove this for Q and m-[K : Q]. Hence we can simply assume
K =Q.
Let ¢ be a prime, and let ¢ be a primitive £"th root of 1 with r > 2. Then
Gal(Q[C]/Q) = (Z/¢"Z)*; and
AxCW=2)  (odd

(2/6°2) ~ { AxC2?) (=2

where A is of order £ — 1 and 2 in the two cases and C(t) denotes a cyclic group of

order t (Serre 1970, Cours..., I1.3.2). Therefore L(¢") £ Q[¢]2 is a cyclic cyclotomic
extension of Q of degree =2 or ¢"73.

Next consider Q,[¢]. If p = ¢, then Q[(] is totally ramified over p, and so [Q,[(] :
Qy] = [Q[¢] : Q] = p(f"). If p # ¢, then Q[(] is totally unramified over p, and
[Q,[¢] : Q] is the smallest integer ¢ such that ¢"[p" — 1. In either case, we see that
[Q,[¢] : Qp] — o0 as r — oo. Thus, for any p, [L(¢7)? : Q,] is a power of ¢ that tends
to 0o as r tends to oo.

A product of cyclic groups of distinct prime power orders is again cyclic. Therefore,
for distinct primes fy,... 05, L = L({')--- L({%) will be cyclic, and clearly, by
choosing £1" ... 0% to be sufficiently large, we can ensure that the local degrees m/|[L? :
Q,] are divisible by m for all p € S. O

In more concrete terms, the two results say that:



182 VII. GLOBAL CLASS FIELD THEORY: PROOFS

If a central simple algebra over K splits over K, for all v, then it splits
over K.

and

Every central simple algebra over K splits over a cyclic cyclotomic
extension of K.

8. Completion of the Proof of the Reciprocity Law

Recall that, for a finite abelian extension L/K of number fields with Galois group
G, we have defined a homomorphism ¢k : Ix — G such that ¢ /x(a) =TT, ¢u(av)-

THEOREM 8.1.  (a) Let L/K be a finite abelian extension of number fields.
Then ¢r i takes the value 1 on the principal ideles K> C l.

(b) Let L/K be a finite Galois extension of number fields. Then Y inv,(«) = 0
for all « € Br(L/K).

Before proving this theorem, we explain why (a) implies the Reciprocity Law for
L/K. Statement (a) says that ¢,k : Ix — Gal(L/K) contains K* in its kernel.
We know already that it contains Nmy x (I1) in its kernel?, and therefore it defines a
homomorphism

Ig /K™ -Nmy gl — Gal(L/K) ().

For any finite prime v of K unramified in L, ¢,k maps the idele with a prime
element in v-position to the Frobenius element (p,, L/K), and so (4.7) shows that
¢1/K is surjective. On the other hand, the Second Inequality (5.1) states that

(Ig : K* - NmypxI) < [L: K]
and so the homomorphism () is an isomorphism.

EXAMPLE 8.2. We verify (8.1a) for the extension Q[(,]/Q, where (,, a primitive
mth root of 1. We identify Gal(Q|[(y]/Q) with (Z/mZ)*. Thus, for n an integer
relatively prime to m, [n] denotes the automorphism of Q[(,] sending ¢, to (7. It
suffices to show that ¢(a)|Q[¢x] = 1 for all £|m. Thus, we may assume that m = ¢,
m # 2.

The homomorphism ¢, : R*/Nm(C*) — Gal(Q|[(,]/Q) sends any negative real
number to complex conjugation. Therefore ¢ (a) = [sign(a)].

Let a = up® € Q. If p # £, then p is unramified in Q[(y], and ¢,(a) acts as the
sth power of the Frobenius at p:

Gp(up®) = [p°].
The prime ¢ is totally ramified in Q[(,,] and
e(a) = [u™]

(see 1.3.13)

2Because this is true locally.
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It suffices to show that ¢(a) = 1 in the three cases: a = —1, a = ¢, a = a prime
q # {. We have:
[—1] if p=o0
o(—1)={ [-1] if p=
1] if p#¢ 0.
[1] if p=
ll) = {m i
g it p=gq
$p(q) =1 l¢] it p=
] if p#laq

In each case, [T ¢p(a) = 1.

REMARK 8.3. In Example V.4.10, we showed that the homomorphism ¢ : Ig —
Gal(Q[¢n]/Q) attached to the Artin map ¢ : Coo(m) — Gal(Q[(n]/Q) has local com-
ponents equal to the local Artin maps. Since, by definition, ¢(Q*) = 1, this gives an
alternative proof of (8.1a) in the case Q[(y]/Q.

LEMMA 8.4.  (a) If (8.1a) holds for L/K, then it holds for any subextension.
(b) If (8.1a) holds for L/K, then it holds for L - K'/K' for any number field
K'DOK.

PROOF. (a) Suppose L D K’ D K. Then ¢k /i is the composite of ¢r/x and
the restriction map Gal(L/K) — Gal(K'/K) (because this is true for the local Artin
maps).

(b) Let L' = L - K'. For each prime w of K’, we have a commutative diagram

K —22 s Gal(L'/K!)

l Nm l inclusion

KX =2 Gal(L'/K,).

On combining them, we get a commutative diagram:

I, P Gal(L /K

l Nm l inclusion

I 2% Gal(L/K).

Because the norm map on ideéles carries K* into Q*, we see that this lemma follows
from the previous one. [

From the example and the lemma, we find that (8.1a) holds for all cyclotomic
extensions® of a number field K.

We next need to relate the two statements in Theorem 8.1.
LEMMA 8.5. Let L/K be an abelian extension of number fields. If (8.1b) holds for

L/K, then so also does (8.1a). Conversely, if L/K is cyclic and (8.1a) holds for
L/K, then so also does (8.1b).

3An extension L/K is said to be cyclotomic if L C K[(] for some root ¢ of 1.
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PROOF. Let x € Hom(G,Q/Z). We can regard x as an element of H'(G,Q/Z),
and then its image under the boundary map arising from the sequence

0-Z—-Q—-Q/Z—0
is an element 0y € H?(G,Z). Consider the diagram:

KX E— IK M) G

luéx luéx lx
H*(G,L*) —— H*G,I) —— Q/Z.

The first two vertical arrows are cup-product by dy: if dy is represented by the 2-
cocycle n, » then the image of = is represented by the 2-cocycle o, 7 +— 2" . Clearly,
the left-hand square commutes. The right-hand vertical map is yx itself. That the
right hand square commutes follows from (II1.4.1). Now assume 8.1b is true for
L/K. Then x(¢r/k(a)) = 0 for all characters x of G, and so ¢ k(a) itself is zero.
Conversely, when G is cyclic, we can choose x to be injective, and then (a) implies
(b). O

Since we know 8.1a for cyclotomic extensions, it follows that we know 8.1b for
cyclic cyclotomic extensions. Moreover, we will have proved the whole theorem once
we have proved (b) of the theorem. Thus, the next result completes the proof of the
theorem

LEMMA 8.6. If (8.1b) is true for cyclic cyclotomic extensions, then it is true for
all finite Galois extensions.

Proor. Let § € Br(K). We are given that, if § € Br(L/K) for some cyclic
cyclotomic extension L/ K, then Y inv, () = 0, where (3, is the image of (§ in Br(K,),
but Proposition 7.2 says that every § in Br(K) lies in Br(L/K) for some cyclic
cyclotomic extension L/K. O

9. The Existence Theorem

In this section we prove the Existence Theorem: every open subgroup of finite index
in the idele class group is a norm group. A large part of the proof can be extracted
from Section 6. However, at the cost of some repetition, I give a proof independent
of Section 6 (except for some elementary statements).

LEMMA 9.1. If U is a norm group, and V DO U, then V also is a norm group.

PROOF. Suppose U = Nm Cj. According to the Reciprocity Law, the Artin map
defines an isomorphism

¢: Ck/U — Gal(L/K).
If M is the fixed field of ¢(V'), then ¢ defines an isomorphism
Ck/V — Gal(M/K),

but, according to the Reciprocity Law, the kernel of ¢ : Cx — Gal(M/K) is
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It is obvious from its factorization into primes, that a rational number a is an nth
power if and only if it is an nth power in R and in @, for all primes p|a. The proof of
the analogous statement for number fields requires the Reciprocity Law (or complex
analysis).

PROPOSITION 9.2. Let K be a number field containing a primitive nth root of 1,
and let S D So be a finite set of primes of K containing all those dividing n and
enough primes to generate the class group of K. Any a € K* such that

a 1s an nth power in K, for allv € S;
a is a unit in K, for allv ¢ S.

18 an nth power in K.

PROOF. Let L = K[a'/"]—because ¢, € K, this is an abelian extension of K. For
any prime v € S, X™ — a splits completely in K,[X], and so L, = K, for all w|v.
Hence the norm map L) — K, is onto. On the other hand, L is unramified over
K at any prime v ¢ S, and so the norm map Nmp, g : Uy — U, is onto. Therefore,
Nmy,/k(Iz) D Ig, and so

KX . NmL/K(HK) D) KX . HS = HK
The Reciprocity Law now shows that L = K, and so a is an nth power in K. O

LEMMA 9.3 (KEY CASE OF THE EXISTENCE THEOREM). Let K be a number
field containing a primitive p™* root of 1 (p prime). Then every open subgroup V
of Ck such that Ck/V is a finite group killed by p is a norm group.

PROOF. Let § D S be a finite set of primes of K containing the infinite primes,
those dividing p, and enough primes so that Iy = K> - Ig. Let L be the extension

of K corresponding by Kummer theory to the group U(S)- K*P, i.e., L = K[U(S)%],

and let
E= H K)P x H U,.
veES v¢S
We shall prove that K* - E = K* - Nm(I;) by verifying that
(b) (HK K< E) = ps = (HK K- NmL/K(HL))
For any prime v of K and prime w of L lying over it, the local Artin map is an
isomorphism

KX/Nm(LY) — Gal(Lu/K,).

Because L/K is has exponent p, Nm(L)) D KP.

For any prime v € S, L is unramified over K and v, and so the norm map U,, — U,
is onto.

On combining the statements in the last two paragraphs, we obtain (a).
From the Reciprocity Law,

(Ig : K* -Nm(I.)) = [L : K],
and from Kummer theory,

L: K] = (U(S) K" : K*7).
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But
U(S) - K*P/K*P = U(S)/U(S)N K*P.
If a? € U(S), then a € U(S), and so U(S) N K*? = U(S)?. Now, by the Dirichlet
Unit Theorem (Math 676, 5.9),
U(S> ~ U(S>torsion > ZS_17
and U (9)torsion 18 the group of roots of 1 in K, which is a cyclic group whose order is
divisible by p. Hence (U(S) : U(S)P) = p®.
On the other hand,
(I : K*-E)=(I[g-K*: E-K”*),
which, by (6.5), equals
(Is: E)/(IsNn K> : ENK™).
Therefore (see 6.8),

(Is: B) = [I(K; : K%)= T[] —p = p>.
vES veS ’p’U

Here, we have used that K contains a primitive pth root of 1 and that S contains all
v for which |p|, # 1, and so [T,es |Plo = [Lanw |Plo = 1 by the product formula. It
follows that K* - E = K* - Nmlj.

