Kazhdan’s Theorem on Arithmetic Varieties

J.S. Milne

ABSTRACT. Define an arithmetic variety to be the quotient of a bounded symmetric
domain by an arithmetic group. An arithmetic variety is algebraic, and the theorem
in question states that when one applies an automorphism of the field of complex
numbers to the coeflicients of an arithmetic variety the resulting variety is again
arithmetic. This article simplifies Kazhdan’s proof. In particular, it avoids recourse
to the classification theorems.

It was originally completed on March 28, 1984, and distributed in handwritten

form.
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_ Let X be a nonsingular algebraic variety over C whose universal covering manifold
X is a symmetric Hermitian domain (i.e., a symmetric Hermitian space without
Euclidean or compact factors). Then the group Aut(X) of automorphisms of X (as
a complex manifold) has only finitely many connected components, and its identity
component Aut()? )™ is a real semisimple Lie group with no compact factors. The
variety X will be said to be arithmetic if the group I' of covering transformations
of X over X is torsion-free and is an arithmetic subgroup of Aut(X ) in the sense
that there is a linear algebraic group G over Q and a surjective homomorphism
f: GR)T — Aut(X)" with compact kernel carrying G(Z) N G(R)* into a group
commensurable with I'.

The theorem in question is the following:

THEOREM 0.1. If X is an arithmetic variety, then, for all automorphisms o of

C, 0 X is also an arithmetic variety.
1
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The result was first stated, with some indications of a proof, by Kazhdan in his
talk at the Nice Congress in 1970 (Kazhdan 1971), but, in fact, it is only recently”
that the proof has been completed.?

In the case that X is compact, a detailed proof of (0.1) was given by Kazhdan in his
talk at the Budapest conference in 1971 (Kazhdan 1975). There is now an alternative
approach to this case of the theorem: roughly speaking, the first part of Kazhdan’s
paper, where the nondegeneracy of the Bergmann metric on the universal covering
manifold of o X is established, can be replaced by an appeal to Yau’s theorem on the
existence of Kahler-Einstein metrics; the second, group-theoretic part, of the paper
can be replaced by an appeal to the general results of Margulis (see (2.7) below).

Let X’ — X be a finite étale morphism. If X is arithmetic, then clearly so also
is X', and the converse assertion is true provided the fundamental group of X is
torsion-free. From this it follows that it suffices to prove (0.1) under the hypothesis:

(0.2) There exists an almost Q-simple, simply connected algeb}:aic
group G over Q, a surjective homomorphism f: G(R) — Aut(X)™"
with compact kernel, and a congruence subgroup I' C G(Q) such

that X is equal to f (F)\)~( with its unique algebraic structure.

The group G will then be of the form G' = Resp/g G’ with G’ an absolutely almost-

simple group over a totally real number field F. The type of Gg (A, B,C, D¥, DX,
mixed type (D%, DY), Eg, Ey; cf. Deligne 1979) will be called the type of X.

If X is as in (0.2) and of type A, B,C, D®, or DY then it is a moduli variety for
a class of abelian varieties with a family of Hodge cycles and a level structure—see
for example (Milne and Shih 1982, §2). (In the case D™ one should assume that
the image of I in G*(Q) is a congruence subgroup there.) For any automorphism
o of C, the conjugate variety ¢ X will be a moduli variety for the conjugate class of
abelian varieties with extra structure, and so is again an arithmetic variety. Thus
(0.1) is true for arithmetic varieties of these types. (Note that this argument makes
use of Deligne’s theorem (Deligne 1982) that a Hodge cycle on an abelian variety is
absolutely Hodge.)

Kazhdan (1983) proves the following result:

let X be as in (0.2), noncompact, and of type Fg, E7, or mixed type
(D®, DH): then, if one assumes a certain result in the theory of group
representations (Conjecture 3.17 below), (0.1) is true for X.

A weak form of (3.17), sufficient for the purpose of proving (0.1), has recently been
established by L. Clozel.> Thus this last result of Kazhdan, together with the proofs
for compact varieties and moduli varieties, suffices to prove (0.1).

1Added 22.06.01. Recall that the article was written in 1984.
2Added 22.06.01. For a different proof, see
Nori, M. V.; Raghunathan, M. S.; On conjugation of locally symmetric arithmetic

varieties. Proceedings of the Indo-French Conference on Geometry (Bombay, 1989),
111-122, Hindustan Book Agency, Delhi, 1993.

3Added 22.06.01. Clozel, Laurent, On limit multiplicities of discrete series representations in
spaces of automorphic forms. Invent. Math. 83 (1986), no. 2, 265-284.
See also:
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For his proof in these last cases, Kazhdan shows, case-by-case, that X contains
an arithmetic subvariety X’ associated with a subgroup G’ of G such that

dim X > dim X’ > dim(X* \ X)

where X* is the canonical (Baily-Borel) compactification of X. Because (0.1) is known
for curves (they are all of type A;), in proving (0.1) for X he can assume by induction
on the dimension that it holds for X’.

In these notes, I modify Kazhdan’s arguments to give a uniform proof that (0.1)
holds for all X (satisfying (0.2)) such that

(0.3a) codim(X*~ X) > 3 (i.e., the codimension of the boundary in X* is at least
3);

(0.3b) G’ contains a maximal torus 7" that splits over an imaginary quadratic
extension of F' and is such that 7'(R) is compact.

The proof does not use the classification and avoids treating the compact varieties
separately, but it does assume (0.1) for the case of arithmetic varieties of type A; (for
these varieties it is easily proved using moduli varieties). It also, of course, makes use
of Clozel’s result.

Let X satisfy (0.2). A construction of Piatetsky-Shapiro and Borovoi allows one
to embed X into an arithmetic variety X’ satisfying also (0.3). I do not know whether
it is possible to prove directly that (0.1) for X’ implies (0.1) for X, but in any case
one has the implications:

(0.1) for all arithmetic varieties satisfying (0.2) and (0.3) = Lang-
lands’s conjecture (Langlands 1979, p232-33) for all Shimura vari-
eties = (0.1) for all arithmetic varieties.

See Milne 1983 or Borovoi ...

The first section of these notes contains generalities on arithmetic varieties. Also
a group @ is defined that will play the role of G(Q)/Z(Q) for the conjugate variety
o X. Criteria are given in §2 for a variety to be arithmetic; in conjunction with Yau’s
theorem, they suffice to show that ¢ X is arithmetic in the case that X is compact.
In §3 Clozel’s result is used to show that the Bergmann volume form on a certain
covering manifold of 0 X is not identically zero. In the next section, the subbundles
of the tangent bundle on X are studied and, finally, in §5 the main theorem is proved.

1. Generalities on arithmetic varieties; definition of X° and Q

Let G be a simply connected semisimple algebraic group over Q, and let X be a
symmetric Hermitian domain on which G(R) acts in such a way that

X =~ G(R)/(maximal compact subgroup).

Rohlfs, J., and Speh, B., On the limit multiplicities of representations with cohomology in the
cuspidal spectrum. Duke Math. J. 55 (1987), no. 1, 199-211.

4Added 11.07.01: Borovoi, M. V., Langlands’ conjecture concerning conjugation of connected
Shimura varieties. Selected translations. Selecta Math. Soviet. 3 (1983/84), no. 1, 3-39.

