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For me, [the Hodge conjecture] is part of the story of motives, and it
is not crucial whether it is true or false. If it is true, that’s very good,
and it solves a large part of the problem of constructing motives in
a reasonable way. If one can find another purely algebraic notion
of cycles for which the analogue of the Hodge conjecture holds,
this will serve the same purpose, and I would be as happy as if the
Hodge conjecture were proved. For me it is motives, not Hodge,
that is crucial.

Deligne, May 2013.!

Abstract

This article represents my attempt to construct a theory of Shimura varieties as
simple and elegant as that in Grothendieck’s “paradis motiviques”, but without
assuming the Hodge, Tate, or standard conjectures.

Deligne’s theorem (1982), that Hodge classes on abelian varieties are absolutely
Hodge, allows us to construct a category of abelian motives Mot(k) over any field k of
characteristic zero. This is a tannakian category over Q with most of the properties
anticipated for Grothendieck’s category of abelian motives, and it equals Grothen-
dieck’s category if the Hodge conjecture is true for abelian varieties. Deligne’s
theorem makes it possible to realize Shimura varieties of abelian type with rational
weight as moduli varieties (Milne 1994b), which greatly simplifies the theory of
Shimura varieties in characteristic zero.

The goal of this article is to extend the theory to characteristic p.

We study elliptic modular curves by realizing them as moduli curves for elliptic
curves. This works, not only in characteristic zero, but also in mixed characteristic
and characteristic p. Some Shimura curves cannot be realized as moduli curves,
but a trick of Shimura allows us to deduce their properties from those that can.

In this article, we suggest an approach that makes the theory of Shimura varieties
of abelian type as simple, at least conceptually, as that of Shimura curves.

Much of the work on Shimura varieties over the last thirty years has been devoted
to constructing the theory that would follow from a good notion of motives, one
incorporating the Hodge, Tate, and standard conjectures. These conjectures are

nterview on the award of the Abel prize, Eur. Math. Soc. Newsl. No. 89 (2013), 15-23.



CONTENTS 2

believed to be beyond reach, and may not even be correct as stated.? I argue in
this article that there exists a theory of motives, accessible to proof, weaker than
Grothendieck’s, but with many of the same consequences.
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Introduction

To know a scheme is to know its functor of points, and many prop-
erties of a scheme can be seen in its functor of points.
Raynaud 2014, describing Grothendieck’s view.

In his Corvallis article (1979), Deligne introduced the notion of a connected Shimura
variety and its canonical model, and showed that a Shimura variety has a canonical
model if and only if its associated connected Shimura variety has a canonical model.
In particular, if two Shimura varieties have isomorphic associated connected Shimura
varieties, and one has a canonical model, then both do. Starting from the Shimura
varieties that are moduli varieties for abelian varieties, he was able to prove in this way
the existence of canonical models for a large class of Shimura varieties, now said to be of
abelian type. His proof is a tour de force. It does not give a description of the canonical
model but only a characterization of it in terms of reciprocity laws at the special points.

Later it was realized (Milne 1994b) that the Shimura varieties of abelian type with
rational weight are exactly the moduli varieties of abelian motives with additional
structure. This allows us to prove the existence of canonical models for these Shimura
varieties by a simple descent argument and it describes the canonical model as a moduli
variety. The theory can be extended to varieties with nonrational weight by applying a
“trick” of Shimura.

The approach in the last paragraph applies only to Shimura varieties in characteristic
zero because the abelian motives are defined using Deligne’s theory of absolute Hodge
classes, which works only in characteristic zero.

“While we all hope that Grothendieck’s motivic paradise exists, it may be too optimistic to expect that it
can be constructed using actual algebraic classes.
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In this article, I outline a program to extend Deligne’s theory of absolute Hodge
classes to characteristic p, thereby obtaining a good theory of abelian motives in mixed
characteristic. Once completed, this will make possible similar simplifications in the
theory of Shimura varieties in mixed characteristic.

Throughout, Q2 is an algebraic closure of Q and w a prime of Q2 lying over p. The
residue field at w is an algebraic closure I of [F,. For a variety X, we write H R(X ) for
the restricted product of the étale cohomology groups H, (X, Q,) with the de Rham
cohomology group (characteristic 0) or crystalline cohomology group (characteristic p).

Statement of the conjectures

In this subsection, we fix a collection s of abelian varieties over Q2 with good reduction
at w, including the CM abelian varieties. Every A in 3 specializes to an abelian variety
Agp over F.

CONJECTURE (A). Let A € 3 and let y be an absolute Hodge class on A. For all Lefschetz
classes 6 on A, of complementary codimension, (y, - 8) € Q.