Now let V' be an open subgroup of Cg such that Cx/V is killed by p, and let U
be the inverse image of V in Ix. Then U is open in [ and so there is a finite set of
primes S such that U D [[,es 1 X [Tygs Uys. Moreover, Ix /U has exponent p, and so
U DI Hence U D E - K*, and because E - K*/K* is a norm group, so also must
be U/K* =V. O

For simplicity, in the proof of the next lemma, we assume the Norm Limitation
Theorem, which is not proved until the next chapter. For a proof avoiding that
theorem, see p202 of Tate’s article in Cassels and Frohlich, 1967.

LEMMA 9.4. Let U be an open subgroup of finite index in Cg. If there exists a
finite extension K'/K such that Nm;/K(U) is a norm group, then so also is U.
ProoOF. Write U’ for Nm;ﬁ/K(U), and let L be the abelian extension of K’ with
NmCy = U’. If M is the maximum abelian subextension of L/K, then we have
NmM/KCM = NmL/K CL = NmK//K U/ cU
and we can apply Lemma 9.1. [J

THEOREM 9.5. FEwvery subgroup U of finite index in Cg is a norm group.

PrROOF. We prove this by induction on the index of U. If the index is 1, then
there is nothing to prove. Otherwise, there exists a prime p dividing (Cg : U). After
(9.4) we may assume that K contains a p™ root of 1. Choose a subgroup U; of Cg
containing U and of index p in Cg. After (9.3), there exists an abelian extension
K’ of K such that Nmg /g g = Uy; moreover K’ is cyclic of degree p over K. Put
U’ = Nmyg ;. U. The map

NmK//K : CK/ — CK/U
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has image U; /U and kernel U’. Hence
(CK/ : U/) = (CK : U)/p

and so, by induction, U’ is a norm group. Now we can apply (9.4) to deduce that U
is a norm group. [

10. Appendix: Kummer theory

Throughout this subsection, K is a field containing a primitive n'* root of 1, . In
particular, K either has characteristic 0 or characteristic p not dividing n. Write u,,
for the group of n** roots of 1 in K. Then pu, is a cyclic subgroup of K* of order n
with generator (.

Consider a field L = KJa] generated by an element o whose n'* power is in K.
Then « is a root of X" —a, and the remaining roots are the elements ‘o, 1 < i < n—1.
Since these are all in L, L is a Galois extension of K, with Galois group G say. For
any o € G, o« is also a root of X" —a, and so oo = (‘v for some i. Hence oo/ € ..
The map

o—oaja:G— p,
doesn’t change when « is replaced by a conjugate, and it follows that the map is a

homomorphism: ¢ = %j)% Because a generates L/K, the map is injective. If
it is not surjective, then G maps into a subgroup pg of p,, some d|n, d < n. In this
case, (ca/a)l =1, ie., ca? = o, for all 0 € G, and so a? € K. Thus the map is
surjective if n is the smallest positive integer such that o™ € K. We have proved the

first part of the following statement.

PROPOSITION 10.1. Let L = K|a] where o™ € K and no smaller power of c is in
K. Then L is a Galois extension of K with cyclic Galois group of ordern. Conversely,
if L is cyclic extension of K of degree n, then L = Kla| for some a with o™ € K.

PROOF. It remains to prove the second statement. Let o generate G' and let (
generate ,. It suffices to find an element o € L* such that ca = (~la, for then
o™ € K, and " is the smallest power of o that lies in K. According to the Normal
Basis Theorem (I1.1.24), there exists an element v € L such that {v,07,...,0" v}
is a basis for L/K as a K-vector space. Form the sum

o= Z Clo'y.
Then o # 0 because the o'y are linearly independent and the ¢! € K, and oo =
Cla. O

PROPOSITION 10.2. Two cyclic extensions Klaw] and K[b] of K of degree n are
equal if and only if a = b"c"™ for some r € 7Z relatively prime to n and some ¢ € K*,
i.e., if and only if a and b generate the same subgroup of K*/K*™.

PROOF. Only the “only if” part requires proof. We are given that K[a| = K[f]
with " = a and " = b. Let o be the generator of the Galois group with ca = (a,
and let o3 = ('3, (i,n) = 1. We can write

n—1
6= chaj, c; € K,
5=0
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and then X
off = Z c;Clal.
j=0

On comparing this with o3 = *3, we find that ('c; = (?¢; for all j. Hence ¢; = 0 for
j # i, and therefore 8 = ¢;af. [

The last two results give us a complete classification of the cyclic extensions of K
of degree n (recall that we are assuming K contains a primitive n'® root of 1). It is
not difficult to extend this to a classification of all abelian extensions of exponent n.
(We say that a group G has exponent n if ™ = 1 for all o € G. A finite abelian group
of exponent n is isomorphic to a subgroup of (Z/nZ)" for some r.)

Let L/K be a finite Galois extension with Galois group G. From the exact sequence

1 — pp — L 222 L 1

we obtain a cohomology sequence
1 — iy — KX 22 KA L — HY(G, ) — 1.
The 1 at the right is because of Hilbert’s Theorem 90. Thus we obtain an isomorphism

K*NL*"/K*" — Hom(G, i,).

This map can be described as follows: let a be an element of K* that becomes an n'”

power in L, say a = o"; then a maps to the homomorphism o +— Z*. If G is abelian
of exponent n, then
# Hom(G, pu,) = (G : 1).

THEOREM 10.3. The map
L— K*NL*"/K*"

defines a one-to-one correspondence between the finite abelian extensions of K of
exponent n contained in some fized algebraic closure Q) of K and the finite subgroups
B of K*/K*". The extension corresponding to B is K[B%], the smallest subfield of
Q containing K and an n'* root of each element of B. If L < B, then [L: K| = (B :
K><n>.

PROOF. For any finite Galois extension L of K, define B(L) = K* N L*". Then
L D> K[B (L)%], and for any group B containing K*" as a subgroup of finite index,
B(K|[B#]) D B. Therefore,

[L: K] > [K[B(L)"] : K] = (B(K[B(L)%]) : K*") > (B(L) : K*"),

If L/K is abelian of exponent n, then [L: K] = (B(L) : K*"), and so equalities hold
throughout: L = K[B(L)x].

Next colnsider a group B containing K*" as a 81,1bgr01,1p1 of finite index, and let
L = K[B7]. Then L is a composite of the extensions K[a=] for a running through
a set of generators for B/K*" and so it is a finite abelian extension of exponent n.

Therefore
1
oan

- ): B(L)/K*" — Hom(G, p1,), G = Gal(L/K),

a— (o~
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is an isomorphism. This map sends B/K*™ isomorphically onto the subgroup
Hom(G/H, ju,) of Hom(G, 1) where H consists of the o € G such that cax /a = 1

for all @ € B. But such a o fixes all an for a € B, and therefore is the identity
automorphism on L = K[Bx]. This shows that B(L) = B, and hence L — B(L) and

B — K[Bx] are inverse bijections. [

ExAMPLE 10.4. (a) The quadratic extensions of R are in one-to-one correspon-
dence with the subgroups of R*/R*? = {£1}.

(b) The finite abelian extensions of Q of exponent 2 are in one-to-one correspon-
dence with the finite subgroups of

QX /Q*? = {1} X Z/2Z X Z)27 X - - -
(copies of Z/27 indexed by the prime numbers).

After this excursion into algebra, we return to some number theory.

PROPOSITION 10.5. Let K be a number field (containing a primitive n'* root of 1,
1 1

as always in this subsection), and let L = Klaj,--- ,a#]. Then L is unramified at a
finite prime v of K if na; is a unit in K, for all i.

PROOF. We need only consider a cyclic extension K [a#], which (see 10.1) we can
assume to have degree n. Let o = aw and f=X"—a. Then

disc f = = Nmy g f'(o) = £ Nmy /g na™ ' = £n"a" L.

Thus if p, does not divide na, it does not divide disc f, and, a fortiori, it does not
divide disc(OL/Ok). (See Math 676, 2.33, 2.22.) O

REMARK 10.6. Determining the ramification in K[a%]/K at prime p dividing n
can be quite complicated. The following summarizes what happens when n = p, a
prime, and K contains a primitive pth root  of 1. Let 1 = ( — 1, and let a € K* be
relatively prime to p and not a pth power in K.

(a) A prime p|p splits completely in the extension K[a%]/K if and only if X? =a
mod prp has a nonzero solution in Ok (a is then said to be hyperprimary at
p).

(b) A prime p|p is unramified in the extension K[a%]/K if and only if X? = a
mod pr has a nonzero solution in O (a is then said to be primary at p).

(c) The extension K [a%] /K is unramified at all finite primes of K if and only if
a is primary and (a) = a? for some ideal a.

For hints of proofs of these statements, see L. Washington, Introduction to Cyclotomic
Fields, Springer, 1982/1997, Exercise 9.3, and Cassels and Frohlich 1967, Exercise
2.12, p353. In the case K = Q[(], see also J. Cassels, Local Fields, Cambridge, 1986,
pp 139-140, and A. Frohlich and M. Taylor, Algebraic Number Theory, Cambridge,
1991, II1.3.11.
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CHAPTER VIII

Complements

In this Chapter, we add some complements to the theory of class fields, and we give
some applications. In particular, we extend all results proved in Serre, Cours..., 1970,
Chapters -1V, VI to arbitrary number fields.

1. The Local-Global Principle

The local-global (or Hasse) principle asks whether a statement is true over a number
field K whenever it is true over each of the completions of K. In this section, we give
three cases where class field theory allows us to prove that the principle holds.

nth Powers.

THEOREM 1.1. Let K be a number field containing a primitive nth root of 1, and
let S be a finite set of primes of K. An element a of K* is an nth power in K if and
only if it is an nth power in K, for all primes v.

PROOF. Only the sufficiency needs to be proved. Consider L = K[a%]. This is an
abelian extension of K, and a prime v splits in L if and only if a is an nth power in
K,. Therefore, every prime not in S splits in L, and Proposition VII.4.6 implies that
L=K. O

REMARK 1.2. (a) If we use (VI.3.4) rather than (VIL.4.6), we obtain the stronger
result: under the hypothesis of the theorem, a is an nth power in K if it an nth power
in K, for all v in a set of density > 1/2.

(b) In 1933, Griinwald proved Theorem 1.1 without the assumption that K con-
tain a primitive nth root of 1 (Griinwald’s theorem). In 1942, Whaples gave an-
other proof of Griinwald’s theorem. Then in 1948, Wang gave a counterexample to
Griinwald’s theorem (see the exercise below), and later gave a proof of a corrected
theorem (Griinwald-Wang theorem). The correct theorem states:

Let K be a number field, and let n be a positive integer. Let a € K*,
and suppose that a € K" for all but finitely many primes v. Then at
least one of the following is true:
(a) a € K*™
(b) n = 2!’ for some odd n/, Gal(K|[(s:]/K) is not cyclic, and a® €
K™

See Cassels, Local Fields, 1968, Exercise on p248, and Artin and Tate 1951/52, p96.

