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Introduction

A connected Shimura variety S°(G, X) is defined by a semisimple group G over Q and a
symmetric Hermitian domain X. For any automorphism 7 of C (as an abstract field),
it is known that the conjugate 7S°(G, X) of S°(G, X) has a canonical realization as a
connected Shimura variety S°(G’, X’), and that the pair (G’,X") defining the second
Shimura variety can be constructed from the first pair by using the Taniyama group. In
more down-to-earth terms, we can say that with an automorphic function f on X and
a special point x of X, it is possible to associate a new automorphic function **f on a
different domain X’; the association f — ™* f commutes with the Hecke operators, and
7(f(x)) = = f(x") for an explicitly defined special point x’ on X’. (A proof of this result
for most connected Shimura varieties can be found in Milne and Shih 1982b and for
the remaining varieties in Milne 1983; see also Borovoi 1983/4. It is the analogue for
connected Shimura varieties of a conjecture of Langlands 1979.)

The purpose of the present paper is to extend these statements to holomorphic
automorphic forms. Such forms of a fixed type are sections of a vector bundle over a
connected Shimura variety. The vector bundles for whose sections our results hold arise
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from equivariant vector bundles on the compact dual of X; we call them automorphic
vector bundles (the importance of these vector bundles has been emphasized by P. Deligne;
the name was suggested to me by M. Harris). Holomorphic automorphic forms in the
classical sense corresponding to automorphy factors for the full group arise as sections
of automorphic vector bundles. We show in §5 that the conjugate 7V of an automorphic
vector bundle can be canonically realized as an automorphic vector bundle on S°(G’, X").
More precisely, we show (Theorem 5.2) that there is an automorphic vector bundle
V" on S°(G’,X’) and a canonical isomorphism tV —> V' lifting the isomorphism
78%(G,X) = S°%G’,X’) and commuting with the Hecke operators; the data defining
V' is constructed from the that defining V by using the Taniyama group and the period
torsor. In more down-to-earth terms, we can say that with an automorphic form f and
a special point x of X, it is possible to associate a new automorphic form “* f on the
domain X’; the association f — ™*f commutes with the Hecke operators, and 7(f(x))
can often be related to “*f(x’), where x’ is the same special point of X’ as above.

In a sequel to this paper, these results will be used to obtain similar results for
automorphic forms on nonconnected Shimura varieties.! In this way, we shall obtain
an analogue for automorphic vector bundles over Shimura varieties of Langlands’s
conjecture on the conjugates of Shimura varieties. In particular, this will allow us
(without any assumptions on the underlying Shimura variety) to define canonical models
of automorphic vector bundles, and to give a definitive definition of what it means for a
holomorphic automorphic form to be rational over a number field.

The theorem on automorphic vector bundles is obtained as a rather direct conse-
quence of a theorem (again a generalization of Langlands’s conjecture) concerning a
certain principal bundle Y°(G, X) over S°(G, X). This theorem is stated in §3 and proved
in §6 and §7 for connected Shimura varieties of abelian type. In §8 and §9 we give two
methods of extending the result to all connected Shimura varieties. The first, which
is the shorter, uses a statement (Borovoi 1983 /4, 3.21) for which no proof is currently
available;? the second makes use of an idea from Harris 1985. Automorphic vector
bundles are defined in §4 and their conjugates are described in §5. The first two sections
contain preliminary material on the Taniyama group, the period torsor, conjugates of con-
nected Shimura varieties, and conjugates of the compact duals of Hermitian symmetric
domains.

Lacking at this point are theorems describing how automorphisms of C act on the
Fourier-Jacobi series of automorphic forms (or even a general algebraic definition of such
series) and on the Eisenstein series associated with cusp forms on boundary components.
It is however possible to give precise conjectures, again in terms of the Taniyama group
and the period torsor, and I hope to take up these questions in future papers.>

1For the nonconnected case, see Chapter III of Milne, J. S., 1990, Canonical models of (mixed) Shimura
varieties and automorphic vector bundles. Automorphic forms, Shimura varieties, and L-functions, Vol. I
(Ann Arbor, MI, 1988), 283-414, Perspect. Math., 10, Academic Press, Boston, MA.

2For the proof of a slightly weaker result, sufficient for the applications, see Borovol, M. V., The group of
points of a semisimple group over a totally real-closed field. Problems in group theory and homological
algebra (Russian), 142-149, Matematika, Yaroslav. Gos. Univ., Yaroslavl’, 1987. See also: Selecta Math.
Soviet. 9 (1990), 331-338.

3Milne, 1.S., 1990 Canonical Models of (Mixed) Shimura Varieties and Automorphic Vector Bundles.
In: Automorphic Forms, Shimura Varieties, and L-functions, (Proceedings of a Conference held at the
University of Michigan, Ann Arbor, July 6-16, 1988), pp283-414.
Pink, Richard, Arithmetical compactification of mixed Shimura varieties. Dissertation, Rheinische
Friedrich-Wilhelms-Universitdt Bonn, Bonn, 1989. Bonner Mathematische Schriften, 209. Universitit
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A discussion of the relation of these results to those of other authors will be given in
the sequel to this paper. Here we mention only that the results were suggested by those
of Harris (1984, 1985), which in turn were suggested by questions of Shimura (1980) and
Deligne.

0 Review of terminology concerning Shimura va-
rieties.

A reductive group is always assumed to be connected. When G is an algebraic group,
GY°" and G are the associated derived and adjoint groups of G, and Z(G) is the centre of
G. The action of G on itself by inner automorphisms factors through a homomorphism
ad: G* = Aut(G). The simply connected covering group of a semisimple group G is
denoted by G.

When G is an algebraic group over R, G(R)™ is the identity component of G(R) (for
the real topology), and G(R), is the inverse image of G*4(R)* in G(R). In the case that
G is defined over Q, we write G(Q)* for G(Q) N G(R)* and G(Q),. for G(Q) N G(R),..
The symbol ~ denotes closure in G(A ), where A ¢ £ 7Q®Qisthe ring of finite adeles.
We write A for R X A and A’ for C X A .

The real torus Resc /r(G,,) is denoted by S; thus S(R) = C* and S(C) = C*XC* (the
projections onto the two factors correspond respectively to the identity automorphism of
C and to complex conjugation). Associated with any homomorphism h: S — G, there
is a weight map

wy: G, -G, r~h), alreR*cSR),
and a cocharacter
Un: Gy — Ge, z he(z,1), allzeC.

By a connected Shimura datum®* (G,X) we mean a semisimple algebraic group G
over Q and a G*(R)*-conjugacy class X of homomorphisms S — G%d satisfying the
conditions® (2.1.1.1) — (2.1.1.3) of Deligne 1979. Then X has a canonical structure of a
Hermitian symmetric domain, and we write x for a point of X when we are regarding it in
thiswayand h, : S — G&d and u, : G, — G%d for the homomorphism and cocharacter
associated with x. The connected Shimura variety S°(G, X) is defined to be the projective
system (IN\X)rez(q) (or its limit), where Z(G) is the set of net arithmetic subgroups of
G*(Q) containing the image of a congruence subgroup in G(Q). Each complex manifold
I'\X has a unique structure as an algebraic variety, and the morphisms in the projective
system are algebraic. It is sometimes also convenient to regard S°(G, X) as being the
projective system of varieties (I'\X) with T running over the set £(G) of net congruence
subgroups of G(Q). We often write S2(G, X) (or S).(G,X) when T’ = G(Q@)NK, K compact
and open in G(A)) for the algebraic variety I'\X. When G is simply connected,

def

SO(G,X)(C) = @S?(G,X)(C) = G(Q\X X G(Ay).

Bonn, Mathematisches Institut, Bonn, 1990.
“In the original, this was called a pair defining a connected Shimura variety.
SMisprint fixed.
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In the last term, g € G(Q) acts on (x, g) € X X G(Ay) according to the rule:

q(x,g) = (gx,qg).
The action of G*4(Q)* on S°(G, X),
g:I\X - I"\X, xr+ (gx)p, I'=ad(@r

extends by continuity to the completion G*4(Q)*" of G2(Q)* for the topology defined
by the subgroups in Z(G). The map G(Q), — G*(Q)*" extends by continuity to the
closure G(Q); of G(Q), in G(A ), and G*}(Q)*" is generated by G*!(Q)* and the image
G(Q);/Z(Q) of G(Q);; more precisely,

G @™ = G *gq), GU@7

(Deligne 1979, 2.1.6.2). In fact G*(Q)*" is also generated by G*4(Q)* and the image
of G(A 7)- In the case that G is simply connected, G(Q); = G(Ay), and the actions of
G(A/) and G*(Q)* on S°(G, X) are given by

alx, gl =[x,ga”'l, xeX, a,geGAy);
qlx,g] = [gx,ad(q)gl, x€X, qeGUQ*, geGAy.

We write (g) for the automorphism of S°(G, X) defined by g € G2(Q)*.

By a morphism f : (G,X) — (G’,X’) of connected Shimura data we mean a homo-
morphism f : G — G’ of algebraic groups over Q carrying the conjugacy class X into
X'. The map h — ad(f)oh : X — X’ automatically sends special points of X to special
points of X’. Such an f defines a morphism S°(f) : S°(G,X) — S°(G’,X") of connected
Shimura varieties taking the action of g € G(A ) into that of f(g) € G'(A 7)- We say that
f is an embedding if f : G — G’ is a closed immersion. In this case S°(f) is a projective
system of closed immersions (see Deligne 1971, 1.15).

By a Shimura datum (G,,X,) we mean a reductive group G, over Q and a G;(R)-
conjugacy class X; of homomorphisms S — G, satisfying the conditions® (2.1.1.1) -
(2.1.1.3) of Deligne 1979. For such a pair (G, X;), a connected component X 1+ of X; can
be identified with a Gi‘d(R)Jf-conjugacy class of maps S — Gi‘%, and (G, X) = (G9%', x f )
is a connected Shimura datum; in this situation, we write (G,X) = (G;,X;)*. The
connected component of S(G;,X;) containing the image of X f can be identified with
S%(G,X). The action of G1(Ay) on S(Gy,X;) factors through G,(Af)/Z,(Q), where
Z, is the centre of G, and the stabilizer of S°(G,X) in S(G;,X;) is G1(Q);/Z,(Q)”
(here ~ denotes closure in G;(Ay)). If we assume that H (@, Z;) = 0, then G*(Q) =
G1(Q)/Z,(Q) C G,(Af)/Z,(Q)~, and the stabilizer of S%(G,X)in G1(AN)/Z,(Q) is the
closure of G*(Q)* in G,(A)/Z,(Q)". This closure can be identified with G*(Q)**,
and its action on S°(G, X), when converted into a left action, agrees with that defined
above (Deligne 1979, 2.1.16).

All vector spaces and vector bundles are of finite dimension. The category of repre-
sentations of an algebraic group G on k-vector spaces is denoted by Rep, (G).

Motives are always meant in the sense of (absolute) Hodge cycles (see Deligne and
Milne 1982, §6).

®Misprint fixed.
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We rarely distinguish a vector bundle from its associated locally free sheaf of sections.
By a variation of real Hodge structures on a complex manifold X, we mean a local system
of real vector spaces V on X together with, at each point x of X, a real Hodge structure
on the fibre V, at x; these Hodge structures are required to vary continuously in x,
and the associated Hodge filtrations F* on the fibres of Oy ® V are required to vary
holomorphically and satisfy the axiom of transversality: VFP C Q}(®F P=1 (Deligne 1979,
1.1.7). To define a variation of rational Hodge structures, replace “real” with “rational” in
the preceding definition.

The algebraic closure of @ in C is denoted by Q*.” When necessary, we denote
the inclusion Q% < C by (. We often use ~ to denote a canonical isomorphism.® The
equivalence class containing * is often written [*].

1 The Taniyama group, the period torsor, and con-
jugates of Shimura varieties

Recall (Milne and Shih 1982a) that the Serre group is a pair (&, h.,,) consisting of a
proalgebraic torus @ over Q and a homomorphism h,, : S - ©r whose weight is
defined over Q. The pair is universal in the following sense: for any torus T over Q and
homomorphism h : S — T whose character u is defined over a CM field and whose
weight w is defined over Q, there is a unique Q-rational homomorphismp: © - T
such that pgoh,, = h.