Borovoi, M. V., On the groups of points of a semisimple group over a totally real field, Problems
in Group Theory and Homological Algebra, Yaroslavl 1987, pp. 142-149
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We always assume that GG has no Q-factor that is anisotropic over R. For any compact
open subgroup K of G(Af), K NG(Q) is a congruence subgroup of G(Q), and we let
I' = I'(K) be its image in G*(Q). Clearly I'(K) = I'(K-Z(Q)), where Z = Z(G), and
so we can always assume that K O Z(Q). Let X, or Xr, denote I'(K)\ X regarded
as an algebraic variety. The strong approximation theorem shows that G(Q) is dense
in G(Ay), and it follows that

Xk(C) ET\X = G@Q\X x G(As)/K.
The actions on the right hand term are
q(z,a)k = (qx,qak), qe€ GQ), =€ X, ac G(Ay), keK.

Let S denote the set of compact open subgroups K of G(Af) containing Z(Q)
and such that I'(K) is torsion-free. The groups I'(K), K € S, have the following
properties:

— each I'(K) is an arithmetic subgroup;

~ Nges TK) ={1};

—if Ky,..., K, are in S, then K =4 [ K; isin S and ['(K) = N T'(K));

—ifge G¥(Q) and K € S, ¢I'(K)qg! =T'(¢gKq ') with ¢Kq~' € S.
We shall often identify the elements of S with their images in G(Ay)/Z(Q).

Consider the projective system (Xg)ges of algebraic varieties. There is a left
action of G(Ay) on this system:

9: Xie — Xyrg1, [v,0] = [v,a97"], x€ )~(, a,g € G(Ay).
Let X = lim Xy — this is an irreducible scheme over C (not of finite-type!).
LEMMA 1.1. There are natural bijections (of sets)
X(C) = lim Xk (C) = GQ)\X x G(A;) = (G(Q)/Z(Q)\X x (G(A7)/Z(Q)).

PROOF. Only the middle bijection requires proof. Recall the following result
(Bourbaki 1989, III 7.2): consider a projective system (G,) of topologicaly groups
acting continuously and compatibly on a topological space S; then the canonical map
S/lim G — lim(S/G,) is bijective if

(a) the isotropy group in G, of each s € S is compact, and
(b) the orbit G4s of each s € S is compact.

Apply this with S = G(Q)\ X x G(Ay) and (G4) = (K). Then (a) holds because each
isotropy group is Z(Q), and (b) holds because K is compact. As limK = NK = 1,
we have that

G(Q\X x G(Af) = Lim G(Q)\X x G(Af)/K

is bijective, as required. 0

The action of G(Af) on the system (X ) defines an action of G(Af) on X: for
g€ G(Ay), g: X — Xis [z, a] — [z,ag™!]. The knowledge of X with this action is
equivalent to the knowledge of the projective system (Xy) together with the action
of G(Ay) on it; in particular, Xx = K\)A( We shall sometimes use X to denote the
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projective system (Xg) rather than its limit. Note that the action of G(Ay)/Z(Q)
on X is effective.
There is an action of G*(Q)* on X:

a[z,a) = [az,a(a)], ae€GYX), zeX, aecGAy)

The actions of G(Q) on X defined by the maps G(Q) — G*(Q) and G(Q) — G(Ay)
are equal:

[qa:,qaq_l] = [x,aq_l], g€ GQ), xze€ )?, a € G(Ay).

Let (X,) be a projective system of smooth complex algebraic varieties such that
the transition maps Xz — X,, 8 > a, are étale. Then X =qf 1iLnXa has a canonical
structure as a complex manifold: a basis for the atlas on X is formed by the pairs
(U, ¢) for which there exists an « such that the projection p,, : X - X, is injective on
U and (pa(U), pop,t) is an open chart for X,,. We write X for X with this structure.
Note that the topology on Xan is, in general, strictly finer than the projective limit
of the topologies on the X2". (However, the Zariski topology on X s the projective
limit of the Zariski topologies on the X,.)

In the situation considered above, if G(Ay) is given the discrete topology, then
X = GQ\X x G(Aj).
Note that the map
X - X"z [z 1]

is injective (because NI(K) = {1}), and is an isomorphism of X (as a complex
manifold) onto a connected component of X**. We shall use the following notations
for the maps:

X % Xan )?
N S A
Xan XK

When z € X, we often write zx and Z for px(z) and p(z).

LEMMA 1.2. Let g € G(Ay)/Z(Q); if g stabilizes X C )?, then it belongs to

G(Q)/Z(Q).

PROOF. Let € X. As g stabilizes X, [z, 9] = [2/,1] for some 2’ € X. This
means that there exists a ¢ € G(Q)/Z(Q) such that (ga’,q) = (z, g) as elements of

X x G(Af)/Z(Q). In particular, ¢ = g € G(Q)/Z(Q). 0

Now fix an automorphism ¢ of C. The discussion above shows that there is a
canonical structure of a complex manifold on ¢X. Choose a connected component
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X7 of (J)A()an, and let p” and p% be the inclusion X7 — (J)A()a“ and the composite
(0qr)™ o p’respectively: thus

o

XL (0X)™ X

\\ J/(qu)““ l/aqx
Pk

(O'XK)an O'XK

The group G(Ay) continues to act on a)A( and this action is compatible with the
complex structure on (aX)an. Define @ C G(A)/Z(Q) to be the stabilizer of Xe.
Note that X7 — o X is a local isomorphism. Let z € Xe , and let M be the unlversal
covering manifold of c X%". For any m € M, there is a unique map M — oX such
that m maps to 7 and the composites M — cX — o Xy are all analytlc Clearly,
M — oX is analytic, and so its image is contained in X°. This shows that X0 — Xeon
is surjective and that X% is a covering manifold of X*". In particular, X° is Zariski
dense in aX and so the action of () on X° is effective.

LEMMA 1.3. For any K in S, the map
(k,x) — kz: K x X7 — (6 X)™

18 surjective.

PROOF. Let # € o X™. By what we have just proved, there exists an = € X°

such that  and x have the same image in 0 X3". Let z = p?(Z). Then (0gqk)(T) =
(0qr)(x), and so qx(07'7) = qx (o7 z) in X2 = K\X*. Therefore, there exists a
k € K such that k(o7'Z) = o'z, and so kT = . O

PROPOSITION 1.4. For any K in S, KQ = G(A;)/Z(Q). In particular, Q is
dense in G(Ay)/Z(Q).

PROOF. For any g € G(Ay), g)~(" is a connected component of a)A(an, and so the

lemma shows there exists a £ in K such that kg)?" = X°. By definition, kg € @,
and therefore g € k1Q C KQ. O

PRroPOSITION 1.5. (a) The map
[2.9] = g2: Q\X7 X G(Ay) — 0 X"
is an isomorphism of complex manifolds (G(Ay) with the discrete topology).
(b) For every K, the map
2] = P (2): (QNEN\XT — o X7

s an isomorphism of complex manifolds.

PROOF. (a) The lemma shows that X7 x G(As) — o X™ is surjective, and it is
obvious that the fibres of the map are the orbits of Q).

(b) As 0 Xk = K\oX, it follows from (a) that there is an isomorphism
Q\X? x G(Ay)/K — o X2
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The preceding proposition can be used to show that
(QNEN\X" — Q\X x G(Af)/K
is an isomorphism. O
We write ['(K) for @ N K. Thus, the proposition shows that
I (KN\X° S o(T(K)\X).