191
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EXAMPLE 1.3. Show that 16 is an 8th power in R and Q, for all odd p (but not in
Q). (Hint: Show that Q[(s] = Q[4, /2] is unramified at all odd p, and deduce that,
for p odd, Q, contains at least one of 1 + 7, V2, or v/=2.)

Norms.

THEOREM 1.4. Let L/K be a cyclic extension of number fields, and let a € K*.
Then the image of a in K, is a norm from L° for all but finitely many v, and if it is
a norm for all v, then it is a norm in K.

PROOF. According to Theorem VIL.5.1, H' (G, C) = 0. Because of the periodicity
of the cohomology of cyclic groups, this implies that H;'(G, Cr) = 0. Therefore, from
the cohomology sequence of

l1—-L*—=1, —-C;, —0
we find that
HY(G, 17) — HY(G, 1)
is injective. But (see VII.2.5), this is
K*/Nm(L*) — @, K, /Nm(L").
0

REMARK 1.5. The proof fails for noncyclic extension, and, in fact, the statement
is not true for noncyclic extensions. For example, 2 is a local norm from Q[v/13, /17|
at all primes but is not a global norm.

Quadratic Forms. Recall that a quadratic form on a vector space V over a field
kis a map @) : V — k such that

(a) Qav) = aQ(v);
(b) B(v,w) L Qv+ w) — Q(v) — Q(w) is a bilinear form on V.
The quadratic form () is said to be nondegenerate if its associated bilinear form B is

nondegenerate. Let ¢ € k. A nondegenerate quadratic form @ is said to represent ¢
if there exists a nonzero v € V' such that Q(v) = c.

LEMMA 1.6. If a nondegenerate quadratic form Q) represents 0, then it represents
all c € k.

PRrROOF. Note that, for ¢t € k,
Q(tv +w) = *°Q(v) + tB(v, w) + Q(w).

If vg is a nonzero vector such that Q(vy) = 0, then, because B is nondegenerate, there
exists a vector wy such that B(vg, wp) # 0. As ¢ runs through all values of k, so also
does Q(tvy + wg) = tB(vo, wo) + Q(wp). O

When k has characteristic # 2, there exists a basis {ey,... ,e,} for V' such that
B(ei, e;) =0 for i # j. Then

n

Q(Z ziej) = Z(lﬂ?, n =dimV.

=1
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Henceforth, we shall write the quadratic form as
¢(X1,..., X)) =a X7+ +a, X7,

and keep in mind that an invertible change of variables will change none of our
statements.

LEMMA 1.7. A nondegenerate quadratic form q(Xi,...,X,) represents a if and
only if r & q — aY? represents 0.

Proor. If q(z1,...,2,) = a, the r(z1,...,2,,1) = 0. Conversely, suppose
r(z1,...,xn,y) = 0. If y = 0, then ¢ represents 0 and hence represents every el-
ement in k. If y # 0, then q(xy—l, cee %") =q(x1,...,2) /Y  =a. O

THEOREM 1.8. Let g be a nondegenerate quadratic form in n variables with coeffi-
cients in a number field K.

(a) Ifn >3, then q represents 0 in K, for all but finitely many v.
(b) The form q represents 0 in K if it represents 0 in K, for all v.

Before beginning the proof, we note a consequence.

COROLLARY 1.9. Let ¢ € K. A nondegenerate quadratic form q with coefficients
i K represents ¢ in K if and only if it represents ¢ in K, for all v.

PROOF. Let r = ¢ — cY2. Then r represents 0 if and only if ¢ represents c. [J

We begin the proof with a purely algebraic result.
PROPOSITION 1.10. Let k be a field of characteristic # 2.

(a) The form q = X? does not represent 0.
(b) The form q = X% — aY™? represents 0 if and only if a is a square.
(c) The form q = X? —aY? —bZ? represents 0 if and only if b is a norm from the

field k[\/a].

(d) The form q = X?* —bY? — cZ? + acT? represents 0 in k if and only if ¢, as an
element of k[\/ab], is a norm from k[\/a, /D).

PROOF. (a) This is obvious.
(b) According to Lemma 1.7, X? — aY? represents 0 if and only if X? represents a.
(c) According to 1.7, X? —aY? —bZ? represents 0 if and only if X2 —aY? represents
b, i.e., if and only if b is a norm from k[\/a].
(d) Clearly,
Ny + Vby)
- Naygae(z + Vat)
Because the inverse of a norm is also a norm, this shows that ¢ represents zero if and

only if ¢ is the product of norm from k[/a] and a norm from k[v/d]. Thus (d) follows
from the next lemma. O

q(z,y,2,t) =0 <= ¢

LEMMA 1.11. Let k be a field of characteristic # 2. An element ¢ € k™ is the
product of a norm from k[\/a] and a norm from k[\/b] if and only if, as an element

of k[\/ab], it is a norm from L = k[\/a,/b].
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PrROOF. We leave the degenerate cases, in which one of a, b, or ab is a square in
k to the reader. Thus, we may suppose that Gal(k[/a, vb]/k) = {1,0, 7,07} where

each of o, 7, and o7 is of order 2, and fix respectively \/a, v/b, and v/ab. The first
condition asserts,

(¥) There exist z,y € k[\/a, V] such that ox = 2, 7y = y, and zy -
oT(zy) = c.
and the second asserts,

(%) There exists z € k[\/a, v/b] such that z - o7(2) = c.
Clearly, (x) = (*x*). For the converse, note that

Moreover,
Nmy au(z-02) =2-02-72-072 € k.
As z- 07z = ¢ € k, this implies that oz - 72z € k, and so
oz-Tz=0(0z-72) =2 072 =cC.
Therefore,
Ny, g k(2 - 02) = ¢
Now Hilbert’s theorem 90 (11.1.22), applied to z - 0z/c € k[y/a], shows that there
exists an x € k[y/a]* such that 72/x = 2z - 0z/c. Let y = o7z/x. Then
Ty=o0z/Tr=c/z-x=2-0TZ/z- T =1y
(use: definition of y; definition of z; definition of z; definition of y) and
xy-or(xy) =01z -07(0TZ) =0TZ -2 =°C

(use: definition of y; (o7)? = 1; definition of z) as required. [

Proof of (a) of the Theorem. If ¢ = q1(X1,...,Xm) + @2(Xm11,...,X,) and
q1 represents zero, then so also does ¢q. Therefore, it suffices to prove (1.8a) for
a quadratic form in 3 variables. After multiplying ¢ by a nonzero scalar, we may

suppose ¢ = X2 — aY? — bZ?, and for such a quadratic form, the statement follows
from (1.10) and Theorem 1.4. OJ

Proof of (b) of the Theorem We prove this by induction on the number n of variables.
When n = 1, there is nothing to prove, because the hypothesis is never fulfilled.

When n = 2, then, after multiplying ¢ by nonzero scalar, we may suppose that
q = X% —aY?, and for such a quadratic form, the statement follows from (1.10) and
Theorem 1.1.

When n = 3,4 the statement follows in a similar fashion from (1.10c,d) and Theo-
rem 1.1.
Before proving the general case, we make some elementary observations.
(a) A nondegenerate quadratic form q¢1(Xy,...,Xm) — @(Xmi1,. .., X,) repre-
sents 0 in a field k if and only if there is a ¢ € k such that both ¢; and ¢

represent c.
(b) If ¢ represents ¢ in k*, then ¢ represents every element in the coset ¢ - k*2.
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(c) The subgroup K2 of K¢ is open. When v is real or complex, this is obvious.
When v is nonarchimedean, Newton’s Lemma (Math 676, 7.23) shows that 1
can be refined to a root of X? —a for any a with |1 — al, < |2/

On combining (b) and (c), we see that a quadratic form ¢ with coefficients in K,
represents the elements in a nonempty open subset of K*.

Assume now that n > 5 and that Theorem 1.4b has been proved for n — 1. Let
¢(X1,..., X)) =aX?+bX3 —r(Xs,...,X,), n—2>3.

From (a) of the theorem, we know that, except for v in a certain finite set S, R
represents 0 in K,,. Let v € S. Because ¢ represents 0 in K, there exists an element
¢, € K that is represented by both aX? + bX3 and r, i.e., there exist z;(v) € K,
such that

az1(v)? 4+ bry(v)? = ¢, = r(x3(v),. .., 2,(v)).
Now apply the weak approximation theorem, to find elements x,,x5 € K that are
close to x1(v), x2(v) in K, for all v € S. Then

cd ari + bas
will be close to ¢, for each v € S; in particular, we may suppose that c¢/c, € K* for

all v € S.

Consider the quadratic form ¢Y? — r. It represents 0 in K, for v ¢ S because r
represents zero in K, and it represents 0 in K, for v € S because r represents ¢ in
K,. By induction, cY? — r represents zero in K. It follows that ¢ represents 0 in K
because each of aX? + bX2 and r represents ¢ in K. [J

PROPOSITION 1.12. A nondegenerate quadratic form q in 4 variables over a finite
extension K of Q, represents every nonzero element of K*.

PRrROOF. If g represents 0, then it represents every element of K. We assume the
contrary. After multiplying ¢ by a nonzero element of K, we may suppose that

qg=X>—bY?—cZ?+ acT?

Because ¢ does not represent 0 in K, neither b nor a is a square.

If K[\/a] # K[v/0], then (by local class field theory, Theorem 1.1.1), Nm(K[y/a]*)
and Nm(K[vb]*) are distinct subgroups of index 2 in K*?, and therefore K* =
Nm(K[v/a]*) - Nm(K[v/b]*). Since the inverse of a norm is also a norm, this means
that we can write c as

o —by?

22— qt?’
some z,y,2,t € K. On multiplying out, we find that ¢ represents 0, contradicting
our assumption. Therefore K[v/a] = K[Vb], and a = b x (square) (see VII.10.1). The
square may be absorbed into the 72, and so we may write

q=X?—bY?%—cZ?+ bcT?.
Consider the quaternion algebra H (b, c) (see IV.5.1). For
a=x+yi+ zj +tk
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we define
a=z—yt—zj —tk
so that
Nm(a) £ aa = 2® — by? — 2 + bet?.
The map o +— Nm(«) : H(b,¢)* — K* is a homomorphism, which we must show to
be surjective.
For any a € H(b, c),

P(X) € (X —a)(X —a) = X® - (a+ @)X + Nm(a) € K[X].

Therefore, P,(X) is the characteristic polynomial of « in the extension K[a]/K. In
particular,
Nm(a) = Nmgia)/x ().

Now (see IV.4.4), H(b,c) contains copies of every quadratic extension of K, for ex-
ample, the unramified quadratic extension of K and a totally ramified quadratic ex-
tension of K. Therefore Nm(H (b, ¢)*) contains the norm groups of these two distinct
quadratic extensions, and so (as above) equals K*. O

COROLLARY 1.13. Every nondegenerate quadratic form q in > 5 variables over a
finite extension of Q, represents 0.

PROOF. We can write ¢ = r(Xy,...,Xy) — aX? + ¢'(X,...), where 7 is a non-
degenerate quadratic form in 4 variables and a # 0. Then r represents a and so ¢
represents 0. [J

COROLLARY 1.14. A nondegenerate quadratic form q in > 5 variables over a num-

ber field K represents O if and only if it represents 0 in every real completion of
K.