The Taniyama group (ibid. §3) is an extension

156 -5 Gal(@'/Q) — 1

of pro-algebraic groups together with a continuous section sp : Gal(Q/Q) — (A 7)-
For any 7 in Aut(C), '& = 7~ 1(r]Q%) is a right &-torsor with a distinguished A f-point
sp(1).

Let CMga denote the category of motives over Q¥ generated by abelian varieties of
CM-type over Q% and the Tate motive, and let CMq, denote the category of motives over
Q generated by the abelian varieties over Q of potential CM-type, the Tate motives, and
the Artin motives. The objects of these categories will be called CM-motives over Q! and
Q respectively. Both categories are Tannakian and have natural Q-linear fibre functors
sending a motive M to the Betti cohomology of tM, and it is known that © and ¥ are
the pro-algebraic groups associated with CMga and CMg. In particular, this means that
with each Q-linear representation (r, V') of ¥, there is associated a CM-motive M over
Q, well-defined up to a unique isomorphism. The Betti cohomology group Hg(tM) =V,
and the Hodge structure on Hz(tM) is defined by roh,,. Let M be a CM motive over
Q2. A tensor t of Hg(tM) will be called a Hodge cycle if there is a Hodge cycle (t4g, to;) of
Hgr (M) X He (M) on M relative to ¢ (in the sense of Deligne 1982a, p. 28) such that ¢ and
(t4r, ter) have the same image as a tensor of Hyg (tM) X He(tM). For any T € Gal(Q%/Q),
Deligne’s theorem (ibid. 2.11) implies that there exists a Hodge cycle 7 of Hz(tM)
corresponding to the tensor (ttgg, Tte) of Hir (tM) X He(M). For example, when ¢ is
the class of an algebraic cycle Z on an abelian variety A, “t is the class of 7Z on T A.

7In the original, it was denoted by Q
8In the original, we used =.
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The functor Hgy is a second fibre functor on CMg with values in the category of
vector spaces over Q. Therefore P = #om®(Hpg, Hyy) is a torsor for T (see Deligne and
Milne 1982, 3.2), which we call the period torsor. The comparison isomorphisms

¢(M): Hp(M) ® C = Hgr(Mc)

define a canonical element ¢ in (C). The Q-structures Hg(M) and H gz (M) determine
actions of Aut(C) on Hg(M) ® C and Hyg (M), and for T € Aut(C), we write

z.(1) = clot(c) € Z(C).
The map z, : Aut(C) - T(C) is a one cocycle:
z2.(0T) = 2.,(0) - 0z (7), 0,7 € Aut(C).
Note that z, does not factor through the quotient Gal(Q /Q) of Aut(C).

PROPOSITION 1.1. The element z(7) lies in “&(C).

PROOF. We have to show that z,(7) maps to 7 in Gal(Q¥ /Q). Recall that Gal(Q* /Q) is
the group attached to the Tannakian category Artg of Artin motives over Q, and that the
map 7 : T — Gal(Q?¥/Q) corresponds to the inclusion of Artg into CMg. It therefore
suffices to show that, for all Artin motives M, the map z.,(7)(M) : Hg(M¢c) ® C —
Hz(Mc) ® Cissimplyt ® 1.

Every Artin motive M is a direct factor of a motive of the form h(X) with X a finite
scheme over Q (see Deligne and Milne 1982, p. 211), and so we may suppose that
M = h(X). Then Hz(M) = Hom(X(Q*), Q), and M corresponds to the representation of
Gal(Q*/Q) on Hz(M) induced by its action on X(Q?). For any Q-algebra R, Hgg (Mg) =
A ® R, where A = ['(X, Ox), and A ® Q@ = Hom(X(Q%), Q') with Gal(Q* /Q) acting
on the second term through its action on X(Q%) and Q. In summary:

(a) Hg(M) = Hom(X(Q%), Q) with Gal(Q?/Q) acting through its action on X(Q?);

(b) Hg(M) ® C = Hom(X(Q%), C) with Aut(C) acting through its action on C;

(c) Hyr(M¢c) = Hom(X(Q), C) with Aut(C) acting through its action on X(Q%) and
C.

All actions are on the left. With these identifications, ¢ becomes the identity map, and
for 1 € Hom(X(Q),C) = Hg(M) ® C,

2. (D)D) E (clore)() & (coroc o)1) 2 (clor)(z~Tod)
© to(t7od)or™! = Aor7! @ (t® D),
as required. O

REMARK 1.2. (a) We leave open the question of giving a description of P and its canonical
C-valued point (equivalently of z, (7)) in the spirit of Langlands’s definition of the
Taniyama group (in particular, a description that avoids mentioning CM motives). As
Deligne pointed out to me, 7,.(P) is the Gal(Q* /Q)-torsor Spec(Q?).’

Various characterizations of P are proved in Milne, J. S., Periods of abelian varieties. Compos. Math.
140 (2004), no. 5, 1149-1175.
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(b) It is possible to give a slightly different interpretation of z, (7). For a CM-motive
M over Q¥, write H,(M) = Hgz(t:tM). Then H.(M) is a fibre functor on CMg, and for
any Q-algebra R, “©(R) = om®(H;q ® R, H; ® R) (see Deligne and Milne 1982, 6.23).
An element of “&(C) is therefore a C-linear functorial isomorphism

Hz(iM) ® C = Hyz(ttM) ® C,

compatible with tensor products, and such that t ® 1 corresponds to “t @ 1 for all Hodge
cycles t of Hg(tM). Consider the maps

1®771 c(tM) 1Qt
Hg(tM) ® C ——Hp(IM) ® C —— Hyr(M) ®qu, C —

c(tiM)!
HdR(M) ®@al,ﬂ C—— HB(T[M) ® C.

Obviously the composite is C-linear, and for any Hodge cycle ¢ of Hg(tM),
t®1(—>t®1thR®Qal’[1<—>th®Qal’“1<—> Tt®1.

Since the maps are functorial and compatible with tensor products, they define an
element of “&(C), which is clearly z (7).

Let (G,X) be a connected Shimura datum, and let x be a special point of X. By
definition, this means that there is a (maximal) Q-rational torus T in G such that h,
factors through (T/Z)(R), Z = Z(G). From the universal property of &, we know that
there is a unique Q-rational homomorphism p, : @ — T/Z such that h, = (o, )ghcan-
The map p, : © — G4 defines an action of & on G, and the &-torsor & can be used
to twist G (or any other covering group of G29). Thus, we obtain an algebraic group
¥G = T@ Xg,, G over Q such that (as a Gal(Q¥/Q)-set),

“GQM) ={s-g|se "&QY), g e G(QN}/S(Q),
where 5; € &(Q¥) acts according to the rule
(s- )8y = ss; - ad(p,(s7)g.

Then ™*G is a semisimple group having ‘@ Xg , T =T as a subtorus.

Letq € “*G*(Q), and let s € p,..(*&)(Q); then g can be written [s.g,] for a unique
element g, € G*(Q%), and s — sq, defines a Q-rational automorphism (g) of p,..(*&)
(as a G*-torsor). In this way, “*G can be identified with the group of automorphisms of
the G-torsor p,.(*©) (acting on the right).

The point sp(7) in “&(A ) defines a canonical continuous isomorphism

g g =[sp(r)-gl: G(AT) = "*G(A).
In Milne and Shih 1982b, 8.2, it is shown how to construct a canonical isomorphism
g r,xg : Gad(@)+/\ N T,xGad(@)+/\

compatible with the preceding isomorphism (cf. 3.7 below). Define “h to be the homo-
morphism S — ”‘G%d associated with the cocharacter tu, of T/Z C ™*G. If we let
“*X denote the “*G*4(R)*-conjugacy class of maps S — T”‘G%‘l containing h, then the
pair ("*G,"* X) is again a connected Shimura datum. We write “x for “h regarded as a
point of “*X.
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PROPOSITION 1.3. For any special points x and x" of X, there is a canonical isomorphism
goO(T;x’,x) . SO(T,XG’T,X X) N SO(r,x’G’r,x’ X)
such that °(z; x', x)o(**'g) = (** g)o@(z; X', ) for all g € G*(Q)*.

PROOF. Because G*(Q)** — G*(Q)*" is surjective, and S°(G, X) is the quotient of
S9(G, X) by the kernel of this map, it suffices to prove the proposition for (G, X). Thus
we may assume that G is simply connected. o

LEMMA 1.4. Let (G,X) and (G',X") be pairs defining connected Shimura varieties. Let f
and f' be isomorphisms

f:G=G, fr@™ - 6@,

and let y € G*(Q)* be such that, when f is extended by continuity to an isomorphism
f: GMQ)*™ — G"Y(Q)*, then foad(y) = f'. Under these conditions

9 ZS°(f1)e(r): $°G,X) ~ S%G, X")
is an isomorphism such that po(a) = (f'(a))og for all a € G*(Q)*"; moreover, if f is
replaced with foad(q), ¢ € G*4(Q)*, and y with gy, then ¢ is unchanged.

PROOF. Straightforward. O

Thus we must find a pair (f,y), well-defined up to replacement by (foad(q), g~'y)
with g € 7*G24(Q)*, such that

(i) f isanisomorphism “*G — o' sending “*X into I£D'€
(i) y € “*G2(Q)* satisfies f(ad(y)(**a)) = ©X' g for all a € G4(Q)HA.

Let ¢ be the class of 7@ in H!(Q, ). The existence of a the section sp shows that ¢
maps to zero in H(Q;, @) for all primes I. Consider p,(c), p,.(c) € H'(Q, G2). These
elements have the same image in H'(R, G2%); this can be proved by a direct calculation,
which is carried out in Milne and Shih, 1982b, pp. 314-316, or by noting that Deligne
1979, 1.2.2, implies that T”‘G%d ~ T’x'Gﬁd. Since the Hasse principle holds for G2 (see,
for example, Milne 1986, 1.9.9), it follows that p,.(c) and p,.(c) are equal.

Choose a pair (G;, X;) as in (A.4) of the appendix. The constructions reviewed above
for (G, X) have analogues for (G;, X;). We write x; and x; for x and x’ regarded as points
of X; when it is necessary to make this distinction. They are special, and (A.4b) implies
that they give rise to homomorphisms p, , P! - © — G lifting p, and p,,. Because

of (A.4c), the map H'(Q, G,) —» H'(Q, G*lld) is injective, and so py .("®) and p,/.("©)
are isomorphic G;-torsors. The choice of an isomorphism ¢ : p, (&) = px("&)

determines an isomorphism f; : “*G; = ©X'G,, and it is known (Langlands 1979,
p- 232) that f; maps “*X; into =X’ X . From the discussion preceding the statement
of the proposition, we know that ¢ is determined up to replacement by an element
to(q), g € “*G,(Q). Since “*G,(Q) is dense in “*G;(R), we can modify ¢ so that f;
maps the component *X of *X; into the component ™* X of ™' X;. Then f, restricts
to a morphism f: (“*G,”*X) — (“*'G,>* X), and when ¢ is replaced by to(q), ¢ €
“*G,(Q),, the map f is replaced by fo ad(g), where g is the image of g in “*G2(Q)*.
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If s and s’ denote the images of sp(r) in Px,+(F@)(Ay) and pxi*(f@)(ﬁkf) respec-
tively, then there exists an element y; € “*G;(A;) such that t(sy;) = s’. Note that
y; is uniquely determined by the choice of ¢, and that if ¢ is replaced by to(q), g €
©XG,(Q),, then y, is replaced by g~y;. Note also that f,0ad(y;)(**a) = ™ q for all
a € G;(Ay). We shall show that the image y of y; in “XG,(A1)/Z,(Q) lies in the sub-
group “*G24(Q)*" (cf. §0). Since the maps a —» “*a and a + =g on G1(Ay) induce
the maps of the same name on the subquotient G*4(Q)*" of G, (A ) (Milne and Shih
1982b, 8.2) the lemma will then show that the pair (f, y) defines a map ¢°(z; x’, x) having
the desired properties. It is independent of the choice of ¢, and the usual argument (ibid.
Pp339-340) shows that it is independent of the choice of (Gy, X;).

Write G for “*G;. We shall show that y, lies in the closure of G|(Q)*~ of G| (Q)*
in G(Ay). Recall (Deligne 1979, 2.5.1) that G|(Q)*~ is the fibre over 1 of G;(Af) —
70(G](Q)\G;(A)), and (Deligne 1971, 2.4) that

ﬂo(G{(@)\G{(A)) — mo(H1(Q)\H;(A)),

where H; = G}/ G{der =G,/ Gfer. The maps p,, and Px! become equal when composed
withv : G; — Hj, and so, when the above constructions are carried out with G; replaced
with H;, one sees immediately that the image of y; in H,(A ) lies in H;(Q). Therefore y
lies in G,(Q)*~.