PROPOSITION 1.6. For any K € S, Q) is contained in the commensurability group

of I'"(K).

PROOF. Let g € Q; we have to show that gI'(K)g~'is commensurable with
[?(K). Note that ¢gI'?(K)g~! =T7(gKg™'). Let K’ = KN gKg'. The diagram of

finite étale maps
Xy
Xk Xk

gives rise to a similar diagram

g—l

o X = D7 (K')\X?

/ N\

o Xk =T (K)\X° 0 Xgrcg =17 (gKg )\ X”

This shows that I'7(K”) has finite index in both T'°(K) and ' (¢Kg~') = gI'" (K)g~'.
0

REMARK 1.7. It follows from (1.3) that G(A) acts transitively on the space of
connected components of (¢.X)*". Thus every connected component is of the form
9X%, g € G(Ay), and has a stabilizer that is conjugate to Q.

PROPOSITION 1.8. Let Z be a nonempty (QQ-invariant subset of X°. Assume that
Z is a complex analytic subset of an open submanifold of X and that p%(Z) is an
algebraic subvariety of o Xk for some K in S; then Z = X°.

PROOF. The hypotheses imply that Z =g (p%(Z))kes is a pro-algebraic sub-
variety of 0X and is Q-invariant. As () is dense in G(Ay)/Z(Q), Z is invariant
under G(A;)/Z(Q), and so 07'(Z) is a G(A;)/Z(Q)-invariant subscheme of X. Let

Z =XNo '(Z). Then Z is G(Q)-invariant and, as G(Q) is dense in G(R) and G(R)
acts transitively, this shows that 7 = X. O

For any K in S, let X} be the canonical (Baily-Borel) compactification of Xj.
The dimension of Xj; \ Xk is independent of K, and we shall write it dim(0X).

COROLLARY 1.9. Let Z be a nonempty Q-invariant analytic subset of X7 such
that dim Z > dim(0X); then Z = X°.
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PROOF. Let d = dimZ, and let Z@ be the set of z € Z such that Z has a
component of dimension d at z. Then Z(@ is an analytic subset of Z (Narasimhan
1966, p. 67) and is Q-invariant. Therefore, we can assume that Z = Z(9. The image
7' of Z in Xg (any K) is analytic and such that Z’ = Z'D. As dim(X} \ Xk) < d,
the theorem of Remmert-Stein (loc. cit., p. 123) shows that the closure Z’ of Z in
X3 is analytic, and Chow’s theorem (loc. cit., p. 125) shows that Z’ is algebraic.
Therefore Z' N Xx = 7' is algebraic, and the proposition applies. O

A point = € X is said to be special if there exists a torus T" C G such that Tt is
maximal and T'(R)z = .

PROPOSITION 1.10. Let € X be special, and let x° € X7 be any point such
that 27 = g(o) for some g € G(Ay). Consider the o-linear map of tangent spaces

a: Tx()?) — xa()?") defined by

r X oX 50X g H2%) > a°
TK XK éO'XK OTK

Then there ezists a homomorphism j: T(Q) — Q such that j(T'(Q)) fizres x and «
commutes with the actions of T(Q) on the two tangent spaces. The closure of j(T(Q))

in Aut(Tyo ()~( 7)) for the real topology contains an element inducing multiplication by
v—1.

PROOF. Let t € T(Q) C G(Ay); then tZ = 7 and so toZ = 0Z. As 0% = g~'27,
this means that (gtg™')7° = 2°. In particular, gtg~' maps one point of X° into
X° and so stabilizes X°. Thus gtg~' € Q, and we can define j(t) = gtg™'. By
construction, j(t) fixes 7, and it is routine to check that « carries the action of ¢ on
T,(X) into the action of j(t) on Ty (X?) (o = dg o (dp%)™ o do o dpy; the actions
of t on )~(, Xk, and 0 Xx commute with px, o, and p%, and the action of ¢ on X is

transformed by ¢: X° — X7 into the action of gtg™'). To prove the last assertion of
the proposition, we need a lemma.

LEMMA 1.11. Let T be a torus over Q. For each automorphism o of C, there
is a unique automorphism t v t7 of T(C) such that x(t7) = ox(t), all t € T(C),
X € X*(T). The map t — t° is continuous and, if T(R) is compact, takes T(R) into
itself. Fort € T(Q), o(x(t)) = x(t7).

PRrROOF. There is an isomorphism
t— (x = x(t)): T(C) — Hom(X™(T),C*),

and we define ¢t +— t7 on T'(C) to correspond to the map on Hom(X*(7"), C*) induced
by the Z-linear map o: X*(T) — X*(T'). Clearly, x(t7) = (ox)(t), and t — t7 is the
unique map with this property. The continuity is obvious. If T'(R) is compact, it is
the unique maximal compact subgroup of T'(C), and so it is preserved by t — t?. For
t € T(Q), ox(t) = (ox)(t) = x(t7). O



KAZHDAN’S THEOREM ON ARITHMETIC VARIETIES 9

PROOF (OF 1.10 CONTINUED): The o-linear map a: T,(X) — Tyo ()?") induces
a C-linear isomorphism® 3: 0T, (X) — T, (X?). Moreover,

Boalps(t)) =pee(jt)) 0 B, t€T(Q),

where p, and p,- denote the representations of G and () on the tangent spaces at x
and z7. Clearly, (op.)(t) = p.(t7), and so

Bopu(t7) o B = pue(j(t)), te€T(Q).

As T(Q) is dense in T'(R), it follows that for any v € T'(R) there exists a 7' in the
closure of p.o(j(T(Q))) in Aut(T,-(X?)) such that 7/ acts as 8o p.(77) o 37! on
T.o(X7). It is known (see, for example, Helgason 1962, VIII 4.5) that there is a 7 in

T(R) acting as v/—1 on T, (X); therefore,

v = Bops(y7)os™!
3 o (multiplication by v/—1) o g~*
= multiplication by v —1. 0

2. A criterion to be an arithmetic variety.

Let (M, g) be an oriented Riemannian manifold. There is a unique volume element
1 on M having value 1 on any orthonormal frame. In local coordinates

g = Zgijdxi®dxj

po= +/det(gi)dat Adax* A A dx™,

Let V be the connection defined by g. The curvature tensor is defined by
R(X, Y) == [VX, VY] - V[)Qy].

In terms of local coordinates,
o 0 0 0
R(—,— | — = R —
(63:“ Gxﬂ) oz’ ; b Ok
The Ricci tensor r(X,Y') is determined in local coordinates by

r(X,Y) =) Ryde'®da’, Rij=» Rf,.
k

Assume further that M is a complex manifold, with multiplication by v/—1 being
described by the tensor J. Then g is said to be Hermitian if g(JX,JY) = g(X,Y),
all X)Y. In this case

h(X, Y) —=df g(X, Y) + zg(X, JY)

is a positive-definite Hermitian form. The form ®(X,Y) =4 ¢(X,JY) is skew-
symmetric. It is called the fundamental 2-form of the Hermitian metric h, and if
it is closed, h is said to be Kahlerian.