PRrROOF. Combine (1.13) with (1.8). O

REMARK 1.15. The proof of Proposition 1.12 also for K = R down to the last step:
the only quadratic extension of R is C, and so

Nm(H(b, ¢)*) = Nm(C*) = Rxy.
It shows therefore, that a nondegenerate form in 4 variables over R that does not

represent zero represents all strictly positive real numbers.

2. The Fundamental Exact Sequence and the Fundamental Class
For a Galois extension L/K, we write
Br(L/K) = H*(Gal(L/K), L),
and for a Galois extension L/K of number fields, we write
H*(L/K) = H*(Gal(L/K),Cp).

Because H' (G, L*) = 0 (see I1.1.21) and H'(G, Cr) = 0 (see VIL.5.1), for any tower
of Galois extensions £ D L D K, we get exact sequences

0 — Br(L/K) — Br(E/K) — Br(E/L)
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and
0— HQ(L/K) — HQ(E/K) — HQ(E/L).
On passing to the direct limit over larger fields £ C K?, we obtain exact sequences
0 — Br(L/K) — Br(K) — Br(L)
and
0— H*(L/K) — H*(K*/K) — H*(K"/L).

Thus, we can regard Br(L/K) as the subgroup of Br(K) of elements split by L, and
similarly for H*(L/K).

Let L/K be a Galois extension of number fields of finite degree n, and consider the
diagram:

H*(L/K)
/

N\

0 — Br(L/K) — @Br(L'/K,)

Q/Z

The top row is part of the cohomology sequence of
0—-L"—=1;, - C;—0.

The zero at left comes from the fact that H'(G,Cr) = 0. The top row is exact, but
the map @, Br(L'/K,) — H?*(L/K) will not in general be surjective—we denote its
image by H*(L/K)'.

Recall (III.1.1), that for each prime v, we have a homomorphism
inv, : Br(K,) — Q/Z.

If v is nonarchimedean, it is an isomorphism of Br(kK,) onto Q/Z, and if v is real,
it is an isomorphism of Br(K,) onto 1Z/Z. Moreover, if L, /K, has degree n,, then
inv,(8) = n, - inv, (), and so inv, defines an isomorphism

1
inv, : Br(L,/K,) - —Z/Z.
Ty

The southeast arrow in the diagram is

S:@Br(LY/K,) — Q/Z, (B,)— Y inv,(By).
The image of inv, is the cyclic subgroup of order n, in the cyclic group %Z/Z, and
therefore the image of ¥ is the cyclic subgroup %Z/Z, where ng = lem(n,).

According to Theorem VIL.5.1, the order of H?*(L/K) divides n. According to
Theorem VII.8.1, the bottom row of the diagram is a complex, and so the maps in
the diagram induce a surjective homomorphism

HX(L/KY — niZ/Z.

The lem ng of the local degrees always divides n, but need not equal it (see Example
2.5 below). Suppose, however, that the extension L/K has the property that n = ny.
Then:
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(a) The map H*(L/K) — nl—OZ/Z is an isomorphism. (It is surjective, and
(H*(L/K) :1) < (H*(L/K) : 1) <n.)

(b) H*(L/K)" = H*(L/K), and each has order n.

(c) The bottom row is an exact sequence

1
0 — Br(L/K) — @&, Br(L"/K,) A —7]7 — 0
n

(because it is isomorphic to the top row).

LEMMA 2.1. If L/K is cyclic, then n = ny.

PROOF. Let S D Sy be a set of primes of K including all those that ramify in
L. Forv ¢ S, (p,, L/K) is an element of Gal(L/K) of order n, (= f,), and so the

image of the Artin map IS — Gal(L/K) has order ng £ lem(n,). According to , the
Artin map is onto, which implies that no = n. [Using complex analysis, one can show
more, namely, that for all v in a set of density ¢(n)/n, L'/K, is cyclic of order n: let
m be the modulus of L/K, and let a be an ideal in I° such that (a, L/K) generates
Gal(L/K); then the set of prime ideals p = a in Cy, has density 1/n.] O

Let Q¢ be the infinite cyclic cyclotomic extension of Q defined in (1.5.5d) (see also
(VIL.7.3)), and let 2 = Q° - K. For every n, 2 contains a unique cyclic extension of
Q,, of degree n. The preceding lemma and remarks show that

0 — Br(Q,/K) —>@BI’(Q’U/K>—> Z/Z—>0

is exact. On passing to the direct limit (actually, directed union) over all n, we obtain
an exact sequence

0 — Br(Q/K) — &,Br(Q2/K,) - Q/Z — 0.
THEOREM 2.2. For any number field K, the sequence
0 — Br(K) — &, Br(K,) = Q/Z—>O

15 exact.

PROOF. According to Proposition VIL.7.2, Br(2/K) = Br(K). Moreover,
Br(QV/K,) = Br(K,) because, in the nonarchimedean case, [} : K,] — oo as
n — oo (see VIL7.3). O

The sequence in the theorem is called the fundamental exact sequence (of global
class field theory).

COROLLARY 2.3. For any finite extension L/K, the sequence
0 — Br(L/K) — &, Br(L"/K,) = —Z/Z — 0, mno=lem(n,),
15 exact.

PROOF. Apply the snake lemma to the diagram obtained by mapping the funda-
mental exact sequence for K to that for L. [
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EXAMPLE 2.4. (a) For a finite cyclic extension of number fields L/K, the funda-
mental exact sequence becomes identified with

1
0— K*/Nm(L*) - &K, /Nm(L") - —=Z/Z — 0, n=][L:K].
n

(b) Let D be a division algebra over a number field K, and let i, = inv,(D ®k K,).
Then: 4, = 0 for all but finitely many v; ¢, = 0 if v is complex; i, € %Z/Z if v
is real; and Y i, = 0 mod v. The family (i,) determines the isomorphism class of
D, and any family (i,) satisfying the conditions is the family of invariants of the
division algebra. Clearly, the order of the class of D in Br(K) is the least common
denominator n of the 7,. One can also prove that [D : K] = n?. For example, to give
a quaternion algebra over QQ is the same as to give a set of primes of Q having an
even finite number of elements.

EXAMPLE 2.5. Let L = Q[v/13,V/17]. Clearly n = 4, but I claim that n, = 1 or
2 for all v. Because both 13 and 17 are congruent to 1 modulo 4, 2 is unramified in
L. Therefore, for w|p, p # 13,17, L,, is an unramfied extension of Q,. In particular,
its Galois group is cyclic. Since it is a subgroup of Gal(L/Q), it is killed by 2, and
therefore has order 1 or 2. On the other hand, G—g) = 1 (obviously) and G—;’) =

G—g) = 1. Hence, 17 is a square modulo 13, and Hensel’s lemma implies that it is a

square in Q3. Similarly, 13 is a square in Q7.

The fundamental class. It follows from the above discussion that there is an
isomorphism

invg : H*(Q/K) — Q/Z
uniquely characterized by having the property that the composite
®, Br(K,) — H*(Q/K) =% Q/Z,
is (By) ¥ > invy(5,).

LEMMA 2.6. For any finite extension L/K of number fields and v € H*(Q/K),
invy(y) =ninvg(y), n = [L: K.

PROOF. Use that the sum of the local degrees is the global degree. [
Therefore, for any L/K finite and Galois, we obtain an isomorphism
vy H (LK) — %Z/Z.
On passing to the direct limit over all L C K?, we obtain an isomorphism
invg : H*(K*/K) — Q/Z.

THEOREM 2.7. For every finite Galois extension L/K of number fields, H*(L/K)
is cyclic of order n =[L : K| having a canonical generator ur k.

PROOF. Take ur/k to be the element such that invy x(ur/x) = % mod Z. O
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The generator uy i of H*(L/K) is called the fundamental class. One shows as in
the local case (see I11.1.2) that for any tower £ O L D K of finite Galois extensions,

Res(uE/K) = UEg/L

Therefore, one may apply Tate’s theorem (11.2.18) to obtain an isomorphism
Gal(L/K)*™ — Cg/Nm(Cp).

That this is inverse to the global Artin map ¢,k defined in the last chapter fol-
lows from the fact that the global fundamental classes are compatible with the local
fundamental classes.

The norm limitation theorem.

THEOREM 2.8. Let E be a finite extension of K (not necessarily Galois), and let

M be the mazimal subextension of E such that M/K is an abelian Galois extension.
Then

PROOF. Let L be a Galois extension of K containing £, and let G = Gal(L/K)
and H = Gal(L/FE). Consider the commutative diagram

Hy?(H,Z) —— H)(H,Cy)
lCor lCor
Hi(G.Z) —=— HY(G.Cy)

in which the horizontal arrows are cup-product with the fundamental classes. This
can be identified with the commutative diagram:

Hab ; CE/NHIL/E CL
e
G*» —=— Cg/Nmpx Cy

Hence the cokernel of H* — G# is isomorphic to Cx/Nmp,x(Cg). But the cokernel
is equal to Gal(M/K'), which is isomorphic to Cx/ Nmys/x(Car). Since Nm(Cy) D
Nm(Cg), the two groups must be equal. [

3. Higher Reciprocity Laws

For an odd prime p and integer a not divisible by p, one defines (Legendre symbol,
quadratic residue symbol)

a\ _ 1 if a is a square modulo p
p) | —1 otherwise.
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The group F; is cyclic of order p — 1 with —1 as its unique element of order 2.

Therefore, for u € F, w5 is 1or —1 according as u is a square or not, and so (%)
is the unique square root of 1 such that

(ﬂ) =4¢"T mod .
p

The quadratic reciprocity law says that, for odd primes p and g,

() -

The supplement to the quadratic reciprocity law says that

()0 ()-co

For o a Gaussian integer (i.e., element of Z[i]) and 7 an odd Gaussian prime (i.e.,
prime element of Z[i] not dividing 2), Gauss defined (%) (quartic residue symbol) to
be the unique 4th root of 1 such that
(E) =a T modr
7r

and proved a quartic reciprocity law for these symbols. Later Eisenstein proved a cubic
reciprocity law. Emil Artin remarked that his theorem (V.3.5) implied all possible
such reciprocity laws, and therefore can be considered as a “reciprocity law for fields
not containing an nth root of 17. In the remainder of this section, we explain this
remark.

The power residue symbol. Let K be a number field containing a primitive nth
root of 1. For any finite set a,b,... of elements of K, we define S(a,b,...) to be the
set of prime ideals of K such that ord,(n) # 0, or ord,(a) # 0, or ord,(b) # 0,... . In
particular, S itself consists only of the divisors of n.

Recall that the discriminant of X™ — 1 is divisible only by the primes dividing n.
Therefore X™ — 1 has n distinct roots in Fgl for any p 1 n, and the map

¢ ¢ mod p: pn(K) — pn(Ok/p)
is bijective for any prime ideal p { n. For such a prime p, let ¢ = Np at (Ok : p).
Then F is cyclic of order ¢ — 1, and so n|lg — 1 and us e pn CE.

For a € K* and p € S(a), define (%) to be the unique nth root of 1 such that

a Np—1
— |l =an mod p.
;) :

3.1. For any a,b € K* and p € S(a,b),

2)-(0)

This is obvious from the definition.