REMARK 1.5. In §3 we shall need to use a slight strengthening of some of the above
arguments. Let H,(R), be the image of Z;(R) in H;(R) and let H,(Q), = H;(Q)n
Hy(R),. Write p for vop, = vopy. Al isomorphism ¢ : p, ,.(*©) = Px;*(T@) induces
an automorphism of p,. (&), and hence defines an element g € H,(Q). If t is replaced
by to(g), g € “*G,(Q),, then g is replaced by q - v(g). Since v(G1(R),) C v(Z;(R)), we
see that we obtain an element q; € H;(Q)/H,(Q), which is independent of the choice
of t. Probably it is possible to show in general that this is 1 by refining the proof of the
“Second Lemma of Comparison” in Langlands 1979, p. 232, but we shall use a different
argument to prove this in the cases of immediate interest to us.

The construction in (A.2) leads to a pair (G;, X;) such that the weight is in fact zero.
Let G, be the subgroup of G; constructed in (A.5), and let H, = G,/G. Write X, and x;,
for x and x” regarded as homomorphisms S — Gy g. Then p, .(*@) and pxi*(f@) are
isomorphic Gy-torsors (see the argument in Milne and Shih 1982b, pp. 315-316). This
shows that there is an element g, € Hy(Q)/Hy(Q), mapping to q; € H;(Q)/H,(Q),.
But Hyr /w(G,,) is anistropic, and is therefore connected. Since w(G,,) = 1, Hy(R) is
itself connected, and so v(Z,(R)) = Hy(R). Therefore that g, = 1, as required.

THEOREM 1.6. Foreach T € Aut(C), there is a unique isomorphism
Prx TSUG,X) = SU(FG,F X)

such that

(i) the point t[x] is mapped to [*x];

(ii) @2 07(g) = (**g)og? , forall g € G*(@)*".
Moreover, if X' is a second special point of X, then

(g o _ .0
§0 (Tax ,x)°§0f,x - §0T,x,-
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PROOF. See Milne and Shih 1982b for Shimura varieties of abelian type and Milne 1983
for the general case. o

REMARK 1.7. Theorem 1.6 has a down-to-earth interpretation. Let (G, X) be a connected
Shimura datum, and let f be an automorphic function on X relative to a congruence
subgroup I" of G(Q). We can regard f as an algebraic function on '\ X. By definition, I' =
K n G(Q) for some compact open subgroup K in G(Ay), and we define the congruence
subgroup “*T of “*G(Q) to be “*K N “*G(Q), where “*K is the image of K under the
isomorphism g = “*g: G(Ay) — "*G(Ay). Let T be an automorphism of C, and let
X be a special point of X. Then the theorem defines an isomorphism

(¢2,x)1" : T(F\X) — T’xF\T,xX.

It therefore associates with f an automorphic function ™~ f &1 f o(qo?,x)gl on the Her-
mitian symmetric domain “*X relative to “*T" such that

DX f([*x]) = (f([x])) (for the chosen special point x).

Moreover, 7*(fo(g)) = ™ fo(**g) for all g € G24(Q)*".

Let G be a reductive algebraic group over Q, and let p be a homomorphism @ — G.
It is possible to give a motivic description of **G R Xgp G. Choose a faithful
Q-linear representation r : G < GL(V) of G. There exists a family of tensors (¢,)qeca
of V (that is, elements of vector spaces of the form T;V = V® ® (VV)®) such that G
is the subgroup of GL(V) fixing the t,. If M is the CM-motive over Q¥ corresponding

to the representation rop, then Hg(M) = V and the t, are Hodge cycles on M. Write
PPV =T@ Xg, V, so that (as Gal(Q* /Q)-modules)

Y RQY={s-v]|se’&@QY), gV ®Ql/SQM),
where s; € &(Q) acts according to the rule
(s-v)s; = 581 - p(sy .

PROPOSITION 1.8. There is a canonical isomorphism “PV ~ Hg(tM), and "G is the
subgroup of GL(Hg(tM)) fixing the Hodge cycles “t, on TM.

PROOF. Let & be the image of € in GL(Hgz(M)), and let & be the ©-torsor defined by
“@. For any Q-algebra R, the R-valued points of & can be identified with the set of
R-linear maps Hg(M) ® R — Hg(tM) ® R taking t to “t for all Hodge cycles t on M
(see Deligne and Milne 1982, especially 6.23a). Clearly “*V = & Xg, V,and the map
[s.v] — s(v) identifies this with Hz(tM). Choose a point 5, € &(Q¥), and consider
the map

Aut(Hg(tM) ® QY, ("t )uea) = “PG(QY), a - [s,. ad(sgl)a].

One checks immediately that this is independent of the choice of s, that it defines an
isomorphism, and that it commutes with the action of Gal(Q /Q). It therefore defines
an isomorphism of algebraic groups over Q. O
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2 The compact dual symmetric Hermitian space
and its conjugates

We first review Deligne’s interpretation (Deligne 1979) of a Hermitian symmetric domain
X and its compact dual X as parameter spaces for Hodge structures and filtrations. Then
we prove analogues of (1.3) and (1.6) for X.

Let V be a vector space over a field k of characteristic zero. A homomorphism
u: G,, » GL(V) defines a decomposition

V= @ Vi, Vi={veV|uv=7zv, zink*}
and a decreasing filtration of V'

.DFPV S FPHlY 5 ... FPV = EBVi.

i>p

Let G be a reductive group over k. A homomorphism u : G,, — G defines a filtration
F* on V for each representation (r, V') of G, namely, that corresponding to rou. These
filtrations are compatible with the formation of tensor products and duals. Conversely,
any functor (r,V) — (F°,V) from representations of G to filtrations compatible with
tensor products and duals arises from a homomorphism u : G,, - G. We call such a
functor a filtration of Rep, (G), and we write Filt(u) for the filtration defined by w.

PROPOSITION 2.1. Let G be a reductive group over a field k of characteristic zero, and let u
be a cocharacter of G. From the adjoint action of G on g £ Lie(G), we acquire a filtration
F* of g.

(a) The subalgebra F°q is the Lie algebra of a parabolic subgroup F°G of G; moreover,
FOG is the subgroup of G respecting the filtration (defined by ) on each representation
of G.

(b) The subalgebra F'q is the Lie algebra of the unipotent radical F'G of F°G; moreover
F1G is the subgroup of FOG that acts trivially on the graded module @(FPV /FP*1V)
associated with each representation (r,V) of G.

(c) The centralizer Z(u) of u is a Levi subgroup of F°G; in particular, Z(u) — F°G /F'G,
and the composite i of u with F°G — F°G /FG is central. Two cocharacters of G
define the same filtration of G if and only if they define the same group F°G and
induce the same map G,, —» F°G /F'G.

PROOF. See Saavedra 1972, especially 1V.2.2.5.1° O

Let G be a reductive group over C, and let u, : G,, = G be a cocharacter of G. We
let X denote the set of filtrations of Rep(G) that are G(C)-conjugate to Filt(x).

PROPOSITION 2.2. The action
G(C) xX - X, (g, n) — Filt(ad(g)ou)

defines a bijection G(C)/P,(C) — X, where P, is the parabolic subgroup F°G of G.
Also, 25.12 of Milne, J. S., Algebraic Groups, CUP, 2017.




2 THECOMPACTDUAL SYMMETRIC HERMITIAN SPACEAND ITS CONJUGATES12

PROOF. We have to show that Py(C) is the subgroup fixing Filt(y,) under the above
action, but the filtration on a vector space V defined by ad(g)oy is obtained from the
filtration defined by y by applying g, and so this follows from (2.1a). O

REMARK 2.3. (a) The bijection in (2.2) endows X with a complex structure. In fact,
because P, is parabolic, X has the structure of a smooth projective variety over C.

(b) According to (2.1c), the points of X can be identified with the set of equivalence
classes [P, u], where P is a parabolic subgroup of G and u is a cocharacter u of P such
that (P, u) is conjugate under G(C) to (P, uo); the classes [P, u] and [P/, u'] are equal if
and only if P = P’ and u and ' define the same cocharacter of P/R,,P.

(¢) For any faithful representation (r, V) of G it is obvious that X can be identified
with the set of filtrations of V conjugate to that defined by w;. Slightly less obviously, X
can also be identified with the set of filtrations of Lie(G) conjugate to that defined by
ad oy.

By a global tensor of a sheaf V of Og-modules, we mean an element of T'(S, T; V) for

some i and j, where T;V — oI g P&,

PROPOSITION 2.4. Let u, be a cocharacter of a reductive group G over C, and let X =
G(C)/Py(C) be the corresponding space of filtrations; let r : G — GL(V) be a faithful
representation of G, and let V be the constant vector bundle X x V on X.

(a) There is a unique filtration of V by algebraic subbundles such that the filtration on
each fibre Vip , is that defined by u.

(b) Let (t,) be a family of tensors of V' such that G is the subgroup of GL(V) fixing the t,.
Let F* be a filtration (by algebraic subbundles) of the constant vector bundle V' = S XV on
a smooth complex variety S, and let t], be the global tensor (1,t,) of V'. If for each s € S,
there is an isomorphism V', = V of filtered vector spaces mapping each tys to ty, then
there is a unique morphismy : S — X such that when we identify y*V with SXV = V' in
the obvious way, the filtrations on y*V and V' agree.

PROOF. (a) Let &(V) be the flag variety of filtrations on V conjugate under GL(V) to
that defined by u,. Then the map sending Filt(u) to the filtration on V defined by u is a
closed immersion of X into §(V), and the pullback of the universal bundle on (V) is
V. Clearly the filtration on the universal bundle induces the correct filtration on V.
(b) For y € $(V), let Fy, be the corresponding filtration of V. Then y is in the
image of X in §(V) if and only if there is an isomorphism of filtered vector spaces
(V,F;) — (V, F;) fixing each t, because such isomorphisms are defined by elements of
G(C). Therefore the map S — F (V) defined by V and the universal property of F(V)
factors through X, and the resulting map S — X has the correct properties. o

Now let (G, X) a connected Shimura datum.

PROPOSITION 2.5. Letr: G%d < GL(V) be a faithful real representation of G4, and let
V be the constant sheaf on X defined by V.

(a) Foreach x in X, roh, is a Hodge structure on the stalk V(= V) of V; V, together
with these Hodge structures, is a variation of real Hodge structures on X.

(b) There exists a bilinear form : VXV — R defining a polarization of the real Hodge
structure (roh,,V) for all x.
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(c) Let{t,} be a family of tensors of V such that Guzd is the subgroup of GL(V) fixing the
t,. Then, as x runs through the points of X, the Hodge structures V. run through a
connected component of the set of all Hodge structures on V for which the tensors t,,

are of type (0, 0).
PROOF. See Deligne 1979, 1.1.14. o

We now apply 2.2 and the preceding discussion to the group G and the cocharacter
Uo corresponding to a point o € X. In particular, we define the dual space X to be the
set of filtrations of RepC(Gad) conjugate under G*4(C) to u, (and hence to all u, for x in
X). It is the compact dual symmetric Hermitian space of X in the usual sense (Helgason
1978, V.2). Note that G(C) acts on X through the map G(C) — G*4(C).

PROPOSITION 2.6. Themap 3 : X — X sending a point x in X to the filtration of RepC(ng)
defined by u, embeds X as an open complex submanifold of X. For o € X, let K, be the
isotropy group at o in G(R)*, and let P, be the isotropy group at o € X in G(C); then
K, = P, n G(R)*, and the inclusion of K, into P, identifies (K,)c with a Levi subgroup of
P,; there is an equivariant commutative diagram

G*(R), /K, —— G*(C)/P,(C)

; g

~

X ¢ X.

PROOF. Thisis proved in Deligne 1979, 1.1.14. We merely note that the injectivity of X —
X follows from the fact that the Hodge filtration determines the Hodge decomposition.q

The map g is the Borel embedding of X into X. Since X is an algebraic variety, we
can speak of the variety X for r an automorphism of C. We shall show that X has a
natural realization as the dual of a Hermitian symmetric domain.