For a complex vector space V, oV =V ®c,s C.
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LEMMA 2.1. Let M be a connected compler manifold of dimension n with
Kahlerian Riemannian structure g. If the associated volume element is described
in terms of local coordinates by

p:k(%) doy Adz A - A dz,

then the Ricci tensor is described by

0?log k
r= Y "z @ dZ; (2.1.1)
1<i,j<n 0210%;
ProoF. Helgason 1962, VIII 2.5. O

In general, if p = k(%)”dzl ANdzy N --- NdZ, is a volume element on a complex
manifold, then the tensor defined by (2.1.1) will be called the Ricci tensor, Ric(u),
of u.

LEMMA 2.2. Let M be a connected complex manifold on which a group G acts
transitively, and let u be a G-invariant volume element on M such that g = Ric(p) is
positive definite (and therefore is a Riemannian metric). Then g is equal to its Ricci
tensor (and therefore is an Finstein metric).

PROOF. Let 1/ be the volume form associated with g. Then ' = fu for some
positive function f on M. As p is G-invariant, so also are g, i/, and f. Therefore, f
is constant, and so the Ricci tensor of g is Ric(fu) = Ric(pn) = g. O

THEOREM 2.3. Let M be a connected complex manifold on which a unimodular
Lie group G acts effectively and transitively. Assume there is a G-invariant volume
element pn on M such that Ric(u) is positive definite. Then M is a Hermitian sym-
metric domain, and G O Aut(M)*.

ProOOF. This is proved in Koszul 1959, p. 61. Alternatively, one can combine the
following results:

A complex homogeneous manifold with an invariant volume form whose
Ricci tensor is positive definite is isomorphic to a homogeneous bounded
domain (Piatetski-Shapiro 1969, p. 48).

A connected unimodular Lie group acting effectively and transitively
on a bounded domain is semisimple (Hano 1957).

A bounded domain admitting a transitive semisimple group of auto-
morphisms is symmetric (Borel 1954; Koszul 1955).

O

THEOREM 2.4. Let M be a connected complex manifold, and endow Aut(M) with
the compact-open topology. Let I C Q be subgroups of Aut(M) with I' discrete and
torsion free, and assume that an orbit of Q) in M is dense. Assume also that there is
a Q-invariant volume form p on M such that

(a) Ric(p) is positive definite,
(b) Jpyp 1t < 00
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Then M is a Hermitian symmetric domain, and the closure Q of Q in Aut(M) is
a semisimple Lie group whose identity component is Aut(M)*. If moreover @ is
contained in the commensurability group of I in Q, then T is arithmetic and so T\ M
1s an arithmetic variety.

PROOF. Let g = Ric(u). By assumption, (M, g) is a Riemannian manifold, and
so the group Is(M,g) of its isometries is a Lie group (Kobayashi 1972, II Theorem
1.1). As p is Q-invariant, @ is contained in Is(M,g), and its closure G is a Lie
subgroup of Is(M, g). Clearly, G = Q.

LEMMA 2.5. Let (M, g) be a Riemannian manifold. Then, for all m € M, the
map Is(M,g) — M, a— am, is proper.

PROOF. Let O(M) be the bundle of orthonormal frames over M. Every auto-
morphism « of M defines a compatible automorphism @ of O(M). Let u € O(M)
and let m be its image in M. The mapping o — &(u) embeds Is(M, g) as a closed
submanifold of O(M) (ibid., p. 41). The projection O(M) — M is clearly proper,
and its restriction to Is(M, g) is the map « — am. O

PROOF OF 2.4 CONTINUED. Let m be a point of M such that m is dense in M.
Then the lemma shows that Gm is closed and so equals M. The orbit under Gt of m
contains an open set in M, and so equals M (Kobayashi and Nomizu 1963, Corollary
4.8, p. 178); thus Gtalso acts transitively on M. The isotropy group K at the point
m is compact. Thus the fact that M = G*/K carries a G*-invariant measure such
that "\ M has finite volume implies that G carries a left invariant measure relative
to which M GT\G™ has finite volume. Hence I' NG is a lattice in GT, and so G is
unimodular (the image of the modulus function Ag in R+ is a subgroup with finite
measure, and so is {1} — see Raghunathan 1972, 1.9). The preceding theorem now
shows that M is a Hermitian symmetric domain and G* = Aut(M)™.

The final statement of the theorem is a consequence of the following theorem of
Margulis (Margulis 1977, Theorem 9):

Let G be a semisimple connected real Lie group with no compact fac-
tors, and let I" be a lattice in G; if the commensurability group of I' in
G is dense in G, then I is an arithmetic subgroup of G . O

REMARK. In the statement of the theorem just applied, Margulis assumes that
I' is irreducible, but this is unnecessary. If I' is reducible, then there exist connected
normal subgroups G; of G such that G = [[ G; (almost direct product), T'; =4t TNG;
is an irreducible lattice in G;, and [[T; is a subgroup of finite index in T'. Clearly,
the commensurability group of I in G is the product of the commensurability groups
of the I';: Comm(I") = [[ Comm(I’;). Thus, if Comm(I') is dense in G, each group
Comm(I';) is dense in G;, and Margulis’s statement can be applied to show that each
I'; is arithmetic.

COROLLARY 2.6. Let X be an arithmetic variety as in §1, and suppose that there
exists a Q-invariant volume element p on X% satisfying the conditions (2.4a) and
(2.4b). Assume that there exists a finite family of arithmetic subvarieties io: Xo — X
such that for some special point x € X, xo =g4pi," () is special in X,, all . If each
0 X, is arithmetic, and the subspace of T,,(X) generated by the T, (X, ) has dimension
> dim(0X), then 0 X is arithmetic.
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PROOF. Let g = Ric(u), and let M be the closure of the orbit Q7 for some
ieXe lifting #. Then (M, g) is a Riemannian manifold, and the closure Q of @ in
Is(M, g) acts transitively on M (by 2.5). Since ¢ — ¢z, Q — X°, is a proper map,
it is an embedding and M is a regular closed submanifold of X°. By (1.10), M has
a Q-invariant complex structure — it is therefore a complex analytic subset of X,
Since it contains o X, for each a, it has dimension > dim(9X), and so (1.9) shows
that M = X°.

Now (2.4) can be applied. O

REMARK 2.7. It is now possible to complete the proof of Theorem 0.1 in the case
that X is compact. In this case, dim(0X) = —1 and so the map = — X will serve
for the family (X, < X). Recall the following theorem of Yau (1978) (the Calabi
conjecture):

let V' be a smooth projective algebraic variety over C such that Ky
is ample (equivalently, ¢;(V*") is negative); then there exists a unique
Ka&hler metric on V" such that Ric(g) = g.

Apply this to ¢ X and let i be the inverse image on X7 of the volume element associ-
ated with g. The uniqueness of g shows that p is invariant under all automorphisms

of X°. Since Ric(u) = §, it satisfies (a), and it satisfies (b) because X is compact.
Thus (2.4) applies.

In the remainder of this section, we shall show that the condition (2.4b) is auto-
matically satisfied in the context of (2.6).

A complex manifold M will be said to be compactifiable if it can be embedded as
an open dense subset of a compact analytic space M in such a way that M ~ M is
an analytic subset. Hironaka’s theorem (Hironaka 1964) then shows that M can be
chosen to be a manifold such that M ~. M is a divisor with normal crossings. Clearly,
if M = V* with V a quasi-projective algebraic variety, then M is compactifiable (in
fact, not even quasi-projectivity is necessary).