3.2. Fora e K* and p € S(a), the following are equivalent:
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(@) (5)=1
(b) a becomes an nth power in Ok /p;
(¢) a becomes an nth power in K,.

The equivalence of (a) and (b) follows from the exactness of

1—>F;”—>F;M>,un—>l, q = Np.

If X™ — @ has a solution modulo p, then Hensel’s lemma (Math 676, 7.24) shows that
it has a solution in K. Conversely, if a = ", a € K, then ord, (o) = %ordp(a) =0,
and so a € Og,. The map O — Ok, /p is surjective, and so there is an ay € Ok
mapping to o modulo p.

We extend the mapping p — (%) to I5(®) by linearity: thus, for b = [Ipi' € 150

We abbreviate ((QT)) to (%)

For an abelian extension L/K in which the primes in S” do not ramify, 11/ : I° —
Gal(L/K) denotes the Artin map (see Chapter V).

3.3. For anya € K* and b € I3,

wK[a%]/K([’)(a%) = (%) an.

From Galois theory, we know that there is an nth root ((b) of 1 such that
¢(b)(aw) = ¢(b) - av and that the map b — ((b) is a homomorphism. Therefore, it
suffices to prove the equality with b = p, a prime ideal. By definition,

Y(p)(x) = 2™ mod p.

From

we find that

from which it follows that {(p) = (%)

3.4. Leta € Ok, and let b be an integral ideal in 5. Ifa' € Ok, o’ =a mod b,

then b € 15(@) gnd
(9>_ a
b/ \b)

For any prime ideal p dividing b, ' = a mod p, and so (5) = (F)'

The Artin Reciprocity Law allows us to prove a similar, but weaker, result for (%)
regarded as a function of b.

3.5. Let a € K*. There exists a modulus m with support in S(a) such that (%)
depends only on the class of b in the ray class group Cy,.



HIGHER RECIPROCITY LAWS 203

According to Proposition VII.10.5, S(a) contains all primes ramifying in K[a%].
Therefore, Artin’s Reciprocity Law (V.3.5) shows that there exists a modulus m with
support in S(a) such that ¢ (b) depends only on the class of b in the ray class group
Ch.

The Hilbert symbol. Let K, be a local field containing a primitive nth root of
1. The Hilbert symbol is a pairing

a,b— (a,b), 1 K*/K*" x K* /K™ = p,

where p, is the group of nth roots of 1 in K,. Probably the most natural way of
defining this as the cup-product map

HY(G, pn) x HY(G, pin) — H*(G, pin @ p1), G = Gal(K*/K),
followed by the isomorphism
HQ(G: fin @ fin) = HQ(G: [in) @ fn = fin

defined by the invariant map inv,. However, in the spirit of the 1920s and 1930s, I'll
define it in terms of central simple algebras.

Recall (IV.5) that for any a,b € K, we define A(a, b; ¢) to be the K,-algebra with

v
generators elements 7, j and relations

"=a, j"=0b, ij=C_Ji.
It is a central simple algebra of degree n over K,. In the case that n = 2, A(a,b; —1)
is the quaternion algebra H(a,b). We define
(a’ b)v _ C—ndnvv([A(a,b;C)])

where [A(a, b; ()] is the class of A(a,b;() in Br(K,). Because A(a,b;() is split by a
field of degree n (in fact, by any maximal subfield, for example, Q[é]), its invariant is
an element of ~Z/Z, and hence n - inv,([A(a, b; ¢)]) is an element of Z/nZ. Clearly
the isomorphism class of A(a,b;() depends only on a and b as elements of K /K",
and so we do have a pairing

KRS X KSR = .
However, it is not obvious from this perspective that the pairing is bilinear.

EXAMPLE 3.6. Consider the case K, = Qp, p an odd prime, and n = 2. Then
(a,b), = £1, and

(a,b), =1 H(a,b) = My(K,);
X? —aY? —bZ? 4 abT? represents 0 in K,;
b is a norm from K[\/al;

X? —aY? — bZ? represents 0 in K,,.

11l

To prove the equivalences use (respectively) that: a quaternion algebra has invariant
% if and only if it is a division algebra; Exercise IV.5.1; Proposition 1.10d; Proposition
1.10c. The last condition shows that our definition of the Hilbert symbol agrees with
that, for example, in Serre, Cours..., 1970, III.
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3.7. For any a,b,
A(b,a;¢) = Aa, b;¢) = A(a, b; ¢)°PP.

Therefore
(b,a), = (a,b);.

By definition A(b, a; () is the K,-algebra with generators ', j' and relations i = b,
j™ = a, and ¢'j/ = (¢i'j’. The map ¢ — j, j/ — i is an isomorphism A(b,a;() —
A(a,b;¢7Y). The map ¢ +— 4, j — j is an isomorphism A(a, b; ()PP — A(a,b; (71).

o )ordv(b)

3.8. Leta,be K*. For anyv € S(a), (a,b), = (pv

For simplicity, we assume that A(a,b;() is a division algebra. Recall (IV.4) that,
to compute the invariant of a central division algebra D over a local field K,, we

(a) choose a maximal unramified field L C D;
(b) find an element 3 € D such that a +— BaB~! is the Frobenius automorphism

of L (such an « exists by the Noether-Skolem Theorem);
(c) set inv,([D]) = ord,(«).
We apply this with L = K,[i] = K,[a=]. Note that, because v € S(a), this extension
i) = (", so that (p, L/K,)(i) = ¢"i. Since jij~' = (7', we see

is unramified. Let (pv
that we can take = j~". Then 8" = b~", and so ord,(3) = —~ord,(b). Hence

df ~—ninv,(A(a,b; or a ordu (b)
(a’ b)v ¢ vy (A(a,bi¢)) Cro do(d) _ [ & '
Py

REMARK 3.9. In fact,

-
<
—~
SHI
—~
=
3=
SN—

3=

(a,b), =

for all a,b,v. See I11.4.3.

3.10. For a,be K*,
[I(a,b), = 1.

v

In the course of proving the Reciprocity Law, we showed that, for any 3 € Br(K),
> inv,(4) = 0. In particular, 3" inv,(A(a,b;()) = 0, and this implies the formula.
For a,b € K*, define
91,607 (a5
b viSta) \U (b)5(@)
where ()% is the ideal in 1% generated by b. The symbol (%) is multiplicative in
b, but (“T“/) = (%) (%) will not always hold unless S(b) N S(a,a’) = S.

THEOREM 3.11 (POWER RECIPROCITY LAW). Let a and b be elements of K*
such that S(a) N S(b) =S (for example, a and b could be relatively prime). Then

G)(:) = moo-
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Moreover, if S(c) =S, then

ProoF. Let S’(a) = S(a) \ S and S’(b) = S(b) \ S. Our assumption is that S'(a)
and S’(b) are disjoint. Then

(-1, - o

v€eS! (b veS’ (b)
and o
ordy (a
b b v
<_> N H <_> N H (b’ a>v'
a veS’(a) Po veS’(a)
Therefore

G)() = I 0

veS’(a)US’(b)
For v ¢ SUS'(a)US'(b), (a,b), = 0 (by 3.8 for example), and so the product formula

shows that
II (ab).x]](a,b),=1.
veS’(a)us’(b) vesS

This completes the proof of the first equality, and the second is obvious. [J

To obtain a completely explicit formula, it remains to compute the Hilbert symbol
for the v € S. For the infinite primes, this is easy: if v is complex, then (a,b), = 1
always, and if v is real, then

(a,b)y =1 <= X? —aY? —bZ% represents 0 <= a > 0 or b > 0.
For K = Q and n = 2,

(u2",02%)y = (_1)%%”“2%%“2%

where v and v are 2-adic units, and the exponent is to be interpreted modulo 2. For an
elementary proof of this, see Serre, Cours..., 1970, II11.1.2. On applying this formula
successively to the pairs (p, ¢) with p and ¢ odd primes, (2, p) with p an odd prime,
and to (—1,p) with p an odd prime, one obtains the classical quadratic reciprocity
law (including the supplements).

For p an odd prime and K = Q[(] with ¢ a primitive pth root of 1, one can make
the Hilbert symbol (a,b), completely explicit. Recall that p is totally ramified in K
and (p) = (7)P~! where 7 = 1 — (. Let K, denote the completion of K at (), and
let U; denote the group of units in K, congruent to 1 mod 7¢. We have a filtration

O DUyDU; DD Upp1 Do+

If w € Upsq, then u is a pth power in K, (see VIL.10.6a). From this, one can deduce
that KX/KXP is freely generated (as an F,-vector space) by the elements

2
¢, 1—7m" ..., 1 —7P.

Let i =1—7"i>1(e.g., ;1 = ().
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PRrROPOSITION 3.12. The Hilbert pairing
a,b— (a,b)r : K X K — p,
1s the unique skew-symmetric pairing satisfying
(@) (1imj)w = (i Mi)x iy M3 )w (Mg )7 for all @, j > 1
0) (ome=1¢ Y (S =P
() (w)e=lonUxU;ifi+j>p+1.

For hints, see Cassels and Frohlich 1967, p354.

EXAMPLE 3.13. (Cubic reciprocity law; Eisenstein). Let p = 3, so that K = Q|(],

¢ = #g’ and 7 = —(v/3. Then O = Z[¢], and every nonzero element of Ok can
be written in the form (‘m’a with @ = +£1 mod 30k. In this case, the reciprocity

law becomes:
(9) _(?
b)  \a

if a and b are relatively prime and congruent to =1 mod 3Ok, and

g - o
() = ¢
if a = £(1 + 3(m + nqQ)).

Note that, if a € Z, then a = £1 mod 30k is automatic.

EXERCISE 3.14. Let p € Z be a prime congruent to 1 modulo 3 (so that [, contains
the cube roots of 1). Show that 2 is a cube modulo p if and only if p is of the form
2% 4 27y, x,y € 7.

Application. Fix an odd prime p and a primitive pth root  of 1. If x,y, 2z are
integers such that z? 4+ y? = 2P, then

p—1

[T+ ¢y) =27

=0

We may suppose that z,y, z have no common factor. If p { xyz, then the elements
x + 'y of Z[(] are relatively prime (Math 676, 6.9). Therefore, each generates an
ideal that is a pth power, and the same is true of

r+Cy ym
o= =1- ,
xr+vy r+vy

T=1-¢(.

Hence (&) =1 for all g € Z|(] relatively prime to a.
B

THEOREM 3.15. Let z,y, z be relative prime positive integers such that p{ xyz and
aP 4 yP = 2P. For any prime q dividing xyz, ¢~ =1 mod p?.
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PROOF. In this case, the Power Reciprocity Law becomes

) e

B=la-l yye apply this equation with 3 = ¢?~!. Without loss of generality,

T

where 1 =

we may assume that ¢ly, so that « =1 mod ¢ and (%) = 1. Moreover,

Tr(n) = Tir( );
D ™
but
—1
& S O LI (p—1),
™ T+y Tty

which is not divisible by p. Therefore 9% is divisible by p. O

COROLLARY 3.16 (WIEFERICH’S CONDITION). If XP+Y? = ZP admits a solution
x,y,z with x,y, z positive integers none of which is divisible by p, then 2P~1 = 1
mod p?.