In more detail, an absolute Hodge class on A is an element y of H f\*(A)(*), and its

specialization y,, is an element of H/i* (Ap)(x). If 64, ..., 8,, where r = dim(y), are divisor
classes on A, then

(Yo 618,y € HX(Ap)(d) ~ Ajﬁ x Q¥ d=dimA.
The conjecture says that it liesin Q C A? x Ql,

CONJECTURE (C). There exists a unique family of a graded Q-subalgebras R*(A) of
H i*(A)(*), indexed by the abelian varieties over [F, whose elements we call rational Tate
classes, satisfying the following conditions:

(R1) for any morphism f of abelian varieties over F, f* and f, map rational Tate classes
to rational Tate classes;

(R2) divisor classes are rational Tate classes;
(R3) absolute Hodge classes on abelian varieties in 5 specialize to rational Tate classes;
(R4) the inclusion R*(A) - H f\*(A)(*) induces an injection

R*(A) @ Ay - HY(A)(%).
CONIJECTURE (D). There exists a tannakian category Mot(F) over Q and exact tenor func-

tors LMot(F) — Mot(F) — Mot(F; A ) and Mot’(Q?) — Mot(F) such that

LMot’(Q3) —— Mot’(Q)

| e S
LMot(F) ——— Mot(F) ——— Mot(F;Ay)

\/w

&

commutes and
MOt(ﬂ:)(Af) — MOt(ﬂ:, Af)

is faithful.
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Here LMot’(Q*) and LMot(F) are categories of abelian motives defined using Lef-
schetz classes, Mot’(Q%) is the category of abelian motives defined using absolute Hodge
classes, and Mot([F; A f) is the category of abelian motives defined using Tate classes. See
later for precise definitions.

Equivalence of the conjectures

Conjecture C obviously implies Conjecture A because y, and § are both rational Tate
clases, and in §4 we prove a converse statement (4.7):

Assume that Conjecture A holds for CM abelian varieties over Q¥; let 77*(A)
denote the A f—algebra of Tate classes on an abelian variety A over [; then
there exists a unique family R*(A) of Q-structures on the 7*(A) satisfying
(R1) and (R2) and such that absolute Hodge classes on CM abelian varieties
over Q¥ specialize to elements of R*.

Given Conjecture C, we define Mot(F) to be the category of motives based on the
abelian varieties over F using the rational Tate classes as correspondences. Conversely,
we can recover the family (R*(A)) from Mot(F) by setting

R"(A) = Homyeyry (1, B (A1)

Summary

When we assume that Conjecture A holds for CM abelian varieties over Q¥, we get a
well-defined tannakian category Mot([F) of (abelian) motives over Q extending Deligne’s
category of abelian motives to characteristic p; moreover, for all prime numbers [, the
functor

MOt([F)(@l) - MOt([F; Ql)

defined by the standard I-adic realization is an equivalence of tannakian categories. Here
Mot(F; Q) is the category of motives defined using l-adic Tate classes.

To prove Conjecture A for CM abelian varieties, it suffices to prove it for split Weil
classes on CM abelian varieties (1.39, 2.5). This, of course, would follow from knowing
that the classes are algebraic. Concerning this, Markman (2025) writes:

We will present in this paper a general strategy for proving the algebraicity
of the Weil classes on abelian varieties of split Weil type but implement it
fully only for dimension < 6 and K imaginary quadratic.’

Certainly, Conjecture A is implied by the Hodge conjecture, but it should be more
accessible to proof.

30nce Markman has implemented his strategy for all classes on abelian varieties of split Weil type, the
Hodge conjecture will be known for all CM abelian varieties (Deligne 1982, André 1992), Grothendieck’s
standard conjectures will be known for all abelian varieties (Milne 2002), the Tate conjecture will be known
for abelian varieties over finite fields (Milne 1999c), and it will be possible to implement the strategy outlined
in this article in a strong form.



CONTENTS 5

Proof of the uniqueness of rational Tate classes

For an abelian variety A over [F and a prime number I, we let 7 (A) denote the (;-algebra
of Tate classes on A,

THA)E | HEA,Qu(r)SE/ gray s | ] HY (AN,
Al/kl Al/kl

where A, /k; runs over the models of A over finite subfields k, of F. We let 7#(A) denote
the restricted product of the J° ;“(A) (an A-algebra).

Tate conjectured that the algebraic cycles on A modulo numerical equivalence pro-
vide a Q-structure on J*(A). Here we prove this for rational Tate classes (assuming they
exist).