PROPOSITION 2.8. Let M be a compactifiable manifold of dimension n, and let p
be a volume form on M such that

Ric(p) is positive-definite and Ric(p)" > p (2.8.1)
Then [, < oc.
Let

D(a) = {z€C||z| <a}
D*(a) = {z€C|0< |z <a}.

LEMMA 2.9. Ford <1,

/ l'dz/\dz B 262
D(5)7T(1_’Z’2)2 C1-4

/ i dz NdzZ B -1
p+s) T |2[*(log |2|?)? log '
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PROOF. Put z = te?, z = te™. Then dz A dz = 2itdf A dt. Thus,

/ i dzAdz _/1 - 2 °
pe T (1= |2 T 1—t2 1—#2|, 1-42
/ i dzAdz _/1 _out / a -1 1
pes) T |2[2(log [22)2 0 t24 logt) B t(logt)>  logt|, logd
0
REMARK 2.10. Let
1 dzNdz v dzNdz
Pp = — oy, [Dr = oo
™ (1—|z[?)? m |z[*(log [2[*)?

Then pp is the Poincaré metric on the unit disc, and Ric(up) = pp. The inverse
image of up- relative to the covering map D — D* is up, and so Ric(pup+) = pp+
also. (Cf. Griffiths 1976, p. 47.)

LEMMA 2.11. Let pu be a volume element on D(1)" x D*(1)"™" satisfying the es-
timates (2.8.1). Then
p< pp X pp
PROOF. If r = n, this is precisely Ahlfors’s lemma (Griffiths 1976, 2.21). Consider

the covering map
D(1)" 5 D(1)" x D*(1)""
Then ¢*(p) satisfies (2.8.1), and so ¢*(u) < ph = ¢*(p x ph."). This implies that
< ply X pl O
LEMMA 2.12. Let U = D(1)" and let U' = D(1)" x D*(1)"". Then there exists
an open neighbourhood V- of U\ U’ in U such that | [, i, X ph."| < oo.

PROOF. A stronger statement is proved in (3.11) below. O

PROOF OF 2.8. Embed M in a compact manifold M in such a way that N =4
M~ M is a divisor with normal crossings. Then there is a finite family of open subsets
U; of M such that N C UU; and, for each i, the pair (U;, U; N M) is isomorphic to
(D(1)", D(1)" x D*(1)»"). For each ¢, choose V; C U; to correspond to an open
subset of D(1)" satisfying the conditions of (2.12). Then the complement C' of UV,
in M is compact, and it is contained in M. Thus

ug/qu / ug/qu / Wy X ph" < oo.
\/]\\4 C Z M C Z M b b

COROLLARY 2.13. Let X be an arithmetic variety (asin §1), and let U be an open
dense Q-invariant submanifold of X° such that X° ~ U is an analytic subset of Xe.
Assume that there is a Q-invariant volume element p on U such that Ric(u) > 0.
Suppose further that there exists a finite family of arithmetic subvarieties io: X0 — X
such that, for some special point x of X such that ox is in the image of U — oX,
i1 (x) is special in X, for all . If each o X, is arithmetic, and the subspaces T, (X,)
of T,(X) generate it, then o X is arithmetic.

O
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PROOF. Let € U map to ox € X, and let g = Ric(p) — it is a Riemannian
metric on U. Define M to be the closure in U of the orbit Qz. As in the proof of
(2.6), M = Q7, where Q is the closure of Q in I's(M, g), and it is a complex analytic
subset of U. As it contains the X, for each «, it also open in U, and so M = U.

We know g on M satisfies condition (2.4a), and we now check that it satisfies
(2.4b). Suppose Ric(u)™ = cp at some point of X°. Then ¢ > 0, and because Q
acts transitively on M and p is Q-invariant, we must have Ric(u)" = cu holding
on all of M. Since Ric(cu) = Ric(p), this shows that cu satisfies the estimates
(2.8.1). Therefore, so also does the volume element induced by cu on I'\ M, and so
Proposition 2.8 implies that fF,,\M cp < 00.

We can now apply (2.4) to M, @, I', and we find that ['\M is an arithmetic
variety. In particular, it is an open algebraic subvariety of ¢ X, and so (1.8) implies
that M = X?. We conclude that 0 X ="\ M, and so it is an arithmetic variety. [

3. The Bergmann metric on X
Let M be a complex manifold of dimension n, and let

H(M) = {w e T(M, Q3 | ']{[w NG| < oo}

Then H(M) is a separable Hilbert space with inner product
(W1’C<J2) = an/ w1 N ws.
M

Let wy,wi, ... be an orthonormal basis for H(M), and let®

U = Zwi /\Q_JZ‘.

This is a nonnegative C* 2n-form on M, called the Bergmann volume form. When
it has no zeros it is a volume element. Note that

M
PROPOSITION 3.1. (a). Let m € M then
par(m) = sup (wAw)(m).
weH(M)

(wlw)=1

(b) All automorphisms of M leave py invariant.
(c) If M is a connected open submanifold of M, then ppa|M' = cup where ¢ is
a function on M', 0 < ¢ < 1; moreover, if M ~ M' is a complex analytic subvariety
of dimension <n — 1, then H(M) — H(M') is bijective and so pp|M' = par.
(d) If My and My are complex manifolds of dimensions ny and ng, then
iy xvty = (=1)™" iy A ps-
PRrOOF. Kobayashi 1959, 2.1, 2.2, 2.3, 2.4, 2.5. [

6Added 11.07.01: For the convergence of > w; A w;, see, for example, Weil, A., Introduction &
I’étude des variétés kahlériennes, Hermann, Paris, 1958, Chapter III, Thm 1, p. 60.
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Consider the condition:
(3.2) for every m € M, there exists an w € H(M) such that w(m) # 0.

When this condition holds, p is a volume element, and we let hy, = Ric(uar) be
the associated Hermitian tensor.

Consider the condition:

(3.3) forallm € M and Z € T,,(M), there exists an w = fdz1 A- - -Adzy,
in H(M) such that f(m) =0, Z(f) #0.

PROPOSITION 3.4. The form hys is tnvariant under all automorphisms of M and
is positive semi-definite. It is positive definite if and only if (3.3) holds.

Proor. Ibid. 3.1. O

REMARK 3.5. Let P(H(M)Y) be the (possibly infinite dimensional) projective
space of lines in the dual Hilbert space to H(M), and assume that M satisfies (3.2).
Then there is a canonical map j: M — P(H(M)V) such that, if wy is nowhere zero
on U C M, then j(m), m € U, is the class of the map w +— (w/wp)(m). It is
possible to regard P(H(M)") as an infinite-dimensional complex manifold, and the
usual construction in the finite-dimensional case generalizes to give a complete Kéhler
metric on P(H(M)Y). The Bergmann Hermitian form hy; on M is the inverse image
under j of the canonical metric on P(H(M)Y). The map j is an immersion, and hyy
is a metric, if and only if (3.3) holds. (See Kobayashi 1959, §7,8 for this.)

REMARK 3.6. Let X be an arithmetic variety, and assume that there exists a
family (X, — X) as in (2.6). Then it follows from (2.6) and (2.12) that ¢ X is an
arithmetic variety if the Bergmann Hermitian form on X% is a metric; conversely, if
o X is an arithmetic variety, then X7 is a bounded domain and so Bergmann’s original

theorem says that it has a nondegenerate Bergmann metric.