PROOF. If 2P + y? = 2P, then at least one of x, y, or z must be even. []

A similar argument (with a different 3) proves Mirimanoff’s condition: 37~! # 1
mod p?.

The only primes < 3 x 10° satisfying Wieferich’s condition are 1093 and 3511,
and they fail Mirimanoft’s condition. Thus this proves the first case of Fermat’s last
theorem for p < 3 x 10°.

Notes: Theorem 3.15 was proved by Furtwéngler (see Hasse 1970, 11, 22); see also
Koch 1992, 11.6.3, and Herbrand 1936, p47. Class field theory also allows one to
simplify the proof of Kummer’s second criterion when the second case of Fermat’s
theorem holds (J. Herbrand, Sur les classes des corps circulaires, J. Math. Pures
Appl., IX. Sér. 11, 417-441.

4. The Classification of Quadratic Forms over a Number Field

Earlier we showed that a nondegenerate quadratic form over a number field repre-
sents 0 in the field if and only if it represents zero in every completion of the field. In
this section, we completely classify the quadratic forms over a number field. Specifi-
cally, we shall:

(a) Show that two quadratic forms over a number field K are equivalent if and
only if they are equivalent over every completion of K.

(b) Give a complete list of invariants for the quadratic forms over a local field.

(c¢) Determine which families of local invariants arise from a global quadratic form.
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Generalities on quadratic forms. In this subsection, k£ is an arbitrary field of
characteristic # 2. Let (V, Q) be a quadratic space over k with corresponding bilinear
form B, and let U; and U, be subspaces of V. If every element of V' can be written
uniquely in the form v = u;+us with u; € Uy and ug € Us, then we write V' = U; B Us.
If, addition, B(uy,us) = 0 for all uy € Uy and ug € Us, then we write V = Uy L Us.
For any subspace U of V,

Ut ={veV|B(uuv)=0 for all u € U}.
If Q|U is nondegenerate, then V = U 1 U+,
Let (V,Q) and (V' Q') be quadratic spaces over k. A morphism s : (V,Q) —
(V',Q') is a linear map s : V. — V' of k-vector spaces such that Q'(s(v)) = Q(v)

for all v € V. A morphism is an isomorphism if it admits an inverse that is also
morphism. An isomorphism (V, Q) — (V', Q') will also be called an isometry.

PROPOSITION 4.1. Let (V,Q) be a quadratic space. If Q represents a € k*, then
there exists an e € V with Q(e) = a and a subspace U of V' such that V =U L k -e.

PROOF. Because ) represents e, there does exist an e € V' such that Q(e) = a,
and we can take U to be the orthogonal complement of k-e. [

Let (V,Q) be a quadratic space. For any y € V with Q(y) # 0, we define the
symmetry with respect to y (or with respect to the line k - y) to be the map
2B(z,y)

() =1 — V.

i) Qy)
Note that 7, is a morphism (V, Q) — (V, Q) and that 7,07, id, and so 7, is an isometry.
It reverses every vector in the line k - y, and leaves every vector in the hyperplane
(k- y)* fixed. It is therefore reflection in the hyperplane (k- y)*.

PROPOSITION 4.2. Let U and W be isometric subspaces of a quadratic space (V, Q)
and assume that Q|U is nondegenerate. Then U+ and W+ are isometric.

PrROOF. We prove this by induction on the dimension of U. Suppose first that U
and W are lines, say U = ku and W = kw. Then Q(u) # 0, Q(w) # 0, and we may
suppose that Q(u) = Q(w). From

Qu+w) + Qu—w) = 2Q(u) + 2Q(w) = 4Q(u)

we see that at least one of Q(u + w) or Q(u — w) is nonzero, and, after replacing w
with —w if necessary, we may suppose that it is the latter. Therefore the symmetry
Tu—w 18 defined:

2B(x,u —w)

Qu — w)

Tu—w® = T — (u—w).

Then 7, (u) = w, because
Qu — w) = Qu) + Q(w) — 2B(u, w) = 2Q(u) — 2B(u,w) = 2B(u, u — w)

and so T,_, maps UL isometrically onto W+,

Thus, we may suppose that dimU > 2, and so admits a nontrivial decomposition
U =U; L U,. Because W = U, there is a decomposition W = W; 1. Wy with U; =~
W, and Uy ~ Wy. Note that Q|U; will be nondegenerate, and that Ui~ = Uy 1L UL,
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The induction hypothesis implies that U, L U+ is isometric to Wy L W+, and the
choice of an isometry defines a decomposition Uy L U+ = X 1 Y with X ~ W,
and Y ~ W+, But then X ~ U,, and the induction hypothesis shows that Y ~ U*.
Hence Wt ~ U+. [

On choosing a basis e; for a quadratic space (V, @), we obtain a quadratic form
q(Xl,... ,Xn) = Zainin, Qi :B(ei,ej).

Conversely, a quadratic form ¢ defines a quadratic space (k", q).

Two quadratic forms ¢ and ¢’ are said to be equivalent, ¢ ~ ¢, if they define
isomorphic quadratic spaces, i.e., if one can be obtained from the other by an invertible
change of variables. If ¢ and ¢’ are quadratic forms in distinct sets of variables, then
we denote ¢ + ¢’ by ¢ L ¢'; then (K™ q L ¢') = (K™, q) L (K", ¢).

From Proposition 4.2 we find that:

Let g =r L sand ¢ = ' L & be two quadratic forms, and assume
that r is nondegenerate. If ¢ ~ ¢’ and r ~ 1/, then s ~ ¢'.

From Proposition 4.1 we find that

A nondegenerate quadratic form ¢ in n variables represents a if and
only if ¢ ~ r L aZ? where r is a quadratic form in n — 1 variables.

The rank of a quadratic space (V,Q) is defined to be the rank of the ma-
trix (B(e;, e;)) for some basis e; of V. The rank of a quadratic form ¢ is the
rank of the corresponding quadratic space. When ¢ is written in diagonal form,
q=aa X+ -+ a,X?, then the rank of ¢ is the number of nonzero coefficients a;,
i.e., the number of variables actually occurring in q.

The local-global principle.

THEOREM 4.3 (HASSE-MINKOWSKI). Let ¢ and q' be quadratic forms over a num-
ber field K. If ¢ and ¢ become equivalent over K, for all primes v, then ¢ and ¢’ are
equivalent over K.

PrOOF. We may suppose that ¢ and ¢’ are nondegenerate. We use induction on
the common rank n of ¢ and ¢’. If n = 0, both forms are zero, and there is nothing to
prove. Otherwise, there exists an a € K* represented by ¢. Then ¢(X;, ..., X,)—aZ?
represents 0 in K, and hence in K, for all v. On applying Theorem 1.8, to ¢’ — aZ?,
we find that ¢’ represents a in K. Therefore, ¢ ~ ¢ L aZ? and ¢ ~ ¢} L aZ? for
some quadratic forms ¢; and g of rank n — 1. Now (4.2) shows that ¢; ~ g over K,
for all v, and so (by induction) they are equivalent over K. This implies that ¢ and
¢’ are equivalent over K. [

REMARK 4.4. Let (V, Q) be a quadratic space over a field k, and let O be its group
of isometries. Theorem 4.3 says that

H'(K,0) — [[ H'(K,,0)

is injective.
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The classification of quadratic forms over a local field. The archimedean
case. Any quadratic form over C (as for any algebraically closed field of characteristic
# 2) is equivalent to a unique quadratic form

Xi 4+ X
Thus two quadratic forms over C are equivalent if and only if they have the same

rank n.

According to Sylvester’s theorem, a quadratic form ¢ over R is equivalent to a
unique quadratic form

XPd o+ X2 = X2~ = X

The number ¢ of —1s is the index of negativity. Thus, two quadratic forms over R are
equivalent if and only if they have the same rank n and the same index of negativity
t.

The nonarchimedean case. Let K be a local field. Recall that the Hilbert symbol
(+,+) can defined for a,b € K* by

(a.b) = 1 < X?—aY?—-0bZ?represents 0 <= aY? + bZ? represents 1
“©O=Y -1 otherwise.

LEMMA 4.5. The Hilbert symbol has the following properties:

(a) it is bi-multiplicative and (ac®,bd?) = (a,b) for all a,b,c,d € K*;
(b) for any nonsquare a € K*, there exists a b € K* such that (a, b) —1;

)
() (b,a)=(a,b)~" = (a,b);
(d) (a,—a) = (L) = 1

PRrOOF. Obviously, (a,b) does not change when a or b is multiplied by a square.
Also, (c) is obvious.

Note that (a,b) = 1 if and only if b is a norm from K[/a]. From local class field
theory, we know that if @ is not a square in K, then Nm(K[y/a]*) is a subgroup of
index 2 in K*, and therefore b — (a,b) is an isomorphism K*/Nm(K[y/a]*) — {£1}.
This completes the proof of (a) and (b). Finally, aX?*—aY? = a(X?—Y?), and X?—-Y?
represents a~! because it represents 0. []

If g~ a1 X?+ -+ a, X2 with ay, ... ,a, € K*, then we set
n(g) = n
dg) = ar--an  (in K /K
S@) = II (a,a)= ]I (ads) (in {%1})

1<i<j<n 1<i<n

where d; = a;y...a;. Thus n(q) is the rank of ¢ and d(q) is the discriminant of q.
Both depend only on the equivalence class of q. We shall prove that the same is true
of S(q). It is called the Hasse invariant of q.

REMARK 4.6. Serre, Cours..., 1970, defines

el@= I (aia)=]](as di-1).

1<i<j<n
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Note that

n n

S(q) = e(q) [T(as, ai) = e(q) [1(—1, ai)(—ai, a;) = e(q) (=1, d(q)).

i=1 i=1
Thus the knowledge of (d(q), S(q)) is equivalent to the knowledge of (d(q),e(q)).

PROPOSITION 4.7. The element S(q) depends only on the equivalence class of q.

Proor. It suffices to prove that €(q) depends only on the equivalence class of g.
When ¢ has rank 1, there is nothing to prove: €(q) = 1 (empty product) for all g.

Next suppose that ¢ ~ aX? 4+ bY? ~ a’X? + VY2 Because they are equivalent,
either both aX? 4+ bY? and a’X? + b'Y? represent 1 or neither represents 1, and so
(a,b) = (a', V).

Next suppose that n > 2 and that

¢~ aXi+ o+ X+ aa X o~ d XY X e X
with a; = a’; except possibly for j =1,i+ 1. We then have to prove that

(a5, i) (i1, di) = (a;, d;_y) (@i q, ).
But

(ai:di—1>(ai+1:di> = (ai:di—l)(ai—i—l:di—l)(ai—l—l:ai) = (aiai—l—l:di—l)(ai:ai-f—l)

and ;a4 differs from ajaj, , by a square, and so it remains to show that (a;, a;41) =

(a},al,;). According to Proposition 4.2, a; X7 + a;1 X2, ~ a,X}? +al, X7, and we
already shown that this implies (a;, a;41) = (a}, a} ;).
The following elementary lemma now completes the proof. [

LEMMA 4.8. Let B and B’ be orthogonal bases for a nondegenerate quadratic space
(V,Q). Then there exists a chain of orthogonal bases By, Ba, . .. , By, such that By = B
and B, = B’, and each B; is obtained from B;_1 by altering at most two adjacent
elements.