Recall (1.1)that for all automorphisms 7 of C, we have a canonical element z (1) €
T&(C).M This gives rise to a canonical isomorphism

g “g = [z,(1) gl: G'(C) > “*G'(C)
for a central extension G’ of G4,

PROPOSITION 2.7. Let “*X be the dual Hermitian symmetric space associated with (**G,>* X).
For any special point x of X, there is a unique isomorphism (of algebraic varieties) ¢y . : X -
©*X such that

(i) the point tx is mapped to *x, and

(ii) @y ot(g) = (**g)opy,, forall g in G*(C).

UMisprint fixed.
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PROOF. The uniqueness is obvious. For the existence, note that there is a commutative
diagram

Gad(C) T Gad(C) g-"'g ‘r,xGad(C)

T T T

T(C) ——— T(C) —< — T(C)

] AN

Gp(C) — G (O).

in which T is a suitable subtorus of G24. Let P, P’, and P" be the subgroups of G2, chd,
and T’ngd respectively fixing the filtrations defined by uy, Tiy, and u, . Then P’ = 7P,
and P” is a subgroup of T’xGEd such that P"”(C) = {**p | t~'p € P(C)}. On passing

to the quotients, we obtain maps X X o g , and the second of these obviously
satisfies (i) and (ii). O

Remark 2.8. (a) The subgroup P of G2 is defined over the reflex field E = E(G*4, X),
and p, factors through T, C P. The subgroup 7P of G still contains T because T is
defined over Q, and so we can use p, and @ to twist tP. Clearly “*(zP) = P".

(b) Let x’ be a second special point of X. Then ™*g — g is an isomorphism
txGad(C) —» X' Gad(C) giving rise to a commutative diagram

Gad(C) T Gad(C) ‘L',XGad g r,xg
‘r,x’Gad(C) r,x’g_

On passing to the quotients, we obtain a commutative diagram

\%
Prx

X 45 X 556
\\ lqov(r;x’,x)
qor,x’

,x' X

3 The principal bundle Y°(G, X); statement of the
first main theorem

We begin by reviewing some elementary constructions from complex differential geome-
try (see for example Kobayishi and Nomizu 1963/69).

Let S be a connected complex manifold, and let 7; = (S, s) be the fundamental
group of S regarded as the group of covering transformations of the universal covering
space S of S (acting on the left). A homomorphism r : 7,(S,s) — G from 7,(S, s) into a
complex Lie group G gives rise to a (right) principal G-bundle

Y(r) =~\SXG, (ys,r(y)g) ~(s,8)
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on S, and there is a canonical flat connection on Y (7). Every principal G-bundle Y over
S admitting a flat connection arises in this way.
Let V be a complex vector space. A homomorphism r : 7;(S,s) - GL(V) gives rise
to a vector bundle
V() =~\SXV,  (rs,r(y)v) ~ (5,0)

on S, and there is a canonical flat connection on V. The sections of'? V(r) over any open
subset U of S can be identified with the isomorphismsa : Oy ®V — V|U (trivializations
of V over U).

Now suppose that r factors through a reductive algebraic subgroup G of GL(V).
There will exist a finite family of tensors (¢,) of V such that G is the subgroup fixing
the t,. Each t, gives rise to a global tensor t/, of V, and the sections of Y(r) over any
open subset U can then be identified with the isomorphisms a : Oy ® V — V|U under
which each 1 ® t, corresponds to t/ |U (trivializations of V over U respecting the t,,).

PROPOSITION 3.1. In addition to the hypotheses in the last paragraph, assume that S is
algebraic, that V is an algebraic vector bundle on S, and that the tensors t}, are algebraic
sections of the Tj. V. Then Y(r) is algebraic, and it represents the functor of S-varieties
whosevalueon it : T — S is the set of isomorphismsa: Op @ V — m*V such that 1 @ ¢,
corresponds to 7t*(t!,) for all a.

PROOF. Suppose first that G = GL(V) (and there are no tensors). If V is trivial, i.e.,
P = O4Q®V, then the functor is represented by Gs. Since V is locally trivial for the Zariski
topology, it follows that the functor is represented by a Gg-torsor Y, and it is obvious
from the discussion preceding the proposition that the analytic space associated with Y
is Y(r). In the general case, the tensors ¢, define a Ge-subtorsor of the GL(V)c-torsor Y
whose assocated analytic space is again Y (). o

We apply these remarks to a connected Shimura datum (G, X). For each T € £(G),
T is the fundamental group of Slo, and (by definition) T' ¢ G(Q) c G(C). The above
construction gives us a principal G(C)-bundle YIQ(G,X ) = T'\X X G(C) over SIQ(G,X ).
Because of our conventions, we are forced to turn this into a left principal bundle (by
making g € G(C) actas g ! in the natural action; that is, g[x, ¢] = [x, cg~!]). For varying
T, these bundles form a projective system Y°(G, X), which can be regarded as a principal
G(C)-bundle over S°(G, X). In the case that G is simply connected

Y%(G,X) = G@\X x G(C) X G(Ay)
with g € G(Q) acting on (x, ¢, a) € X X G(C) X G(A ) according to the rule

q(x,c,a) = (gx,qc,qa).

There is an action of G2(Q)* on Y°(G, X) : g € G*(Q)* maps [x, c]r € T\XXG(C)
to [gx, ad(g)c] € I"\XXG(C), where I" = ad(g)I'. Welet G(Q) act on S°(G, X) through
the map G(Q) — G*4(Q); this extends by continuity to an action of the closure G(Q);
of G(Q), in G(Ay). Therefore G(C) x G(Q); and G*(Q)* both act on Y°(G,X). If
q € G(Q), then the element (g, q) of G(C) X G(Q); and the image of g in G*(Q)* have
the same action, and consequently we obtain an action of
(G(C) x G(Q)) *q@), G

def

5G) =

12Misprint fixed.
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on Y°(G, X). There are obvious homomorphisms G(C) - G(G) — G*4(Q)**, and the
action of §(G) on Y°(G, X) is compatible via these maps with the actions of G(C) and
G*(Q)* on Y°(G, X) and S°(G, X) respectively.

In the case that G is simply connected, G(Q); = G(Ay), and the actions are given by

alx,z,g]l =[x,z,ga”'l, x€X, zeG(C), a,geGAy),
c[x,z,gl =[x,zc7',gl, x€X, c,zeG(C), geGAy).

In the general case, G(G) is generated by the images of G(C), G(A ), and G(Q)*.
Now letr : Gec — GL(V) be a representation of G¢. In this case we obtain a vector
bundle V(r) on S°(G, X) together with an action of G(Q)* on V(r).

PROPOSITION 3.2. The principal G(C)-bundle Y°(G, X) is algebraic, and the elements of
G(G) act algebraically on it.

We shall need to use the following result.

LEMMA 3.3. Let S be an algebraic variety embedded as an open subvariety of a complete
algebraic variety S.

(a) If S~ S has codimension > 3, then the functor F ~ F3 taking an algebraic vec-
tor bundle on S to its associated analytic vector bundle defines an equivalence of
categories.

(b) IfS\S has codimension > 2, then F ~ F%is fully faithful, and T(S, F) = ['(S, 7).

PROOF. This follows from theorems of Serre, Grothendieck, Siu, and Trautmann; see
Hartshorne 1970, p. 222. o

We first prove the proposition under the assumption that the boundary of SIQ(G,X )
in its Baily-Borel compactification has codimension > 3. Choose a faithful representa-
tionr: G - GL(V) of G, and let (¢,) be a finite family of tensors of V such that G is
the subgroup of GL(V) fixing the ¢,. Then (3.3a) shows that the sheaf V- on S?(G,X )
corresponding to V is algebraic, and (3.3b) shows that the global tensors t/, are algebraic.
It now follows from Proposition 3.1 that Y?(G,X ) is algebraic. An element of G(Q)}
acts as an algebraic morphism on the family (Y?(G, X)) because (3.3a) shows that it does
so on the family (V). On applying this to G2 we find that an element of G4(Q)* acts
algebraically on Y2(G,X), and therefore on Y2(G, X), because Y2(G, X) is a finite cov-
ering of Y?(Gad,X ). Finally an element of G(C) acts algebraically on Y°(G, X) because
it defines a morphism of the functor that Y°(G, X) represents.

Next we assume that the boundary has codimension > 2. In this case, there will be
a totally real field F and a pair (G,, X,,) with G, = Resg g G such that the boundary of
S?(G*,X .) has codimension > 3 and the natural map G < G, sends X into X,.. Choose
a faithful representation r,, of G,,, and let r be its restriction to G. Then the sheaf V on
S9(G, X) defined by r is obtained by restriction from the similar sheaf on S°(G,, X,), and
so it is algebraic. Moreover the global tensors of V are again algebraic, and so the same
argument as before applies.

In the only remaining case, the boundary has codimension = 1. But then G is SL, or
PGL,, and the result is easy to prove, for example, by making use of the universal elliptic
curve (cf. §6).
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PROPOSITION 3.4. Letr: G — GL(V), (t,), and (t},) be as above. For any morphism
m: T — S°%G,X) of G(G)-varieties and equivariant isomorphisma : O; @ V = 7*V (r)
such that 1 @ t, < 7*(t) for all a, there is a unique G(G)-equivariant S°-morphism
Y : T — Y°G,X) such that a is the inverse image of a,.

PROOF. This follows easily from 3.1. o
PROPOSITION 3.5. There is a canonical G(C)-equivariant map
7(G,X): Y°(G,X) = X.

PROOF. As there is a canonical map Y°(G,X) — Y°(G*,X), and X is unchanged when
G is replaced by G, we may assume that G = G2, Letr: G — GL(V) be a faithful
representation of G such that the corresponding vector bundle V on S%(G,X)is algebraic,
and consider the constant vector bundle Vp = Y?(G,X ) X V. According to (3.1), an
elementy € YIQ can be identified with an isomorphism a,, : V = (Vr),. Endow (Vp),
with the Hodge filtration defined by the Hodge structure ayoroh, : S — GL((V),),
where xr is the image of y in SIQ(G, X). Then (2.4b) shows that there is a unique morphism
of algebraic varieties yp : Yr(G,X) — X such that y+(V) = Vr as filtered vector bundles.
For varying I, the y form a projective system, that is, a morphism y : Y°(G*,X) — X.
This map commutes with the actions of G(C). O

REMARK 3.6. (a) The composite of the canonical map X — Y°(G, X) with (G, X) is the
Borel embedding .
(b) When G is simply connected, y is the map

[x,c,a]l » c7'B(x), xe€X, ceG(C), aeGA)).

Let 7 be an automorphism of C, and let x be a special point of X. The point
(2o (1), sp(7)) € "&(A’) defines an isomorphism

g+ g G(A) >"G(A).
(Recall that A" = C x Ay.)
PROPOSITION 3.7. There is a canonical map
g g §(G) - 5("*G)
compatible with the above map.

PROOF. For simplicity, we first prove this under the assumption that G is simply con-
nected. Choose a pair (G, X;) as in (A.4) of the Appendix. Let H be the torus G; /G, and
let v be the map G; — H. Asin 1.5, we write H(R), for »(Z;(R)) c H(R) and H(Q),
for H(Q) N H(R),. Because of (A.4c), every g € G*4(Q)™ lifts to an element § € G,(Q),,
and one checks immediately that (c, a)*q — [c{§, ag] is a well-defined homomorphism
9(G) = G1(A)/Z,(Q). o

LEMMA 3.8. There is an exact sequence

0 = 9(G) - Gy(A")/Z2,(Q) — H(A')/H(Q), — 0.
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PROOF. We first show that the second map is surjective. For this it suffices to show
that v defines a surjection G,(A ) — H(A). Choose Z-structures on G, and H. Then
Lang’s lemma applied to the reduction of G shows that G,(Z,) — H(Z),) is surjective
for almost all p. It therefore suffices to show that G,(Q,) — H(Q,) is surjective for all
p, but this follows from the fact that H'(Q,, G) = 0 for all finite primes p.

Next we prove the exactness at the middle term. From the diagram

0 — Z;(R) — G(R) ——— G*(R) ——— 0

|l I l

Z;(R) — HR) —— H(R)/v(Z;(R)) — 0

we see that G24(R)* maps into the identity component of H(R)/»(Z;(R)). But H(R) /v(Z;(R))
is discrete, and so G*4(R)* maps into v(Z;(R)). It follows from this that G(G) maps to
zero under the composite of the two maps.