THEOREM 0.1. Let (R*(A)) e, be a family of rational Tate classes, as in Conjecture C.
Then, forall A € 3, the map

R*(A) @ Ay — HF (A)(x)
has image T7*(A), i.e., R*(A) is a Q-structure on T *(A).

PROOF. This can be proved by the argument in used in Milne 1999c¢ to show that if
the Hodge conjecture holds for CM abelian varieties then the Tate conjecture holds for
abelian varieties over [F. See Milne 2009, Theorem 2.2. o

THEOREM 0.2. Let (R{(A))ac, and (R5(A)) ac, be two families as in the statement of
Conjecture C. Then Rj(A) = R5(A) as Q-subalgebras of H/i* (A)(*).

PROOF. If R}(A) C R3(A), then they are equal because they are both both Q-structures
T*(A). The family (R}(A) N R5(A)) e, Obviously satisfies the conditions (R;), (R,),
(R3), and (Ry), and so equals both R¥(A) and R;(A). -

ASIDE 0.3. For an abelian variety A over F, let A*(A) denote the Q-subalgebra of H f\*(A)(*)
of algebraic classes. The family (A*(A)) satisfies (R1), (R2), and (R4). If it satisfies (R3), i.e.,
absolute Hodge classes specialize to algebraic classes, then the Tate conjecture holds for abelian
varieties over .

Let Mot(F; Af) denote the category based on the abelian varieties over [, using the
A s-algebras of Tate classes as correspondences.

THEOREM 0.4. Assume Conjecture D. The canonical functor Mot(F) —Mot(F; A) in-
duces an equivalence of categories

MOt([F)(Af) — Mot ([F, Af) .

In other words, Mot(F) —Mot(F; A f) is a Q-structure on the A ;-linear tannakian category
Mot(F; A ¢).

PROOF. Restatement of Theorem 0.1. o
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Consequences of the conjectures

We list some consequences of the conjectures. For more details, see §6 and later sections.
We add question marks as a reminder that these statements depend on conjectures.

0.5 (?). Deligne (2006) notes that the following would be a “particularly interesting
corollary of the Hodge conjecture”:

Let A be an abelian variety over F. Lift A in two different ways to character-
istic 0, to complex abelian varieties A; and A, defined over C. Pick Hodge
classes y; and y, on A; and A, of complementary dimension. Interpreting y;
and y, as ¢-adic cohomology classes, one can define the intersection number
x of the reductions of y; and y, over F. Is x a rational number independent
of €7

The answer is yes, because the reductions of y; and y, are both rational Tate classes on
the abelian variety A.

0.6 (7). Letl # p. For a certain countable subfield Q of Q;, André defines a Q-linear
tannakian category of motives Mot(F; Q) such that Mot(F; Q)g,) =~ Mot(F;Q;). The
category Mot(F) is a Q-structure on Mot(F; Q), that is,

Thus, rational Tate classes become motivated over the field Q.

0.7 (?). The category Mot(F) and the functor R : Mot’(Q%) — Mot (F) have the proper-
ties predicted by the Hodge, Tate, and standard conjectures. In particular, Mot(F) is a
tannakian category over Q with fundamental group the Weil-number protorus P, and
there is a unique polarization on Mot(F) for which R becomes a functor of polarized
tannakian categories.

0.8 (?). Define Mot(F,) to be the tannakian category over Q whose objects are pairs
(M, ;) with M and object of Mot(F) and 7, is a (Frobenius) endomorphism compatible
with the action of P on M. Then Mot([F,) is a tannakian category over Q with the
properties predicted by the Tate and standard conjectures.

0.9 (?). Let M be an abelian motive over a number field L ¢ Q* (in the sense of abso-
lute Hodge classes), and let G,; denote the Mumford-Tate group of the Hodge structure
wp(M). Let ¢ # p be a prime number. After possibly replacing L with a finite extension,
we obtain a representation p : Gal(Q% /L) — G,;(Q,). Assume that M has good reduc-
tion at the primes of L lying over p (i.e., satisfies the Néron condition). On applying p to
the Frobenius elements at such primes, we get a conjugacy class in G,;(Q), and hence
an element y, € (clG,;)(Q,). This element lies in (clG,,;)(Q) and is independent of ¢.

0.10. We can extend the notion of an abelian motive to certain schemes, for example:

o Let S be a connected smooth scheme of finite type over a field k of characterstic
zero, and let 7 be the generic point of S. An abelian motive over S is an abelian
motive over x(7) such that the action of 77, (1, 77) on w (M) factors through 7, (S, 7).
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o Let S be alocal scheme with closed point s such that x(s) C F. An abelian motive
over S is a triple (M, N, ¢), where M is an abelian motive over x(s), N is a p-shtuka
(in the sense of Scholze), and ¢ is an isomorphism from the p-shtuka of M to Nj.