The main result of this section is a first step toward proving that X° has a
nondegenerate Bergmann metric.

THEOREM 3.7. With the notations of §1, H()?") # 0.

PROPOSITION 3.8. Let M be a compactifiable complex manifold. For all € > 0,
there exists an open subset U. in M with compact complement such that, for any étale

covering ¢: N — M,
[
o1 (Ue)

where puy is the Bergmann volume form on N.

< edegp

The proof is based on the following elementary result.

LEMMA 3.9. Let ¢,,,: D*(1) — D*(1) be the map z — 2z™. For all € > 0, there
exists a 0 such that

<em, allm.

/ HD*(1)
o' (D*(8))
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PROOF. The Bergmann metric on D(1) is the Poincaré metric, and so from (3.1c)
and (2.9) we find that

/ / 1 dzNdZ 2

Kp=(1) = - = :
sty oty T (U= PP (1/0)m 1
Asx —1 >logux for all x > 1, we see that

2 2 B m
(1/8)2/m =1~ Tog(1/6)/™ ~ log(1/6)

from which the lemma is obvious. O

REMARK 3.10. Note that the notation in this section conflicts with that in (2.10)

— %% is not the Bergmann volume element on D*(1). Denote %%
by vp+(1y. Then Ahlfors’s lemma applied on the covering space D(1) of D*(1) shows

that vp-a1) > pp-q) (cf. 2.11). Thus, we find again that

/ " < / , (2.9) 1 m
D*(1) > D*(1) = = .
pesmy DT e DT Tog(1/8)m T log(1/9)

LEMMA 3.11. Let U = D(1)™ and U' = D(1)" x D*(1)"~". For all ¢ > 0, there
exists an open neighbourhood V. of U ~. U’ on U such that for any étale covering’
p: N — U, ’fw—l(V) un| < edegp.

PRrROOF. The fundamental group of U’ is Z"~", and so every étale covering of it is
of the form

N =D(1)" xD*(1)"" = D(1)" x D*(1)"™", (21,...) = (21, -, 2y 750, - - -)-

The proof is too messy® to write out in detail. Consider for example the case n = 2,
U’ = D*(1)%. Then

[Picture omitted|

(a) Look at V- N D(d) x D(6) — apply (3.9).

(b) Each other connected component Vg of V' is simply connected. Thus
¢ (V) = disjoint union of deg ¢ copies of Vp.

Hence

/ pn < / Po1(vy) = deg(y) / v
=1 (Vo) =1 (Vo) Vo

and so one only has to arrange things so that

e
< 2
v 2 T100

O

"That is, a finite étale covering.
8Added 11.07.01: Chai suggested (in 1988) that “a short proof of the lemma seems possible”.
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PROOF OF 3.8. Embed M in a compact manifold M in such a way that M~ M is
a divisor with normal crossings. Then there is a finite family of open subsets (U;)1<i<s
of M such that M ~. M C UU; and, for each i, the pair (U;, U; N M) is isomorphic to
(D(1)", D(1)" x D*(1)""). For each 4, choose a neighbourhood V; of U; \ U; N M, as
in the sublemma, for £/s. Then the complement of U =4 UV; on M is compact, and
it is contained in M. Moreover, for any étale covering ¢: N — M,

[
e=1(U)

The next result gives a criterion for showing H(M ) is nonzero.

S

2l

=1

<

< S(Z degy) = edegp.

PROPOSITION 3.12. Let M be a compactifiable manifold of dimension n, and let

p: M — M be an infinite Galois covering with Galois group I'. Assume there is a
sequence of normal subgroups of finite index in T,

F:F()DFlD"'DFZ‘D"'D{l}
such that NI'; = {1}.
Let M; = TA\M and let h; = dim H(M;). Then

(a) h; < oo,
(b) {h;/(I': T';)} is bounded, N
(c) if the sequence h;/(I': T';) does not tend to zero, then H(M) # 0.

REMARK 3.13. In general, if ¢: Y — X is an étale covering, one can show that

e
deg o v X,

(degso)Q/MXZ/uyz/ux-
X Y X

For example, if Y is a disjoint union of copies of X, then puy = ¢*(ux) and [, py =
deg - [y px-
In the situation of the proposition, one has trivial estimates
h; ho
>
with h; = (I'": I';) in the case that M is a trivial covering of M.

(deg )™ (ux) > py > (

Hence

PROOF OF 3.12. As the Bergmann volume form gy, on M; is I'-invariant, it
induces a form p; on M such that ¢;u; = pa, where g; is the covering map M; — M.

Clearly, ) .
i= = 3.12.1
/M“ (T: Ty /M fa =T ( )

According to (3.8), there exists an open subset U = U; with compact complement,
C = M \ U, such that
Lo
e~ (U)

< degy
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for any étale covering ¢: N — M. Because C' is compact, there exists a finite set
(U,)1<r<s of open subsets of M such that

(a) there exists isomorphisms ¢, : U, = D(1)" (of complex manifolds);
(b) Ur—i ¢, 1(D(3)") D C.
Because qi_l(Ur) is a disjoint union of copies of U,, we have

¢ (1u,) = Hg=1w,) = Mg,

and so py, > pii|Uy. Note that py, = ¢} (1) (see 3.1d). We conclude that

/ Hi < S/ Hpayn = S / HD(1) = B < o0,
c D(z)" D(3)
31:2'1/ ﬂi:/ﬂi+/ﬂi§3+1-

M c U

This proves both (a) and (b).

Now assume that the sequence h;/(I": I';) does not tend to zero. By passing to a
subsequence, we can in fact assume that for some a > 0, h;/(I': I';) > a all i. Choose
UC M asin (3.8) with e = a/2, and let C' = M \ U; then

fo=fom= PRI
M = Hi — Hi = Hyvy =2 6 — o = .
F F l,D_l(U) 2 2

Let v=73"_, vi(upay). We showed above that, on U,,
pi < pu, = @r(ppyr),

and that

and so, on C', p; < v. O

LEMMA 3.14. There ezists an xo € C' such that a subsequence of (u;/v)(zo) con-
verges to some b > 0.

PROOF. Suppose sup,cq((i/v)(x)) — 0; then [, p; — 0, which contradicts the
assertion above that [, y; = a/2. Hence the sequence sup((y;/v)(x)) does not tend
to zero, and so we can choose a subsequence of ¢’s for which sup, ((u;/v)(z)) — b > 0.
Choose x; such that |(u;/v)(x;) — sup((wi/v)(x))| < 1/i. Then (u;/v)(z;) — b. Now
take a subsequence of the x; converging to a limit xy. Then clearly, (u;/v)(xo) —
b.

LEMMA 3.15. Let g € M. Then there exists a sequence of open neighbourhoods

'CNZ‘CNZ‘_HC"'

of Ty such that M = UN; and the restriction of p;: M — M; to N; is an isomorphism
of N; with a dense open subset of M;.