Suppose that v(c,a) € H(Q), x H(Q), for some (c,a) € G1(C) X G1(Ay), say
v(c,a) = (g, q). Consider the diagram

6(Q) — H(@Q) — HY(Q,6)

| | l

G,(R) —— H(R) —— H'(R,G).

The image of q in H(R) lifts to Z;(R) € G,(R) because it lies in H(R),.. Therefore the
image of q in H(Q, G) maps to zero in H'(R, G), which implies that it is zero by the
Hasse principle. Hence g lifts to an element § in G;(Q). Now v(cg~!,ag~!) = 1, and so
¢ Ecg'and o’ € ag! lie in G(C) and G(A 7) respectively. Let g be the image of § in
G2(Q). Then (¢, a’) * g € §(G), and it maps to (c, a) mod (Z;(Q)).

Finally we prove the exactness at the first term. Let (c,a) * g € G*(Q)**, and
choose a lifting § of g to G,(Q). If (¢, a) * g maps to zero in G;(A’)/Z,(Q), then there
exists a z € Z;(Q) such that (cd, ag) = (z,z). Nowc = z§~! € G(C) n G;(Q) = G(Q);
write it ¢’. Then q’q € Z,(Q), and so the image of g’ in G*(Q) is g~'. Consequently,

(q.9)*q=1,but(q’,q")*q=1(c,a) *q. O

We now return to the proof of the proposition. If z € Z;(Q) then the element [s - z]
of “*G,(Q%) is independent of 5. Therefore z ~ [s - z] is an inclusion Z < ™*G;, and
the map

g g = [(2(D), sp(D))-g] - Gy(A) > TFGy(A)

induces the identity map on Z;(A’). In particular it maps Z;(Q) C G;(A’) into Z;(Q) C
“*G,(A’), and so we have a map ¥ : G;(A")/Z,(Q) - “*G,(A")/Z,(Q). Since g —
g G;(A) - ™*G;(A’) induces the identity map on H(A’), 1 maps G(G) into G(**G),
and this is the map we want.

When G is not simply connected, then G(G) is the quotient of G(G) by

(G, G) = Ker(Z(A")/2(Q) — Z(A")/Z(Q)),

where Z and Z are the centres of G and G respectively. There is a canonical isomor-
phism G(G,G) = G(*G,"*G)and g » *g: G(G) — G(**G) is compatible with
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this isomorphism (cf. the above discussion involving Z;). Hence the map g —» “*gon
G(G) can be defined by passing to the quotient with the map g — “*g on G(G). From

the pair (“*G,”* X) and the special point “x of “*X, we can construct a “*G(C)-torsor
YO(**G,** X), a flat connection *V, an action “*a of G(G) on (Y°(**G,"* X),* V), and
apoint 7y on Y°(**G,"* X).

PROPOSITION 3.9. Let x’ be a second special point. There is a canonical isomorphism
Y (1;x,x) 1 YO(T*G,7* X) —» YO(*¥' G,™* X) such that
(i) @Y (1;x', x) is compatible with the flat connections;
(i) @¥(z;x',x)0("*g) = (** g)opY (r; x', x) for all g € G(G);
(iii) the following diagram commutes

¥ (t;x' x)

T,X X ,x' X

{ ]

YO(T,XG,T,XX) oY (rx' x) YO(r,x’G’f,x’ X)

l |

SO(T’xG,T’xX) ¢’(T:x' x) SO(r,x’G’r,x’ X)

PROOF. The proof of 1.3 applies with minor modifications. For simplicity, we first
assume that G is simply connected. Choose a pair (G;,X;) (with the weight equal
to zero) and an isomorphism ¢ : p, .(*&) = px!("@), as in the proof of 1.3. Again ¢
defines an isomorphism f; : “*G; — ©¥'G;. Let sand s’ be the images of (z,(7), sp(7))
in o, .("&)(A’) and px;*(f@)(ﬁv ) respectively. Then there is an element y; € “*G,(A’)
such that t,(sy;) = s’. The same argument as in the proof of 1.3 shows that the image of
y1 in H(A) lies in its subgroup H(Q), and the Remark 1.5 shows that it lies in H(Q), C
H(Q). Therefore, according to 3.8, the image y of y; in *G,(A’)/"™*Z,(Q) lies in G(**G).
Now ¢°(7; x’, x) can be defined to be Y°(f)o(y) where f is the restriction of f; to “*G.

In the case that G is not simply connected, first construct the diagram for (G,X), and
then pass to the appropriate quotients. o

THEOREM 3.10. Let (G, X) be a connected Shimura datum, and let x be a special point of
X. For any automorphism t of C, there is a unique isomorphism

Y TYY(G,X) > YO ("5 G, X)

lying over cpg,x and such that

(i) Ty is mapped to"y;

(i) ¢7,01(g) = (" g)opy, forall g € G(G).
Moreover,

(iii) @Y, is compatible with the flat connections on tY°(G,X) and Y°(**G,* X).

Y

Ifx' is a second special point, then ¥ (t; X', X)opy , = @) .

PROOF. We prove only the uniqueness of gof, . here; the proof of the existence will occupy
§6 -§9.
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Let ¢; and ¢, be two maps 1Y%(G,X) — Y°(**G,* X) satisfying the conditions
(i) and (ii), and let Z be the closed subset of 7Y%(G, X) on which the two maps agree.
Then (ii) shows that Z contains a fibre of the map 7 : 7Y%(G,X) — tS°(G, X) whenever
it contains a single point of the fibre. Therefore Z = 7~(Z’) for some subset Z’ of
75°%(G, X), and because Z is closed, so also must be Z’. Condition (i) shows that Z’
contains 7[x], and (ii) then shows that it contains all translates of 7[x] by elements of
G24(Q)*". As these points make up a dense subset of S°(G, X) for the Zariski topology,
it follows that Z’ = S°(G,X) and Z = Y°(G, X). -

COROLLARY 3.11. Assume that there is a map go}’, . as in the theorem; then there a com-
mutative diagram:

Y9G, X) —= Y'(**G,"* X)

L,

189G, X) —2, §O(TXG, TrX)

The two upper maps are compatible with the map g — “*g: G(C) - "*G(C).

PROOF. It remains to prove that the upper square commutes, i.e., that the two maps
@y oTy(G,X) and y(**G,"* X)og)  are equal. They are maps 7Y%(G,X) — “*X, and
we know that they agree at y. Both maps are constant on the orbits of G(Q)] in
7Y%(G, X), and so they agree on all translates of y. Finally, both maps are compatible with
the map g » “*g: G(C) —» “*G(C), and so they agree on a fibre of 7 : 7Y%(G,X) —
75°(G, X) when they agree at a single point. The argument in the preceding proof now
shows that the closed subset where the maps agree is the whole of 1Y%(G, X). O

4 Automorphic vector bundles

In this section we define automorphic vector bundles, and discuss some of their structure.
For a similar discussion in the case of nonconnected Shimura varieties, see Harris 1985,
§3.

Let (G, X) be a connected Shimura datum, andlet 8 : X < X be the Borel embedding.
The action of G(R), on X extends to a transitive action of G(C) on X. Since X is a
projective algebraic variety, every holomorphic vector bundle on X is algebraic. By a
Gc-vector bundle on X, we mean a vector bundle (7, p) on X together with an action of
Gc on J (as an algebraic variety) such that

(@) p(g-w)=g- p(w)forallg € G(C),w € J;
(b) the maps g: g, — Jg4 are linear for allg € G(C) and x € X.

Such a vector bundle restricts to a G(R)_.-vector bundle V = 8*J on X, and for each
def

I' € £(G), Vr = T'\Vis a vector bundle on I'\X = SX(G,X). The family V = (Vr) forms
a projective system, and there is a natural action of G(Q), on V

g: T\V - glg'\V, v(modT)+~ gu(mod glg™),
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which extends by continuity to the closure G(Q); of G(Q), in G(Ay). A G(Q)] -vector
bundle V on S°(G, X) arising in this way from a G(C)-vector bundle J on X will be called
an automorphic vector bundle. We sometimes write V = V(J). For each x in X, the fibre
(VD = Vs = I (x> and so Vi = Um(Vr)y, = Jpeo-

When G is simply connected, V is the G(A ¢)-vector bundle

V =GQ\V xG(Ay)
on S°%(G,X) = G(Q)\X X G(A;), and the action of a € G(Ay) is given by

alv, g] = [v,ga™"].

On the other hand, when the action of G(C) on J factors through G*4(C), then we can
regard V as being the projective system (I'\ V), I € X(G), and the action of Gad(Q)f_ on
S%(G, X) lifts to J.

We wish to show that automorphic vector bundles are algebraic, but first we need a
lemma.

LEMMA 4.1. Let G be an affine algebraic group over a field k, and letw: Y — Sbea
torsor for Gg over an algebraic variety S.

(a) The functor V — 7*V defines an equivalence between the category of vector bundles
on S and the category of G-vector bundleson Y.

(b) IfY has a flat G-connection, then to give a (flat) connection on V is the same as to
give a (flat) G-connection on T* V.

PROOF. (a) This follows from descent theory: the map 7 is faithfully flat, and because
Y is a G-torsor, to give a descent datum on an Oy-module V’ is the same as giving a
G-action on it. That 7*(V) is locally free if and only if V is locally free follows from the
fact that a coherent module is locally free if and only if it is flat.

(b) Again this is a straightforward application of descent theory. O

PROPOSITION 4.2. The vector bundle V() is obtained by descent from y*(J); hence V and
the action of G(Q)7 on it are algebraic.

PROOF. The first statement is obvious from the commutative diagram:

v

X — Y9G, X) —— X

l

S%(G, X).
The second statement follows from the first (because of 3.2). O

Obviously, a section of V- over Sg gives rise to a section of V over X. We define an
automorphic form of type J and level T to be a section of (the analytic vector bundle)
V over X that arises from a section of (the algebraic vector bundle) V. Thus an auto-
morphic form of type J and any level is an element of the union | J (S, Vr)/, where
I'(S%, V) denotes the image of T'(S°, V1) in ['(X, V). When G has no Q-rational factors
isomorphic to PGL,, then the boundary of Sg in its Baily-Borel compactification has
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codimension > 2, and so I'(S®, Vy) = I'(SY, VE") (see 3.3). Therefore, in this case, an
automorphic form of type J and level T is simply a holomorphic section of V over X
fixed under the action of T.

Let o be a point of X, and regard it also as a point of X. The isotropy group at o in G¢
is a parabolic subgroup P, of G¢, and the action of G¢ on J induces a linear action of P,
on the fibre g, of 7.

PROPOSITION 4.3. The map J — J, defines an equivalence between the category of G¢-
vector bundles J on X and Rep(P,).

PROOF. This is standard; the vector bundle corresponding to a representation (v, V') of
P,isg = Ge XV /P,. -

REMARK 4.4. LetV = J,. If r: P, - GL(V) extends to a representation (r,V) of G,
then the map

(g v) ~ [gr@ v]: GexV =7

induces an isomorphism X X V — g, and so V(J) is the vector bundle associated with
(r,V) (asin §3).

Recall 2.6, that there is an equivariant commutative diagram

G(R)+/K, — G(C)/P,(C)

l |

Xe— X

with K, a maximal compact subgroup of G(R),. If we let R, P, denote the unipotent
radical of P,, then K, < P, defines an isomorphism (K,)c — P,/R,P,. Now 4.3 has
the following corollary.

COROLLARY 4.5. There are natural one-to-one correspondences between isomorphism
classes of the following objects:

(a) Gg-vector bundles g such that R, P, acts trivially on g ,;

(b) semisimple complex representations of P,;

(c) representations of K,c on complex vector spaces;

(d) representations of K, on complex vector spaces.

PROOF. A representation of P, is semisimple if and only if it is trivial on R, P,. Therefore
the correspondence between (a) and (b) follows from 4.3. We saw above that K, =
P,/R,P,, which proves the correspondence between the objects in (c) and those in (a)
and (b). Since K, is the compact form of K¢, the correspondence between (c) and (d) is
part of Weyl’s unitary trick. O

In the next two remarks we show that certain automorphic vector bundles have
additional structures.