PrOOF. See O. O’Meara, Introduction to Quadratic Forms, Springer, 1963, Lemma
58.1. O

PROPOSITION 4.9. Let q be a nondegenerate quadratic form in n variables over a
nonarchimedean local field K, and let a € K*. Then q represents a if and only if

(a) n=1anda=d(q) (in K*/K*?);
(b) n=2and (a,—d)(—1,d) = S(q) (equivalently, (a,—d) =e(q));
(¢) n =3 and either a # —d(q) (modulo squares) or a = —d(q) (modulo squares)
and (=1, 1) = S(q);
(d) n>4.
PROOF. (a) Clearly dX? represents a if and only if a = d (in K*/K*?).
(b) Let ¢ = bX? + c¢Y2. Clearly bX? + cY? represents a if and only if abX? + acY?
represents 1, i.e., if and only if (ab, ac) = 1. But
(ab, ac) = (a, a)(a, b)(a,c)(b,c) = (a, —1)(a,d(q))(b, c) = (a, —d(q)) - £(q)
and so the condition is that
e(q) = (a, —d(q)).
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(c) Let ¢ = a1 X%+ as X2 + a3 XZ2. Then ¢ represents a if and only if there exists an
e € K* for which the equations
a X: +ax X3 =e =a3Xs —aX}
have solutions. According to (b), this will be so if and only if
(e, —aiaz) = (a1, aq2), (e,asa) = (as,—a). (%)

Consider two linear forms f, g : V — [y on an Fs-vector space V' of dimension > 2.
The simultaneous linear equations f(x) = €1, f(z) = 2 will have a solution unless
they are inconsistent, i.e., unless f =0 and e; = —1;org=0and e = —1;0r f =g
and g1 = —é&o.

When we apply this observation to the linear forms (-, —ajas), (-, aza) : K*/K*? —
{£1}, we find that there will exist an e satisfying () unless —ajas = asa (in K*/K*?)
and (a1,a2) = —(ag,a). The first equality says that a = —d(q) (mod squares), and
(when a = —d(q)) the second says that (—1,—1) = S(q).

(d) In this case, ¢(X1,...,X,) —aZ? has rank > 5, and therefore represents 0 (see
1.13). O

THEOREM 4.10. Two quadratic forms over a nonarchimedean local field are equiv-
alent if and only if they have the same rank, the same discriminant, and the same
Hasse invariant.

PrRoOOF. We showed in Proposition 4.7 that equivalent forms have the same invari-
ants. For the converse, we use induction on the common rank n of the two forms ¢
and ¢’. Two quadratic forms of rank 1 are obviously equivalent if they have the same
discriminant, and so we may suppose n > 1. From Proposition 4.9, we see that ¢
and ¢’ represent the same elements in K*. In particular, there is an a € K that is
represented by both ¢ and ¢’. Thus,

g~aq+aZ? ¢~ +aZ’
with ¢; and ¢} quadratic forms of rank n — 1. Now

d(q) = a-d(q1), S(q) = (a,d(q1))-S(q1)

and similarly for ¢’ and ¢;. Therefore, ¢; and ¢} have the same invariants, and the
induction hypothesis shows that ¢; ~ ¢;. O

PROPOSITION 4.11. Let q be a quadratic form of rank n over a monarchimedean
local field K.

(a) If n=1, then S(q) = (—1,4d).
(b) If n =2, then d(q) = —1 (mod squares) implies S(q) = (—1,—1).

Apart from these constraints, every triplen > 1, d € K*/K*%, s = +1, occurs as the
set of invariants of a quadratic form over K.

PROOF. Casen =1. Then ¢ = dX? and S(q) = (d,d) = (—1,d).
Casen = 2. For ¢ = aX? 4+ bY?, S(q) = (a,a)(b,d), and so
d=-1 —= S(q> = (—1,@)(—1,6) = (_Ld) = (_17_1>'
Conversely, the form X? —Y? has d = —1 and S = (-1, —1).
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Now suppose d # —1 and s are given. We seek an a € K™ such that ¢ X X2 4ady?
has S(¢) = s. But

S(q) = (a,a)(ad,d) = (a, —1)(a,d)(d, d) = (a, —d)(d, d).

Because —d # 1 (in K*/K*?), we can choose a so that (a,—d) = s - (d, d).
Case n = 3. Choose an a € K* such that a # —d in K*/K*?. Because of the
condition on a, there exists a quadratic form ¢; of rank 2 such that

d=d(qp)a, s=5S(q)(a,d).

Take q = q1 + aZ>.
Case n > 4. There exists a quadratic form with the shape

(X1, Xo, Xg) + X5 + - + X7
having the required invariants. [

Generalities. We define the Hasse invariant for a quadratic form ¢ over R or C by
the same formula as in the nonarchimedean case. For C, S(q) = 1 always, and for R,
S(q) = (—1)!**D/2 where ¢ is the index of negativity (because (—1,—1) = —1). Note
that in the second case, d(q) = (—1)! (in R*/R*?), and that d(q) and S(q) determine
t when » < 3 but not for r > 3.

We say that a system (n,d,s,...),n € N, d e K*X/K*? s € {£1},... is realizable
there exists a quadratic form ¢ having n(q) = n, d(q) =d, S(q) =s,....

(a) For a nonarchimedean local field K, (n,d, s) is realizable provided s = 1 when
n=1and s =(—1,—1) when n =2 and d = —1.
(b) For R, (n,d, s, t) is realizable provided 0 <t < r, d = (—1)!, s = (=1)1+1/2,

Classification of quadratic forms over global fields.

THEOREM 4.12. Let n € N, and suppose that for each prime v of the number field
K there is given a nondegenerate quadratic form q(v) of rank n over K,. Then there
exists a quadratic form qo over K such that (qo), ~ qv for every v if and only if

(a) there exists a dy € K* such that dy = d(g,) mod KX for all v;
(b) S(q(v)) =1 for almost all v and ], S(q(v)) = 1.

The conditions are obviously necessary. In view of Proposition 4.11 and the follow-
ing remarks, we can restate the theorem as follows. Suppose given:

e ann>1land ady € K*/K*?
e for each prime v, finite or real, an s, € {£1};
e for each real prime v, an integer t,.

Then, there exists a quadratic form ¢ over K of rank n, discriminant dy, Hasse
invariant S,(q) = s, for all v, and index of negativity ¢,(q) = t, for all real v if and
only if
(a) s, =1 for all but finitely many v and [[, s, = 1;
(b) if n = 1, then s, = (—1,d),; if n = 2, then either d # —1 in K}/K)* or
Sy = (_17 _1)11;
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(c) for all real v, 0 < t, < n, d, = (—1)" (modulo squares), and s, =
(_1)t1)(t1)+1)/2'

PROOF. In the case n = 1, q, = d(q,)X?, and we can take gy = doX? where dj is
the element of K* whose existence is guaranteed (a).

The key case is n = 2, and for that we need the following lemma, whose proof
requires class field theory.

LEMMA 4.13. Let T be finite set of real or finite primes of K, and let b € K*. If
T has an even number of elements and b does not become a square in K0 for any
v €T, then there exists an a € K* such that

(a,b)y = -1 forveT
@ 0)v = 1 otherwise.

Proor. (Following Tate, 1976, 5.2). Let L be the composite of all abelian exten-
sions of K of exponent 2, and let G = Gal(L/K). By class field theory,

G = Cg/2Ck =T/K* -T2
The cohomology sequence of
0— pg — L™ 2T X2
is an exact sequence

KX 2= K% L2 — Homeons (G, p2) — 0.
Every element of K* becomes a square in L, and so we have an isomorphism
K*/K*? — Homeonts(I/ K - T2, 15).
This map sends a € K* to the continuous homomorphism

(co) H(a: Co)v

(because of the relation between the Hilbert symbol and the local Artin map). Thus,
finding a is equivalent to finding a homomorphism f : T/T* — s such that

(a) f =1 on principal ideéles;

, —1 forveT
(b) f(la 717211(6)717'-' 71) — { 1 otherwise.
where i, is the inclusion K — K,,. For each v, let B, be the Fa-subspace of K)/K
generated by 4,(b), and let B = [[ B, C I/I%. Because i,(b) is not a square for v € T,
there exists a linear form (automatically continuous) fi : B — pus satisfying condition
(b), and f; will extend to a continuous linear form on I/I? satisfying (a) if and only
if f, takes the value 1 on every principal idéle in B. The value of f; on the principal
idéle of b is [, —1, which is 1 because of our assumption that 7" contains an even
number of elements. Let ¢ € K* be such that its idéle lies in B. Then, for every v,
in(c) =1 or iy(b) in K /K 2. Therefore, i,(c) becomes a square in K,[v/b] for all v,
which (by 1.1) implies that ¢ is a square in K[v/b]. Hence ¢ = 1 or b in K*/K*?, and
so fi takes the value 1 on its idele. [J
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We now prove the case n = 2 of the theorem. We are given quadratic forms
q(v) = a(v)X? + a(v)d(v)Y? for all v, and we seek ¢ = aX? + adyY? such that
q ~ q(v) over K, for all v. Thus, we seek an a € K* such that

So(q) £ (a,a),(ado, o)y = S(q(v))

for all v. Now

(a,a),(ady,dy)y = (a,—1)y(a,do)p(—1,do)y = (a, —dp)u(—1,do).

We apply the lemma with 7" equal to the set of primes for which S(q(v))(—1,dp), = —1
and with b = —dy. The set T is finite because of condition (b) of the theorem, and it
has an even number of elements because

[15(a()(=1,do)e = [ S(q(v)) - [T(~1,do)y = L x L = 1.

v

Moreover,

S(q(v)) - (=1, do)o = (a(v), —d(v)).

and so —i,(dg) = —d(v) # 1 in K/K)? when v € T. Thus the lemma gives us the
required element a.

We next prove the case n = 3. For a form ¢ = ¢; +aZ?, a € K*,

n(q) =n(g) -1, dlq)=a-d(q), Su(q1)=(a,d(q))w-Su(q)

We seek an a for which the invariants (2,a - d,, (a,d,), - S,) are realizable for all v,
i.e., such that iy,(a)d, = =1 = (a,dy)y - Sy, = 1. Let T = {v | s, # 1}—by
hypothesis, it is a finite set. By the weak approximation theorem, there exists an
a € K* such that, for all v € T, i,(a)d, # —1. Now, for v € T, d(q1) # —1, and
so (2,d,, s,) is realizable. For v ¢ T, (a,d,) - s, = (a,d,), and i,(a)d, = —1 implies
(a,dy)y = (—dy,dy), = 1. Hence, for such an a, there exists a quadratic form ¢; of
rank 2 such that ¢; + aZ? has the required invariants.

We prove the case n > 4 by induction. If ¢, < n for all n, we can find a quadratic
form with shape ¢;(X) + Z? with the correct local invariants. If no ¢, = 0, then we
can find a quadratic form with shape ¢;(X) — Z? with the correct invariants. In the
general case, we use the weak approximation theorem to find an element a that is
positive at the real primes where ¢, < n and negative at the real primes where ¢, = 0.
Then the induction hypothesis allows us to find a ¢;(X) such that ¢;(X) + aZ? has
the correct invariants. [

Applications.