PRrROOF. Choose a Riemannian metric p on M, and let p be the metric it induces
on X?. Define

N; = {7 € M | p(@0, 7) < p(T0, @), all v € Ty, v # 1},
Check that these sets have the right property (cf. Kazhdan 1975, p. 167). OJ
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We now prove (c) of the proposition. Let z be as in (3.14), and let Zy € M
map to it. Then, from (3.1a) we know that there exists an w; € H(M;) such that
(wilwi) =1 and

~ 1 ~
(wi A @i)(pi(T0)) = 5, (pi(To))- (3.15.1)

LEMMA 3.16. There exists a compact neighbourhood U of Ty such that for some
c>0, fpz(ﬁ) w; \Nw; > ¢, all 1.

PROOF. Obvious from (3.14) and (3.15.1). (Cf. Kazhdan 1983, p. 153.). O

Now let H be the Hilbert space of measurable square-integrable sections n of Q%i

For each i, define n; € H by

mi|Ni = pi(wi)

As (mi|mi) = 1, there exists a weakly convergent subsequence of the 7; tending to
n € H. Now 7 is holomorphic on UN; = M, and [57 A7 > ¢/2, and so n # 0. Thus
H(M) # 0.

CONJECTURE 3.17. Let G be a semisimple real Lie group, I' an arithmetic sub-
group of G, and
FZFQDrlD“'DFZ‘D"'D{l}

a sequence of mormal subgroups of T' of finite index such that NIy = {1}.
Let W be an irreducible cuspidal representation of G and define hy(W) =
dim(Homg (W, L*(I;\G)). Then h;(W)/(T: T;) does not tend to zero as i — oc.

In Kazhdan 1983, p. 156, Kazhdan calls this “Theorem A, which we will prove in
another paper”. At present the statement still seems to be unproven, but Clozel has
recently shown the following weaker result which is sufficient for our purposes:

Let G be a simply connected semisimple algebraic group over QQ, and
let pg be a prime such that G(Q,,) has a supercuspidal representation
Tp, (€.g., take py to be any prime such that G is split over Q,,); let
K,,be a compact open subgroup of G(Q,,) such that H(m,, )5 # 0
(here H is the Hecke algebra); let Ky D K; D --- be a sequence of
compact open subgroups of G(Ay) such that
() (Ko = Ky
(b) there exists a finite set S of primes such that (Kj;), is maximal
for p ¢ S
(b) NK; = {1}.
Then, for any irreducible cuspidal representation W of G(R), there
exists a constant a > 0 such that
LW
(F()I Fz) -

Now return to the situation in the statement of (3.7). Then W =g H(X) is in a
natural way a cuspidal representation of G(R).

I, = G(Q)N K.
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LEMMA 3.18. There is an isomorphism
Homg ey (W, LAT\X)) = H(X).
Proor. Well known — see Kazhdan 1983, p. 156-157. 0
LEMMA 3.19. The dimensions of H(X) and H(cX) are equal.

PROOF. Let X be a smooth variety containing X as a dense open subvariety.
Then (3.1c) shows that H(X) = H(X), and H(X) = ['(X, Q%) The lemma is
now obvious. 0

We are now ready to prove (3.7). Choose a family K; satisfying the conditions
of Clozel’s theorem. Then the theorem and (3.19) show that for some a > 0,
dimH(X;)/(To: Iy) > a all i, where X; = I'(K;)\X. Now (3.20) shows that
dim H(0X;)/(Ig: ') > a, where I'Y = I'7(K;), and (3.12) implies that H(X?) # 0.

4. Subbundles of T'(X)

Let G be a simply connected semisimple algebraic group over Q, and let X be a
symmetric Hermitian domain on which G(R) acts in such a way that

X ~ G(R)/{maximal compact subgroup}.

Let

X =X; x---xX,, X, irreducible symmetric Hermitian domain.
Choose a point z = (z1,...,x5) € X. Then

Gr = G x---xGsx Ky, G;noncompact, Ky compact,

Let ~
X;:{xl}xxszx{xS}CX

Then T'(X!) C T'(X), and T'(X) = @;_, T(X]). For I C {1,...,s}, define
THX) = ®iesT(X)) = {(z,v) € T(X) | v € &T,,(X:)}.

Then T7(X) is a subbundle of T'(X), stable under G(R).

LEMMA 4.1. Every G(Q)-stable complex subbundle of T(X) is of the form T'(X)
for some I C {1,...,s}.

PROOF. Let W be such a subbundle. As G(Q) is dense in G(R) (real approx-
imation theorem) and G(R) acts transitively on X, it will suffice to show that

W, = T!(X),, some I, for a fixed z € X. Let K, be the isotropy group at z.

Then W, is a K,-stable subspace of T(X), = &T(X;),,. With the usual notations,
let
Lie(G) = g==¢t+p, t=Lie(K,), p="Tu(X),

Lie(Gi) = gi=8t+pi, pi=1T,(X).



KAZHDAN’S THEOREM ON ARITHMETIC VARIETIES 21

Then
E:Lie(Ko)@El@“'@Es
and
p = Dpi.
Note that W, is a t-stable subspace of p. Almost by definition of what it means for X;
to be irreducible (Helgason 1962, VIIL.5, p. 377), the action of & on p; is irreducible.
Thus W, = @;crp;, some I. O

LEMMA 4.2. Let G be a simply connected, almost simple, algebraic group over a
number field F'. Let Sy be the set of infinite primes of F', and let v € S be such that
G(F,) is not compact. Then for any congruence group I' C G(F), G(F,)I" is dense

n HvESoo G(F,).

PROOF. For some compact open subgroup K of G(Arr), I' D K N G(F). The
strong approximation theorem shows that G(F,)G(F') is dense in

= [ G(F) x G(Asr)

VESso

and so, for any open subset U of [[ g G(F,), there exist elements o € G(F,) and
B € G(F) such that aff € U x K. Clearly § € I', and a8 € U; thus G(F,)T" is dense

in [[,es.. G(Fy). O

REMARK 4.3. Let G’ = Resp/gG with G and F' as in the lemma. Then the
conclusion of the lemma can be restated as follows: let G/ be a noncompact factor

of the Lie group G'(R), and let I be a congruence subgroup of G'(Q); then G, - I is
dense in G'(R).

Since T7(X) is stable under I, it defines a subbundle T7(X) of T(X). By con-
struction, T7(X) is involutive, and so T?(X) is an involutive subbundle of T'(X).

PROPOSITION 4.4. Assume G is almost simple over Q. If the foliation defined by
T!(X) on X has a closed leaf, then I =0 or [ ={1,...,s}.

PROOF. Let Z be the closed leaf, and let Z = pY(Z). Then Z is a closed
submanifold of X stable under I' and all G(R) for ¢ € I. If I # (), then (4.3) shows

that T - J[[ G;(R) is dense in G(R), which acts transitively on X. Therefore, Z = X
and Z = X, whence T!(X) = T'(X). O

5. Completion of the proof.

Let X, X, G, ... be as in §1 and assume condition (0.3a), i.c., that codim(8X) > 3
Recall the notations

o

XX X XS (0X)™ 6X
\ J/(QK)aurl \LQK \\ J/(JQK)“‘ l/cﬂm
PK Pk
(XK)an XK (O'XK)an O'XK

Let p be the Bergmann volume form on X 7, and let Zy be the set on which p is
zero. As we saw in §3, Z; is a proper subset of X?. Clearly, it a complex analytic



22 J.S. MILNE

subset and is ()-invariant. The complement Uy of Zy in X is also @-invariant, and
(see 3.5) there is a map v: Uy — P(H(X?)Y) such that the Bergmann Hermitian form
on Uy is the inverse image of the canonical metric on P(H(X?)Y). Note that Q acts
on P(H(X?)") through its action on X, and that 7 is a Q-equivariant map.? Define

Z ={z ¢ [70 | rank(dy). < maxrank(dy),}

and Z = 20 U Z; — this is again a @-invariant complex analytic subset of X° ot
equal to X7, and so (1.9) shows that codim(Z) > codim(0.X) > 3. The complement
U= X7\ Zof Z is also Q-invariant. We have a diagram

T(U) — T(P)

|

%]}D

Define s
W = Ker(T(U) — v*T(P)).