REMARK 4.6. Suppose that J is a Géd-vector bundle on X (rather than a G¢-vector bun-
dle). Then at each point [Py, u,] of X, u, defines a filtration on the fibre J,. These
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filtrations vary holomorphically and define a filtration of F*J of J by G(C)-stable sub-
bundles,
... D FPJ D FPHg 5 ...,

For each p, FPJ is the G%(C)-vector bundle defined by the subrepresentation of P,
on (FPJ),. This filtration induces a holomorphic filtration of V by G*I(R)*-stable
subbundles, and a filtration of V by G24(Q)*"-stable algebraic subbundles FP V. For
each x in X, the action of h, on V, defines a splitting of the filtration,

Fry, = @, (D' = ol @ = 27277 v}

def

and these splittings define a decomposition of the C*-bundle V*° = Oxe ® V,

P = @(ﬁ)p,q.
(The splitting is C*® because (V)P4 = FP N F4, and the filtration F* is anti-holomorphic.

REMARK 4.7. In the case that J arises from a representation of G (rather than of P,), it
is possible to define local systems underlying the automorphic vector bundles. Before
explaining this, we recall the correspondence between local systems and vector bundles
with flat connection (see for example Deligne 1970, I.2). Let S be a connected complex
manifold, and consider the tensor category of pairs (V, V) with V an analytic vector
bundle on S and V a flat connection. The map (V,V) —» V £ PV defines an equivalence
between this category and the tensor category of local systems of complex vector spaces
on the manifold; it has quasi-inverse V — (Og ®¢c V, Vean) -

A complex representation r : G¢ — GL(V) of G defines a G(C)-vector bundle J =
V x X over X with a canonical flat connection V. The flat connection defines a similar
connectionon V = f*J(= VxX) and on the automorphic vector bundle V. In particular,
we get a local system of complex vector spaces V(= VV) on S°(G,X), stable under the
action of G(Q)7 on V, and such that Og Qg Vr = V.

Suppose that J is defined by a real representation (r, V') of Gg. Then foreach I' €
2(G, X), the representation (r|T, V) defines a local system of real vector spaces Vi on
I'\X such that O ®g Vi = VV. The action of G(Q); on S%(G, X) lifts to an action on the
projective system V = (V). When r factors through G39, the constant sheaf defined by
V on X is (in a natural way) a polarizable variation of real Hodge structures (see 2.5),
and so V acquires a similar structure.

Finally, if J arises from a representation of G2 on a Q-vector space V, then we get a
variation of rational Hodge structures V on S°(G, X) such that V® C = PV In this case,
we can also define, for each prime [, a local system of Q;-vector spaces V; = (V, ) for the
étale topology: V1 is the locally constant sheaf on SIQ associated with the representation
of ' on Q; ® V (see, for example, Milne 1980, p. 165). Symbolically, we may write
V; = Q; ® V. There is again a natural action of G(Q)* on V and V.

REMARK 4.8. The construction of V (and the extra structure on it) is functorial in
(G,X,d). Moreover, if J and J’ are two G¢-equivariant vector bundles on X, then
an equivariant differential operator § : J — g’ gives rise (in a canonical way) to an
equivariant differential operator y : V — V’. (See Grothendieck 1967, 1V.16.8, for the
definition and basic formalism of differential operators on sheaves of Og-modules for S
a scheme.)
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REMARK 4.9. We outline the relation between the above definition of automorphic
forms and the more usual definition in terms of automorphy factors.

Fix a point 0 € X, and let V be the G(R), -vector bundle on X defined by a G¢-
vector bundle J on X. Choose a trivialization o : V x X = V and write y(a(v, x)) =
a(j(iy,x)v,yx) fory € G(R),,v € V,and x € X. Then j: G(R), XX — GL(V)is a
holomorphic automorphy factor for (G, X) with values in V, and an automorphic form
of level T and type J can be identified (through o) with an automorphic form of level T
for j.

Conversely, let j be a holomorphic automorphy factor for (G, X) with values in V.
The mapr: K, —» GL(V), k — j(k,0), is a representation of K on V, which (see 4.5)
defines an automorphic vector bundle J on X. If r is irreducible, then it is known that
automorphic forms of level T for j correspond to automorphic forms of level I" and type
J (see Murakami 1966, p. 137).

5 Conjugates of automorphic vector bundles

In this section, we state the main theorem for automorphic vector bundles and show
how to deduce it from Theorem 3.10.

Let J be a G¢-vector bundle on X, and fix a special point x of X. The G¢-vector
bundle 77 on X corresponds under the isomorphism iyt X - "X of2.7toa
B *Ge-vector bundle **J on X% and ©*J defines an automorphic vector bundle “*V
on S°(F*G,7* X).

LEMMA 5.1. If X is a second special point of X, then there is a canonical isomorphism
oV (t;x',x): XV - X'y lying over ¢°(t; x’, x) and such that

9" (T;x, x)o("g) = (¥ oV (z;x',x), allg € G(Ay).

PROOF. From the commutative diagram in 2.8, we see that there is a canonical isomor-
phism 7*J = ©¥'g lying over ¢(r; x’, x) : “*X — ¥'X, and 4.2 and 3.9 show that this
gives rise to the required isomorphism. o

THEOREM 5.2. Let V be an automorphic vector bundle on S°(G, X). There is a canonical
isomorphism goZ . TV = ©*V such that

v — ey

Lo

5°%(G,X) =5, §0(TxG,TrX)

commutes and cpror(g) = (f»xg)oqof’x forall g € G(Q);; moreover, if X' is a second
special point of X, then ¢" (z;x',x)op) = @7

7,x'"
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PROOF. From 3.11 we have a commutative diagram

Y9G, X) — YO(™*G,"* X)

L,

78%(G,X) —= S("*G,7X),

and from the very definition of *7, there is a commutative diagram

g ——

l l

X — X
On pulling this back, we obtain a similar diagram

7 () ————— ¥ ()

| l

tY%(G,X) — Y°("*G,"* X).

Now 4.2 proves that this gives rise to canonical commutative diagram as in the statement
of the theorem. Moreover it is clear from 3.10(ii) that the map qoZ . commutes with the

actions of the Hecke operators, and it follows from 3.11 that ¢V (z; x’, x)ogp], = go;’x,.g

REMARK 5.3. The map qo;f . is functorial: suppose that we are given compatible maps
(G,X) — (G',X")and g — J’; if a special point x of X is mapped to a special point x’ of
X', then we obtain a commutative diagram

qav
Ty L, Xy

[, |

,x! ’
TV’ T T,X V

REMARK 5.4. When J is a G?:d-vector bundle on X (rather than a Gc-vector bundle), it
is possible to give a more direct definition of ™*J (hence of “* V) and a characterization
of p!..

(a) The vector bundle J corresponds (by 4.3) to a representation (r,V) of P,, the
subgroup of ng fixing f(x). On applying 7, we obtain a representation tr of
7P, on V. As in 2.8a, we can use ‘© to twist 7f : 7P, — GL(V) and obtain
a representation “*r: “*P, — GL(**V) of “*P,. But (see 2.8a), ™*P, is the
subgroup of “*G(C) fixing “x, and so “*r gives rise to a "*G-vector bundle J’ on
X. Clearly g’ = **J.

(b) Recall that V[, = J. The map cpZ . is the unique isomorphism 7V — **7V lying
over ¢, , and such that
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(i) the action of goZ . on the fibre over 7[x] can be identified with the map
(VC) - “VRC

defined by z,(7);
(ii) @) o1(g) = ("*g)og,, forall g € G(Q);.

Moreover, qo;f . carries the natural filtration on 7V (see 4.6) into the natural filtration
on ™* V.

We clarify the condition (i). The representation rop, on V defines a CM motive M
over Q, and Hgz(M) = V. The composite c(ttM) 'o(1 ® 7)oc(tM) is a r-linear map
Hg(tM)® C — Hy(ttM) ® C (see 1.2b), and so it defines a linear map 1(Hg(M) ® C) —
Hy(ttM) ® C, which we know is z (7). But 7(Hg(M) ® C) = 7(V ® C) and (see 1.8)
Hy(ttM) = “*V, and so z,(7) can be regarded as a map

V) =t(V®C)— VRC=""V_.

[It would be possible to state similar improvements of 5.2 for all automorphic vector
bundles if we had a satisfactory theory of fractional CM-motives over Q.]

REMARK 5.5. 13 For some automorphic vector bundles V(g) it is possible to prove 5.2
without using 3.10. For example, let J be Ty, the tangent bundle to X; for anyo € X,
J corresponds to the adjoint representation of P, on Lie(P,). Then V(J) is the tangent
bundle to S°(G, X), and “*J is the tangent bundle to XX Therefore the isomorphism
of pro-varieties ¢, , : 7S%(G,X) — S°(**G,™* X) defines an equivariant isomorphism
T(@rx): TV(I) — Y(*J). To show that this is the same as the map in 5.2, it suffices
to show that it satisfies conditions (i) and (ii) of 5.4. Condition (ii) is obvious, and (i)
can be shown by unwinding the various definitions, because 7y is the G¢-vector bundle
associated with the adjoint representation of P, on Lie(G¢)/ Lie(P,).
A similar remark applies if J is the bundle of n-jets of 7X.

REMARK 5.6. When J arises from a representation r : Gc — GL(V) of G¢ (rather than
of P,), then qo;f . carries the flat connection 7V on tV (see 4.7) into the natural flat
connection *V on “*V. It therefore defines an isomorphism of the local system TV
on 7S°(G, X) (defined by the pair (tV, tV)) with the local system “*V on S°(**G,"* X)
(defined by the pair (%*V,"* V)).

Finally, when J is defined by a rational representation (r, V') of G, go;f . defines an
isomorphism of variations of rational Hodge structures; moreover, it defines for each
prime ¢ an isomorphism of ¢-adic sheaves.

REMARK 5.7. Theorem 5.2 has a more down-to-earth interpretation. Let V = V(J)
be an automorphic vector bundle on S°(G, X), and let f be an automorphic form on
X of type J and level T’ with T’ € £(G). We can regard f as an algebraic section of V.
over SIQ(G,X ). Define the congruence subgroup “*I" of “*G(Q) as in (1.7). Let T be an
automorphism of C, and let x be a special point of X. Then the theorem associates with
f an automorphic function “* f e f o(goZ "' on the Hermitian symmetric domain
©*X of type ©*J and level “*T'; moreover, “*(fo(g)) = “* fo(**g) for all g € G(Q)7,
and “* f([*x]) can be related to (f([x])) (by means of z,, (7)) when J is a G?:d-vector
bundle.

13In the original, this was incorrectly numbered 5.4.
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6 Proof of Theorem 3.10 for the symplectic group

Let V be a vector space over Q, and let 3, be a nondegenerate skew-symmetric form on
V. The group G B Sp(V, 1) of automorphisms of V' preserving i, is semisimple, and
there is a unique conjugacy class S* of homomorphisms S — G24(R)* such that

(a) (G,S*)is aconnected Shimura datum;
(b) each hin St is of weight —1;
(¢) the symmetric form (v, h(i)v’) is positive definite for all h € S™.

Our goal in this section is to prove 3.10 for the pair (G, S*), but first we shall prove 5.2
for the automorphic vector bundle defined by the representation of G on V.

Let G; be the group of symplectic similitudes GSp(V, ¢,) of (V, 1), and let S* be
the Siegel double space in the sense of Deligne 1979, 1.3.1. Then (G;, S*) is a Shimura
datum, and (G, S*) = (G;, S¥)™.

For an abelian variety A, we set TA = l(iEAm (limit over all positive integers m
ordered by division), and we set V ;A = TA® Q. Note that the isomorphism class of V ;A
depends only on the isogeny class of A. Consider triples (A, 1, k) consisting of an abelian
variety A over C (defined up to isogeny), a polarization ¥ of A, and an isomorphism
k: Vi(A) —= V(AY) carrying ¢ to 1,. We define A(V, ;) to be the set of isomorphism
classes of triples of this form for which there is an isomorphism of symplectic spaces
(H1(A,Q),9) 3 (V,9,). The group G;(A 1) acts on A(V, ) according to the rule:

[A,9,klg = [A,9,g7 k], g€ Gi(Ap).

LEMMA 6.1. There is a bijection S(G1, S*)(C) — A(V,,) commuting with the actions

PROOF. Corresponding to
[x,8] € S(G1, $F)(C) = G1(Q\X X G(Ay)

we choose A to be the abelian variety (defined up to isogeny) associated with the rational
Hodge structure (V, h,.). Then 1, defines a polarization ¢ of A, and we define k to be
the composite

Vi(A) SV @A; 2o V(A)).

(See for example Milne and Shih 1982b, 2.3.)