PROPOSITION 4.14 (GAUSS). A positive integer n is a sum of three squares if and
only if it is not of the form 4°(8b — 1) with a,b € Z.

PROOF. Apply the above theory to the quadratic form X? + X3 + X2 — aZ*—see
Serre, Cours..., 1970, Chap. IV. O
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5. Density Theorems
Throughout this section, K is a number field.

THEOREM 5.1. For any modulus m of K and any nontrivial Dirichlet character
X:Cn— C*, L(1,x) #0.

PROOF. As we noted at the end of Chapter VI, this follows from the proof of
Theorem VI.4.9 once one has the Reciprocity Law. [

THEOREM 5.2. Let m be a modulus for K, and let H be a congruence subgroup for
m: I™ D H D i(Kwn). For any class ¢ € I™/H, the set of prime ideals in € has
Dirichlet density 1/(I™ : H).

Proor. Combine Theorem 5.1 with Theorem VI1.4.8. O

COROLLARY 5.3. Let L/K be a finite abelian extension with Galois group G, and
let o0 € G. Then the set of prime ideals p in K that are unramified in L and for which
(p, L/K) = o has Dirichlet density ﬁ

PrROOF. The Reciprocity Law V.3.5 says that the Artin map defines an isomor-
phism I™/H — Gal(L/K) for some modulus m and some H D (K1), and we can
apply the theorem to the inverse image of o in I™/H. O

THEOREM 5.4 (CHEBOTAREV). Let L be a finite Galois extension of the number
field K with Galois group G, and let C be a subset of G stable under conjugation,
1.e., such that

reC, 1eG = Tt teC.

Let
T = {p | p unramified in L, (p,L/K) C C}.

Then T' has Dirichlet density

number of elements in C

5(T) =

number of elements in G

PRrROOF. It suffices to prove this in the case that C' is the conjugacy class of a single
element o,

C={ror | 7€G.

Let o have order f, and let M = L<°~. Then L is a cyclic extension of M of degree
f, and therefore the Artin map gives an isomorphism

Cu/H —<0>.
for some modulus m of M and for H = M> - Nmy,/ps Cm. We use the notations

Blalp

for primes B of O, q of Oy, and p of O. Let d = [L: K| = (G: 1), and let ¢ be
the order of C. We have to show that

In the proof, we ignore the (finitely many) prime ideals that are not prime to m.



DENSITY THEOREMS 217

Let
Tro={aCOnm | (0, L/M) =0, f(a/p) =1}

The Chebotarev density theorem for abelian extensions (5.3 shows that the set of
primes satisfying the first condition in the definition of 7/, has density %, and it
follows (see 4.5) that T, itself has density %

Let

Too={PCOL|(BL/K) =0}

We shall show:

(a) the map P+ q = P N Oy defines a bijection Ty, o — Taro;
(b) the map Pr—p =P NOk : T, — T sends exactly % primes of T}, , to each
prime of T'.

On combining these statements, we find that the map q — p = qN Ok defines a 4 : 1

cf

map Ths, — 1. For such a q, Nmy;/x q = p and so Nq = Np; hence
1 cf 1 cf 1 1 c 1
= — ~——log—— = -1
ZNpS d ZNqs df ®s—1 d%s_1

peT q€Tvr,0

as required. It remains to prove (a) and (b).

Let B € TL,, and let ¢ =P N Oy and p = P N Ok. Then the Galois group of
Ly /K, is generated by o, but ¢ fixes M, and so My = K,. Therefore f(q/p) = 1,
which shows that q € Th,, and so we have a map

‘B = q =df q3 N OM: TLJ — TMVJ.

This is injective because f(B/q) = f(q/p) " f(B/p) = 1 x f, and so P is the only
prime of L lying over q. It is surjective because, for any prime P lying over q € Th 0,

(B, L/K) = (B, L/K)T VP = (B, L/M) = 0
(first condition for q to lie in T ), and so P € T, ,. This proves (a).
Fix a po € T, and let Py € 11, lie over p. Then, for 7 € G,

(T&Bo, L/K> = T(“B07 L/K>T_1
and so
7(Po, L/K)77 ' =0 <= 7€ Cglo)

(centralizer of ¢ in G). Therefore the map 7 — 7% is a bijection

Co(0)/G(Po) = {P € Tro | PN Ok = po}

The decomposition group G(Py) equals <o >, which has order f, and Cg(o) has
order % because there is a bijection

T 107 G/Cg(o) — C.

Therefore (Ca(o) : G(Po)) = %, and we have shown that, for each p € T', there are

exactly % primes P € Ty, lying over p. This proves (b) and completes the proof of
the theorem. [



218 VIII. COMPLEMENTS

REMARK 5.5. For effective forms of the Chebotarev density theorem, see Lagarias
and Odlysko (Algebraic Number Fields, Ed. Frohlich, 1977). Let L be a finite Galois
extension of K, and let

mo(z) = #{pl(p, L/K)=C, Np <z}

Then
c

mo(x) + specific error term.

- Elogw
6. Function Fields

We should also include the class field theory of function fields (finite extensions of
[F,(T) for some p). For this, one can either mimic proofs in the number field case (see
Artin and Tate 1951/52) or (better) one can base the proofs on Tsen’s theorem (see
J. Milne, Arithmetic Duality Theorems, Academic Press, 1986, Appendix to Chapter

D).
7. Cohomology of Number Fields

We should also include proofs of the theorems of Nakayama and Tate (e.g., J. Tate,
The cohomology groups of tori in finite Galois extensions of number fields, Nagoya
Math. J., 27, 1966, 709-719) and Poitou and Tate (e.g., J. Milne, ibid., Chapter I).

8. More on L-series

Let x be a Dirichlet L-series. Then there exist constants A(y) > 0, a(x), b(x) € C,
such that
il
2

s+1

a7
joor(L

O(s, x) =ar AT )*0L(s, x)

satisfies the functional equation

(s, x) =WH)2(1—s,%x) [Wh)l=1
See W. Narkiewicz, Elementary and Analytic Theory of Numbers, PWN, 1974.

Artin L-series. Let L be a finite Galois extension of K with Galois group G. Let
V' be a finite dimensional vector space over C and let

p: G — Aute(V)

be a homomorphism of GG into the group of linear automorphisms of V. We refer to
p as a (finite-dimensional) representation of G over C. The trace of p is the map

o= x(0) = Tr(p(0)).
(Recall that the trace of an m x m matrix (a;;) is Y a;;, and the trace of an endo-
morphism is the trace of its matrix relative to any basis.) For o € G, let

dimV
P (T)=det(1—p(o)T | V)= ][] (1 —aT), a; € C,
i=1
be the characteristic polynomial of p(c). Note that P,(T") depends only on the con-
jugacy class of ¢, and so for any prime p of K unramified in L, we can define

P,(T)=P,(T), o= (PB,L/K) some Plp.
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For such a p, let
1

Ly(s,p) = ———
p(5:0) B, (Np~#)
and let

L(S,p) = HLP(Sap>'

For example, if L/K is abelian, then the representation is diagonalizable!

p%XI@"'@Xma
where each y; is a homomorphism G — C*. When composed with the Artin map
Cn — G,

x; becomes a Dirichlet character, and so the Artin L-series becomes identified with a
product of Dirichlet L-series. This was the original reason Artin defined his map.

One can show that if (V, p) = Ind%(Vy, po), then
L(Sa p) = L(Sa pO)

To handle more general Artin L-series, Artin proved that every character of a finite
group G is a linear combination (over Q) of induced characters from cyclic subgroups.
Hence

L(s, p) = [[(Dirichlet L-series)", r; € Q.
Later Brauer proved a stronger theorem that allows one to show that

L(s, p) = [[(Dirichlet L-series)"", r; € Z.

Artin conjectured that, provided p does not contain the trivial representation, L(s, p)
extends to a holomorphic function on the whole complex plane. The last formula
implies that this is true if the r; are all positive integers. Little progress was made
in this conjecture until Langlands succeeded in proving it in many cases where V' has
dimension 2 (see R. Langlands, Base Change for GL(2), Princeton, 1980).

Hecke L-series. A Hecke (or Grissen) character is a continuous homomorphism
from I into the unit circle in C* such that (K *) = 1 and, for some finite set S, 9
is 1 on a set {(ay) | ay =1 for v € S, a, =unit for all v}

EXAMPLE 8.1. Let D € Z, cube-free, and let ( be primitive cube root of 1. If
p =2 mod 3, then p remains prime in Q[¢], and we set ¥(p) = 1. If p=1 mod 3,
then p = 77 in Q[¢], and we choose 7 to be = 1 mod 3. Then m = (a + 3by/=3)
and 4p = 477 = a® + 27b*. Now there exists a Hecke character such that ¢(p) = 1
for all odd p #1 mod 3 and ¥ (p) = % (%)

!By this we mean that, relative to suitable basis for V,

xi(g) 0 - 0

0 ) 0
p(g) = . X:(g> : , ge€dG.

0 0 o xml(9)
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For such a character, we define

1
L(s,v) =
vlgg - W%)pr
where m, is an idele having a prime element in the v position and 1 elsewhere. The
basic analytic properties of Hecke L-series (meromorphic continuation, functional
equation etc.) are well understood (e.g., J. Tate, Fourier analysis in number fields
and Hecke’s zeta function, thesis, 1950; reprinted in Cassels and Frohlich 1967).

Weil groups and Artin-Hecke L-series. For this topic, see J. Tate, Number
theoretic background, pp 3-26, in: Automorphic Forms, Representations, and L-
Functions, AMS, 1979.

A theorem of Gauss. Having begun the course with theorem first proved by
Gauss, namely, the quadratic reciprocity law, it seems appropriate to end it with
another theorem of his.

Consider the elliptic curve E : X3 +Y3 4+ Z% = 0. Let N, be the number of points
on E with coordinates in IF,,. Gauss showed:

(a) if p#1 mod 3, then N, =p+1;
(b) if p=1 mod 3, then N, = A, where A is the unique integer =1 mod 3 for
which 4p = A% + 27B2.

See J. Silverman and J. Tate, Rational Points on Elliptic Curves, Springer, 1992,
IV.2.

Gauss’s theorem implies that the Weil conjecture for E/F,, namely, that

[Ny —p — 1] <2y/p.
It also implies the Taniyama conjecture for F/Q, because it shows that the L-series

L(s,E) equals L(s — 3,1) where 1 is the Hecke character in the above example
associated with D = —1.

He wrote to me that algebraic number theory was the most beautiful topic he had
ever come across and that the sole consolation in his misery was his lecturing on class
field theory.... This was indeed the kind of mathematics he had admired most: the
main results are of great scope, of great aesthetic beauty, but the proofs are technically
extremely hard.

A. Borel, in: Current Trends in Mathematics and Physics: A Tribute to Harish-
Chandra, Editor S.D. Adhikari, Narosa Publishing House, New Dehli, Madras, 1995,
p213.
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