Because it has constant rank, W is a subbundle of T'(U). It is Q-invariant.

Asin §4, let X = X; x - -~ x X,, and, for each I C {1,..., s} define TI(X) c T(X)
and T7(X) C T(X). Recall the following result: let V' be a complete algebraic variety
over C, and let V' be a nonsingular subvariety such that V' . V' has codimension > 3;
then F' +— F?" induces an equivalence between the category of coherent locally free

algebraic sheaves on V' and that of coherent locally free analytic sheaves on V" (see,
for example, Hartshorne 1970, p. 222-223). Thus T7(X) is an algebraic subbundle of

T(X), and oT?(X) C oT(X) = T(0X) is defined. Set TT(X) equal to the inverse
image of oT7(X) on X°.

LEMMA 5.1. For some I C {1,2,...,s}, W = T/(X°)|U.

PROOF. Since both U and W are Q-invariant and ' C (), we can pass to the
quotient and obtain U = I\U C ¢X and W = I'’\W a subbundle of T'(U/). As
codim(oc X*\U) > 3, the result recalled above shows that W is an algebraic subbundle
of T(U). Let j be the inclusion U — 0X. Regard W as a sheaf on U, and form 5, W
— this is a coherent algebraic sheaf on 0 X. Let Y be the subset of 0 X where j. W is
not locally free. Then Y is an algebraic subset of 0 X and its inverse image on X7is Q-
invariant ((p?)~'Y is the set where j,W is not locally free). Therefore (1.8) shows that
Y is empty, and so j.W is locally free. A similar argument applied to the support of
the kernel of j,WW — T'(0.X) shows that j.W is a locally free subsheaf of T'(¢.X). The
fact recalled above shows that it is algebraic. Similar arguments apply to /e\ach Varieiy
in the projective system o X , and so we obtain an algebraic subbundle W C T'(cX)
invariant under (), and therefore under G(Ay). Hence oW is a subbundle of T (X)

invariant under G(Ay), and (a‘lﬁ/\)an])? is G(R)-invariant. Now (4.1) shows that

9Should observe also that d is not identically zero — if it were then w would be “constant” —
could not have [wA® < oc.
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(0—1(/{7)@’5( — T1(X) for some I and, because G(Af) acts transitively on the set of
connected components of X**, this implies that o'W = T!(X). O

The condition that a subbundle of the tangent bundle to an algebraic variety be
involutive is algebraic. Thus 77(X?) is involutive.

LEMMA 5.2. The foliation of U = F"\(? defined by W = F"\W has a closed leaf.

PROOF. The reader is invited to check for himself the proof of Kazhdan (Kazhdan
1983, p. 153-156) — essentially the leaves of the foliation are the equivalence classes
for the relation defined in p. 153. Alternatively, it may be possible to give a proof
along the following lines: as we observed above, there is a Q)-equivariant map ~: U —
]P’(H(X") ); if we can pass to the quotient by I'?, we get a map U = F"\U —
[7\P(H(X?)") whose fibres are the leaves of the foliation. O

We now assume also the conditions (0.3b). Thus G = Resp/q G’ with G” absolutely

simple and F totally real, and for some special point € X, the maximal torus T C G
fixing 7 is of the form Resp/qg 1" where 1" splits over a quadratic imaginary extension
L of F.

As T7 is split, we can write
o, =, ©PleL)a, oL =Lie(GL), ¢, = Lie(Ty),
aER
where R is the set of roots R(Gg,T(.). For each a € R, let
b =1, ® (9L)a @ (91)-a

It is defined over F', and we let H] be the corresponding connected subgroup of G'.
Let H, = Resp/q H), — it is a reductive group of type A; and H2? is Q-simple.

Let X, be the orbit of Z under the action of H,(R). Then X, is a Hermitian
symmetric domain (possibly consisting of one element) with

Aut(X,)* = (H,(R)/{maximal compact normal subgroup})™.

It follows from Dehgne 1971, 1.15, that the projective system of arithmetic varieties
X embeds into X. We assume Theorem 0.1 for the families Xa, in particular, X is
the family associated with a Q-group H.

LEMMA 5.3. The tangent space Tg()?) is generated by the subspaces Tg(f(a).
(Note, T is as defined above.)

PrROOF. Easy. O

LEMMA 5.4. Let 2°be any point of X such that T° = g(o) for some g € G(Ay),
where T is the image of T (see above) in X. Then z° € U.

PROOF. Otherwise Z D Qi D HZ(Q)z?, and so Z > X" for all a. This implies
that dim Z = dim X 7 which contradicts an earher statement. 0
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Let
J={r: F — R |G, is not compact},

where G = G ®p, R. Then J indexes the irreducible components of X, and we shall
use it for this purpose rather than {1,...,s}. Thus I is now a subset of J. Let
Jo ={7: F — R | H}_ is not compact}.
LEMMA 5.5. Either J,NI =0 or J, C I.

PROOF. The set Z N X7 is stable under Q N Hy(As) = Ha(Q)/Zo(Q) and so is
either empty of all of )?g . The last lemma shows that it is not equal to )?g , and so
we have that )?g cU.

From (4.1), (5.2), and (4.4), we know that W|o X, is 0 or T'(c X,,) (recall that we
are assuming 0X,, is arithmetic). Thus o'W on X, is 0 or T'(X,). But (by 5.1),
o'W = T!(X) for some I C J. We conclude that I D J, (and o 7'W|X, = T'(X,))
or INJ, =0 (and oc7'W|X, = 0). O

Note that it is not possible for I to contain all J,, for then I = J and the Bergmann
Hermitian form is identically zero (cf. the first page of this section). On the other

hand, if TN J, =0, then I = (), W = 0, and we can apply (2.13) to complete the
proof of (0.1).

Thus it remains to show that the hypothesis that I N .J, = 0 for some, but not
all, a leads to a contradiction.

LEMMA 5.6. Let by =, _;b,; then b7 is a sub-Lie-algebra of g'.
PROOF. Let g, =€ @ p. as usual. Then
JoCI < forallT ¢ 1, b, CE.
As € is a subalgebra of g_, the result is now obvious. O

Let H} be the subgroup of G’ corresponding to h;. Then:

—for 7 ¢ I, H}, is compact (and hence Hj is reductive),
~forr €I, H; (R)z; D (X,), for all a, and so H;  (R)Z, = X, (apply
Kobayashi and Nomizu, 1963, p. 178, 4.8 if it isn’t obvious).

(We are writing 7 = (..., Z,,...) € --- X X, X ---.) This shows that H; =G’ (see
2.3), and so H} = G'. This is the contradiction that proves the theorem.
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