Let x be a special point of ST. Then h, : S — Gy definesamap p,: © - G, =
GSp(V,1,), and we can use p, and 7& to twist (V,1,). In this way we obtain a new pair
(F*V, 2> ) with GSp(**V,** ¢y) = “*G;. Let (A4, ¥, k) be the triple associated with
[x,g]. Then H (A, Q) = “*V and 19 = "1, (cf. 1.8). The map ¢, : 75°(G,X) —
SO(**G,"* X) corresponds under the bijection in (6.1) to T[4, ¥, k] = [t A, T, k] where
Tk is the composite of the maps

71 k sp(t)

See ibid., 7.16. o

Just as in 4.7, the pair (V, 9,) defines a polarized variation of rational Hodge struc-
tures (V,¥,) on S(G,,S*). We use ¥ to denote a linear dual.
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PROPOSITION 6.2. There is a canonical abelian scheme 7 : A — S(G;, S*) over S(G;, ST)
and a polarization ¥ of A such that (R'7,Q)V,¥) = (V, ¥,).

PROOF. Choose a lattice V; C V such that 1, is integral on V), and for any integer
N > 3, define K(N) to be the subgroup of G(Af) stablizing Vj, ® A; and acting as the
identity map on V,/NV/,. Then Sgn)(Gy, S*) is the moduli scheme over C for polarized
abelian varieties of dimension dim(V)/2 and degree the discriminant of ¢, on V, and
we can take Agyy to be the universal abelian scheme over Sg()(G;, S*) (Mumford 1965,
7.9). The subgroups K(N) are cofinal among compact-open subgroups of G,(Ay), and
we define A to be the inverse limit, 1}2/11((1\1)- o

REMARK 6.3. (a) For each point s of S(G, S*), the fibre A is the abelian variety attached
tosin6.1.

(b) From A we get an isomorphism k, : (R'7,Q,)Y — V(Q,) for each ¢, where V
is the rational local system on S(G;, S*) defined by V. Write V,(A) for (R'7,Q,)V; then
we can think of the family k = (k;), ky : V,(A) = V(Qy), as being a level structure on
A. The triple (A, ¥, k) has the following universal property: for any G;(A)-scheme S
over C and triple (A’,¥,k’) over S such that (A4’', ¥, k"), € A(V,¥,) for all s € S(C),
there exists a unique isomorphism a : S — S(G;,S*) of G(Af)-schemes such that
a*(A, W, k) = (A, ¥, k.

This can be proved easily using the the universal property of each Ak ).

When we apply the construction in (6.2) and (6.3b) to (“"*V,"* 1), we get a polarized
abelian scheme (“*A,>* ¥) over S(**G,, S*) with a level structure “*k, where “*k, is
an isomorphism V,(A) = “*V(Q,).

PROPOSITION 6.4. There is a unique isomorphism go;‘fx : tA — “*Asuch that
(a) the following diagram commutes

A

TA —— s ™Y

l |

S(Gy, §%) 255 S(7XG, §%)

(b) qofx sends TV to "*Y;
(c) the following diagram commutes

Vit A) —— V(A) —— V(A))

e |

V(X A) V(A ).

PROOF. Apply the universal property of “*A (and use that V @ Ay ~ ™V ® A¢). g
COROLLARY 6.5. There is a unique isomorphism go;f L1 TV = XV lying over @7 Such

that

(i) the restriction of qo;f . to the fibre over [x, 1] can be identified with the linear map
TV(C) - “*V(C) defined by z (1),
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(ii) @), o1(g) = ("*g)opy, forallg € Gy(Ap).

PROOF. The uniqueness is obvious. For the existence, note that V = H fR(r/l) and
XY = H fR(T’x/l), and so qoZ . can be taken to be J¢ ‘liR(qo;‘fx). O

COROLLARY 6.6. Theorem 5.2 is true for the automorphic vector bundle V defined by the
representation of G on V.

PROOF. The restriction of qoZ . to 7S%(G, X) has the correct properties. For a second

special point x/, it is not difficult to trace through the various constructions and see that

Vire ! v _ .V
§0 (Tax ’x)oqor,x - @T’x/- ]

COROLLARY 6.7. Theorem 3.10 is true for (G, S™).

PROOF. This follows from 6.6 because 3.4 allows us to identify Y°(G, S*) and Y°(*G,"* S*)
respectively with the spaces of trivializations of 7 and **V preserving the polarizations.

7 Proof of Theorem 3.10 for connected Shimura
varieties of abelian type

LEMMA 7.1. Let f : (G,X) — (G',X’) be an embedding of connected Shimura data. If
Theorem 3.10 is true for (G',X"), then it is also true for (G, X).

PROOF. Let Y be the inverse image of TY°(**G,™* X) under cp{ ;,

Y9G, X) —— YOG, X))

!
l@i’,x

TYo(T,xG’r,x X) c YO(T,XG’,T,X X/).

Then Y is a closed subset containing 7y, and it contains a fibre of the map 7 : 7Y%(G,X) —
75°%(G, X) whenever it contains a single point; moreover, its image in 7S°(G, X) is stable
under the action of G(G). The same argument as in the proof of the uniqueness statement
in 3.10 now shows that Y = 7Y%(G, X). Therefore the restriction of ¢} " to 7Y%(G, X) is
an isomorphism satisfying the conditions (i)-(iii) of the theorem.

If x” is a second special point of X, then the restriction of goY’ (r; x', x) to YO(**G,"* X)
is ¥ (r;x’, x), and so the equality oY (r; X/, x)ogof’ . = gofx, is implied by the similar
equality for Y(G', X"). ’

Recall (Milne and Shih 1982b, §1, especially 1.3) that if (G, X) is primitive of abelian
type, then there is an embedding (G,X) < (Sp(V, %), S*) for some symplectic space
(V, ). Therefore (6.7) and the lemma and show that Theorem 3.10 holds for every pair
(G, X) that is primitive of abelian type. By definition, for every pair (G, X) of abelian
type, there exists a family of pairs (G;, X;), primitive of abelian type, and a morphism
(IIGi, 11 X)) - (G,X) with [[ G; — G an isogeny (ibid. p. 293). Therefore, the next
two lemmas complete the proof of Theorem 3.10 for pairs (G, X) of abelian type. o

LEMMA 7.2. Let (G',X") — (G, X) be a morphism such that G' — G is an isogeny. If
Theorem 3.10 is true for (G',X"), then it is also true for (G, X).
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PROOF. Note that in this case G’ = G2 and X = X’. Moreover, S°(G,X) is the
quotient of S°(G’, X) by the kernel G(G’, G) of the map G’24(Q)** — G*(Q)**. Similarly,
Y%(G, X) is the quotient of Y°(G’, X) by the kernel of the surjective homomorphism
G(G") - G(G). The map qo{ . for (G, X) can therefore be obtained from the corresponding

map gof,;, for (G’, X") by passing to the quotient. 5

LEMMA 7.3. Fori = 1,...,n, let (G;, X;) be a connected Shimura datum, and letG = [[ G;
and X = [[ X;. If Theorem 3.10 is true for each pair (G;, X;), then it is true for (G, X).

PROOF. This is obvious. 0
PROPOSITION 7.4. Theorem 3.10 is true for all connected Shimura varieties of abelian type.

PROOF. We have already noted that this follows from 6.7 and the preceding lemmas.
In fact, in the proof of the general case of 3.10 we shall need to use 7.4 only for

connected Shimura varieties associated with groups G of type A; (then G = SL,(B) for

B a quaternion algebra defined over a totally real field F). o

We now make some remarks that will assist us in the next two sections in the proof
of the general case.

Lemmas 7.2 and 7.3 show that it suffices to prove Theorem 3.10 for (G, X) with G
simply connected and G2 Q-simple.

For the remainder of this section, we assume that G is simply connected. Let x be a
special point of X. For each homomorphism r : G(Q) — G(C), we define the principal
Ge-bundle Y (r) on S°(G, X) to be

Y(r) = GQ\X X G(C) x G(Ay),
where g € G(Q) acts on (x, ¢, a) € X X G(C) X G(A ) according to the rule

q(x,c,a) = (qx,r(q) - c,qa).

There is an obvious flat connection V(r) on Y(r), and an action a(r) of G(As) on
(Y(r), V(r)). Let y(r) be the point [x,1,1] on Y(r).
Our next lemma was suggested by a similar result in Harris 1986, 3.6.

LEMMA 7.5. The map r — (Y (r), V(r), a(r),y(r)) is a bijection between the set of homo-
morphismsr : G(Q) — G(C) and the set of isomorphism classes of quadruples (Y, V,a,y)
consisting of a principal G¢-bundle Y, a flat connection V on Y, an action a of G(Ay) on
(Y, V), and a point y lying over [x].

PROOF. Suppose we are given a quadruple (Y, V, a,y). Because X is simply connected,
thereisamap® : XXG(C)XG(Ay) — Y compatible with the projections to S%(G, X)(0),
the flat structures, and the actions of G(Ay) and G(C). When we normalize ¥ by re-
quiring that ¢(x, 1, 1) = y, then it is uniquely determined. The map r corresponding to
(Y, V,a,y) is determined by the rule:

P(gx,1,9) =r(g)~'y, allq € G(Q). o
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REMARK 7.6. Let x be a special point of X. Corresponding to the pair (“*G,”* X) and
the special point “x of ©*X, we have a quadruple (Y°(**G,™*X),"*V,"*q,7y). On
pulling back by qo?,x, applying 7}, and finally pulling back again relative to the map
g~ “g: G(C) - “*G(C), we obtain a similar quadruple on S°(G,X), which we
denote by (*Y,*V,*a,*y). According to 7.5, this corresponds to a homomorphism
r. . G(Q) - G(C), and to prove the existence of an isomorphism goz .. satisfying (i)-(iii)
of Theorem 3.10 it suffices to show that this homomorphism is the natural inclusion.

8 First completion of the proof of Theorem 3.10

Let (G, X) be a connected Shimura datum, and assume that G is simply connected and
that G is Q-simple. Then G = Resg /o H with H an absolutely almost simple group
over a totally real number field F. Let x be a special point of X, and let T be a maximal
torus of G such that h, factors through (T /Z)(R). There is a maximal torus T’ of H such
that T = Resg o T’

For any totally real number field F’ containing F and such that Tl’g, splits over a
quadratic imaginary extension L of F/, we can write

Lie(H) = Lie(T}) & €P) Lie(H, ).

aER

where R = R(Hg, Té:). Recall that a root « is said to be totally compact if it is a compact
root of (Hp @, R) for all embeddings o : F’ < R. For each root « that is not totally
compact, the subgroup H,, is defined to be the connected subgroup of Hg, such that

Lie(H,);, = Lie(T}) @ Lie(H,,), ® Lie(Hy)_q.

PROPOSITION 8.1. If F’ is chosen to be sufficiently large, then H(F) is contained in the
subgroup of H(Q™) generated by | | H,(F"), where the union is taken over all non totally
compact roots a.'*

PROOF. This is stated (without proof) in Borovoi 1983/84, 3.21. O

Choose a field F’ as in the proposition, and let G, = Resp o H and, for each non
totally compact root a of G, let G, = Resg/ /g H,. There are natural maps (G,X) <
(G,,X,) and (G4, X,) < (G,,X,), each a. Write x,, for the image of x in X, and write
X, for it regarded as an element of X,. Then the construction in 7.6 applied to the
triples (G,,X,, x.) and (G, X, X,) gives us homomorphisms r, : G.(Q) — G.(C)

14As noted earlier, this is still only a conjecture, but a weaker result, sufficient for the applications, is
proved in Borovoi, M. V., The group of points of a semisimple group over a totally real closed field. Selected
translations. Selecta Math. Soviet. 9 (1990), no. 4, 331-338. More precisely, Borovoi proves the following
statements.
THEOREM 1. Let G be a simply connected semisimple algebraic group over a totally real algebraic number
field F. Assume that G has an anisotropic maximal torus T that splits over some totally imaginary quadratic
extension K of the field F. Let IT be a base of the root system R = R(Gg, Tx). Then G(F™) is generated by
the subgroups G, (F™), a € II. Here F™ is the maximal totally real algebraic extension of F.
THEOREM 2. Under the conditions of Theorem 1, assume that G is a geometrically simple group of totally
Hermitian type that is not totally compact. Then G(F™) is generated by the subgroups G, (F™), where a
runs over the non totally compact roots.
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and r, : Go(Q) — G,(C). Clearly the maps ry, r, , and r,_are compatible with the
inclusions G < G, and G, < G,; that is, the following diagram commutes,

G(Q) —— G(C)

l |

G,.(@) — G,(C)

T T

Go(Q) —=> G,(C).

Since we know Theorem 3.10 for groups of type A,, each map r,_ is the natural inclu-
sion. The proposition shows that G(Q) C | J G,(Q), and so r, must also be the natural
inclusion.

To complete the proof of 3.10, we have to show that if x’ is a second special point,
then @ (z;x', x)op) , = ¢ ,. Each is a map tY°(G,X) — YO(**' G,**' X) compatible
with the homomorphism g — g : G(A") - “*G(A’). To prove that the maps are
equal, it suffices to show that they agree on a single point (compare the proof of the
uniqueness assertion of 3.10). If x and x’ both lie in X, for some noncompact root «
as above, then the maps agree on the whole of Y°(G,, X,), and so they are equal. If
x" = gx for some g € G(Q), then one can show directly that the two maps agree on the
Ty, where y is the image of x in Y°(G, X).

To complete the proof, we need to recall one final result.

PROPOSITION 8.2. Let x and x' be special points of X. If F' is chosen large enough, then
there exists a sequence (X =)X, ..., X,,(= x') of special points of X,, and an element g €
G,.(Q) such that

(a) foreach positive i < m, there is a noncompact root & such that x;_, and x; lie in X;
(b) 8Xm-1 = Xm-

PROOF. See Borovoi 1983/84, 1.18, or Milne 1983, pp. 260-261. O

We now complete the proof for a general pair of special points (x, x’). After replacing
(G,X) with a suitable pair (G,,X,), we can assume that there exist points x, ..., X,
and an element g as in the statement of the proposition. The remarks preceding the
proposition show that

: Y _..Y ;
QY (T3 X, Xi_1)0Qr x| = Pry, fori=1,...m.

On multiplying these equalities, we find that
PY 0 = @Y (T X, Xin_1)0 -+ 09 (T; X1, X0) 0Py -
It is clear from the definition of the maps ¢Y (z;.,.) (see 3.7) that

@Y (T3 X, Xm—1)0 -+ 09" (751, X) = @ (T; X, Xo)

and so this completes the proof of Theorem 3.10 (assuming 8.1).
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9 Second completion of the proof of Theorem 3.10

Again we assume that (G, X) is a connected Shimura datum with G simply connected
and G* Q-simple. Let x be a special point X, and let 7, : G(Q) — G(C) be the map
defined in 7.6. If we can show that r, is the natural inclusion map, then the same
argument as in the previous section will complete the proof of Theorem 3.10.

Now letr : G — GL(V) be a representation of G*. We can twist this to obtain a
representation >¥r : ©*G* — GL(*V). This defines the automorphic vector bundle
XY on S°(%*G,"* X) together with its flat connection ©*V and action “*a of “*G(A 7)-
On pulling this back by qog,x to 7S°(G, X) and applying 71, we obtain a vector bundle *V
on S°(G, X) together with a flat connection *V and action *a of G(A 7)- From the triple
(*V,*V,*a) we obtain a representation r,.(V) of G(Q) on V ® C. Note that Theorem 5.2
would imply that r, (V) is simply the map induced by r.

LEMMA9.1. Letr: G — GL(V) be a representation of G factoring through ng. With the
above notations, there is a commutative diagram

G(Q) —=— G(C)

w\ l’

GL(V ® C).

PROOF. This simply says that the above construction of r, (V') is compatible with the
construction in (7.6) of r,. o

LEMMA 9.2. Consider the representation r of G* on g £ Lie(G). If for all triples (G, X, x),
r.(g) is the restriction of r to G*(Q), then r, : G(Q) — G(C) is the natural inclusion.

PROOF. From the preceding lemma, we get a commutative diagram

G(Q) — = G(O)

! I

natural
GM(Q) ———— G*(O).
This implies that the map y : g — r,.(g) - g~ has image contained in the centre Z(C) of
G(C). It is moreover a homomorphism. If we knew that G(Q)/Z(Q) was a simple group
the proof would now be complete because we would have that y(G(Q)) = {1}. Since we
do not know it, we instead must argue as in Milne 1983, p. 251-252.

Fix a g € G(Q). Because G(Q) is generated by the groups T,,(Q) with x’ running
through the special points of X (ibid. 3.10), we can assume that g lies in some T,,(Q). If
we write G = Resp /g H and pass to a larger totally real field F ’, then we obtain inclusions
(G,X) - (G4, X,) and G, — G, with G, a reductive group of type A; and T, C Gy.

Moreover, after possibly enlarging the totally real field F again, we can assume that
G, ® Qy is isotropic. On applying the above construction to the pair (G,, X,) we obtain
amapy,: G.(Q) » Z,.(C)whose restriction to G(Q) is y. According to Platonov and
Rapincuk 1979, G,(Q)/Z,(Q) is simple, and so v, is trivial on G,(Q). As g € G,(Q),
this shows that y(g) = 1.
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It remains to verify that r,(g) : G*(Q) — GL(g) is given by the adjoint repre-
sentation. Recall that S°(G,X) = G(Q)\X X G(A[), and write 7 for the projection
X X G(A') - 5°(G,X). For any G(A ¢)-local system V on S°(G, X), 7*(V) is spanned
by its space of G(A s)-invariant global sections, and this last space can be identified with
V, forany x € X.

Therefore, from any such local system and point x, we obtain a representation
G(Q) — GL(V,). Because of the dictionary recalled in 4.7, a G(A y)-vector bundle with
flat connection (V, V) also gives rise to a representation of G(Q) on the fibre V,. o

LEMMA 9.3. Let (V, V) be a G(A y)-vector bundle with flat connection on S%(G,X), and
assume that V is a G(A y)-subbundle of an automorphic vector bundle V(J) on S%(G, X).
Then the representation r : G(Q) — GL(V,) is continuous for the complex topology; if it is
trivial on Z(Q), then it is induced by a morphism of algebraic groups ng — GL(V,).

PROOF. The first assertion follows from the fact that the representation r of G(Q) on
V. can be realized as a subrepresentation of the representation of G(R) on I'(X, 8*(4)),
which is obviously continuous . For the second, note that the homomorphism

rad: G(Q)/Z(Q) - GL(V,)

extends by continuity to a homomorphism 7 : G*(R)* — GL(V,). Let ’ be the homo-
morphism of algebraic groups G&d — GL(V,) such that Lie(r') = Lie(#). Then r'(R)
and 7 agree on an open subgroup of G24(R)*, and so they agree on the whole of G2(R)*.

For a vector bundle V on a space, write #¢Z" (V) for the bundle of jets of length n of
P (see Grothendieck 1967, IV.16.8). O

LEMMA 9.4. Let g be the G¢-vector bundle on X corresponding to the adjoint representation
of G on Lie(G). Then there is an equivariant embedding J — Fei 2(TX ).

PROOF. See Harris 1985, p.172. o

We now complete the proof of the theorem. Let x be a special point of X. After
replacing (G, X) by a pair (G,, X,.) and applying 7.1, we may assume that T, splits over
a quadratic extension of F. On applying 9.1 and 9.3 to the automorphic vector bundle
V defined by the adjoint representation, we find that the map r,(g) : G(Q) — GL(g) is
defined by an algebraic map p. Since we know the theorem for each H,, the restriction
of p to the algebraic subgroup H, of G is given be the adjoint representation, and the
next lemma shows that this implies that p itself is given by the adjoint representation.

LEMMA 9.5. The group G is generated (as an algebraic group) by the subgroups H,,

PROOF. This follows from the fact that, for any embedding o of F into R, [p,, po] = £5,
where g, = £, @ p, is a Cartan decomposition of g, E Lie(G ® ro R). o

This completes the second proof of Theorem 3.10.
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A Appendix: Connected Shimura data and Shimura
data

In this section, we review some results that allow one to modify the centres of the groups
defining Shimura varieties. Throughout, t denotes complex conjugation.

LEMMA A.1. Let G be a semisimple adjoint group over a field k of characteristic zero, and
let L be a finite Galois extension of k that splits G. For any finite central covering G' — G
of G, there exists a central extension defined over k

1>-N->G -G~—-1
such that Gfer = G’ and N is equal to a product of copies of Res /i Gy,
PROOF. See for example Milne and Shih 1982b, 3.1. O

PROPOSITION A.2. For any connected Shimura datum (G, X), there exists a Shimura
datum (G, X,) such that

(a) (G15X1)+ = (GsX);

(b) the weight wy of any h € X, is defined over Q;

(c) the centre Z(G,) of G, is a product of copies of Resy /g Gy, for some CM-field L Galois
over Q.

PROOF. Let x be a special point of X, and let T be a maximal torus of G* such that
h factors through Tr. Then T is anisotropic, and so ¢ acts as -1 on X*(T). It follows
that, for any 7 € Aut(C), 7t and (r have the same action on X*(T), and so T splits over
a CM-field L, which can be chosen to be Galois over Q. Construct G; as in the lemma
with Gfer = G and G;/N = G*. The inverse image T; of T in G; is a maximal torus.
Choose u; € X,(T,) to lift 4 € X,(T). The weight w; = —u; — 1y, of y, lies in X,.(Z;),
where Z; = Z(G,) = N. Clearly w; = w, and so, as H'(R, X,(Z;)) = 0, there exists
a Uy € X,.(Z;) such that (¢t + 1)y = w;. When we replace u; by u; — u, we find that
w; = 0; in particular, w; is defined over Q. Let h; : S — G, correspond to y;, and let
X, be the conjugacy class of h;. Then (G, X;) fulfills the requirements. o

Now let (G, X) be a Shimura datum. Recall that x € X is special if h, factors through
a Q-rational torus T C G. We say that x is a CM-point if there exists a Q-rational
homomorphism p, : © — G such that u.,,0p, = u,. Clearly a CM-point is special, and
a special point is CM if and only if

T—=D0+ Dy =0=(+1)(T — Dy
all 7 € Aut(C). (Contrary to Deligne 1979, 2.2.4, we distinguish these notions.)

PROPOSITION A.3. Every special point of X is a CM-point when (G, X) satisfies the condi-
tions:

(a) the weight wy is defined over Q;
(b) the centre Z of G is split by a CM-field.
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PROOF. The conditions say respectively that

-1+ Du, =0, forallt € Aut(C), x €X;
T =Ty, forall T € Aut(C), u € X.(2).

Let x € X be special, and let T be a maximal torus through which h, factors. The
argument in the proof of (A.2) shows that riu = ttu for u € X,(T/Z), and since

X.THR®Q=X.2)0eX.(T/Z)Q Q,
we see that the same equation holds for u € X, (T). Therefore

(t+ (T = Dy = (7 = D+ Dy,
and we have already observed that this is zero. o

COROLLARY A.4. Forany connected Shimura datum (G, X), there exists a Shimura datum
(G4, X) such that

(a) (G11X1)+ = (GyX)’

(b) every special point of X, is CM;

(c) H'(k,Z(Gy)) = 0 for all fields k of characteristic zero.

PROOF. Combine the last two results. o

PROPOSITION A.5. Assume that (G, X) satisfies the conditions of (A.3). There then exists
a Q-rational reductive group G, C G such that

(a) all h € X factor through Gy, and

(b) ad h(i) is a Cartan involution on Gy /wx(G,).

PROOF. We assume that no proper Q-rational reductive subgroup of G satisfies (a) and
show that G then satisfies (b). Let H = G/(G%".w(G,,)). Then X*(Z/w(G,,)) ® Q =
X*(H) ® Q, and so (A.3b) implies that (z = 7t on X*(H) for all 7 € Aut(C). Let V* be
the maximal subspace of X*(H) ® Q on which ¢ acts as + 1. The last statement shows
that V'* is stable under Aut(C). There therefore exists a quotient torus H* of H such
that V* = X*(H") ® Q. For any x € X,

hy
S/Gn —> Ga/w(Gp) — H},

is trivial because ¢ acts as —1 on X*(S/G,), and so h, factors through Ker(Gg — Hy));
we must have H* = 0. It follows now that (Z/w(G,,))r is anisotropic, and (b) holds.

REMARK A.6. For the group G, constructed in (A.4), Z(G,)(Q) is discrete in Z(Go)(A ¢)
(cf. Deligne 1979, 2.1.11).
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