0.11. Asnoted earlier, over C the Shimura varieties of abelian type with rational weight
are exactly the moduli schemes of abelian motives with additional structure. This de-
scription extends to subfields of C, and Conjecture A allows us to extend it to mixed
characteristic. From a “universal” abelian motive over a Shimura variety, we can con-
struct the standard principal bundle, and hence a theory of automorphic vector bundles.
To understand Shimura varieties of abelian type without rational weight, we apply
Shimura’s trick.

0.12. We say that an abelian motive M over Q2! satisfies the Néron condition if, for some
model M; of M over a number field K ¢ Q2 the action of 77;(Spec K) on w, (M, ) factors
through 7, (Spec(Ox ,,) (fundamental groups with respect to the base point Spec(Q)).
The functor R : Mot’(Q*) — Mot(F) should extend to the category Mot (Q®) of abelian
motives over Q satisfying the Néron condition.

0.13. CAVEAT. The conjectures do not imply that algebraic classes on abelian varieties
over [ are rational Tate classes. Indeed, this would imply Grothendieck’s standard
conjecture of Hodge type for abelian varieties. Nor do they imply the second of Deligne’s
“particularly interesting corollaries” (the intersection number of the reduction of y; with
an algebraic cycle on A is rational).

Positive results
0.14. We have proved that the family (R*(A)) is unique if it exists (see above).

0.15. A commutative diagram of tannakian categories

LCM(QY) —— Mot’(@¥) —— Mot(Q%;Q,)

ls l= Ix

LMot(F) ——— Mot(F) ——— Mot(F; Q)
would give rise to a commutative diagram of bands

T «——G —— G’

[ ]

L+—— P — Pg

We prove (unconditionally) that such a diagram exists, and that u is independent of [
(Theorem 1.18). As a consequence, we find that an abelian motive over a number field
with good reduction (suitably defined) defines a compatible system of [-adic representa-
tions.*

0.16. A necessary condition that the morphism of bands u : P — G arise from a mor-
phism of tannakian categories Mot”(Q%) — Mot(F) is that the (conjectural) class of
Mot(F) in H*(Q, P) map to the trivial class in H*(Q, G). For this, see §10.

“The absence of a proof of this last assertion has been cited by Deligne as one indication that his theory
of abelian motives is solely a characteristic zero theory.
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A variational approach to proving Conjecture A

An obvious approach to proving Conjecture A is to mimic Deligne’s proof (1982) that all
Hodge classes on abelian varieties are absolutely Hodge. Recall that this has four main
steps.

Step 0: Behaviour of absolute Hodge classes in families:

Let f: X — S be a smooth proper map of complex varieties with S
smooth and connected, and let y be a global section of R*" f,Q(n). If y,
is a Hodge class (resp. absolute Hodge class) for one s € S(C), then it is
a Hodge class (resp. absolute Hodge class) for every s € S(C).

Step 1: Split Weil classes on abelian varieties are absolutely Hodge.

Let (Ay,v1,41) be a split Weil triple relative to a CM-algebra E, and let
f: A — S be the (universal) Weil family containing (A, v;,4,). Be-
cause the Weil family is split, it contains the triple (A,,v,,4,) = (B ®
Og, ...), where B can be any abelian variety of dimension dim(A4,)/[E : Q].
The Weil classes on such a triple (A,, v,, 4,) are algebraic, in particular,
absolutely Hodge. Now apply Step 0.

Step 2: Use Step 1 to show that Hodge classes on CM abelian varieties are absolutely
Hodge.

Since pullbacks of absolute Hodge classes are absolute Hodge, this
follows from Theorem 1.39: every Hodge class on a CM abelian variety
is a sum of pullbacks of split Weil classes on CM abelian varieties.

Step 3: Use Steps 0 and 2 to prove that all Hodge classes on abelian varieties are absolutely
Hodge.

Let A, be an abelian variety over C and y; a Hodge class on A;. Choose a
polarization 1, of A;. There exists a family of polarized abelian varieties
f: A — S containing (A;,4;) and such that y; extends to a global
section of R**f,A(n) (Deligne 1982, 6.1). Moreover, S is a Shimura
variety, and so for some s € S(C) in the same connected component as
(A1, 41), Ay is of CM-type. Now apply Steps 0 and 2.

We try to mimic the above argument to prove Conjecture A
Step 0: In §3, we prove some variational theorems, for example:
Let f : A — S be an abelian scheme over a connected normal scheme
of finite type over an algebraically closed field k, and let § be a global
section of R?" f,A(n) such that § is fixed by the Lefschetz group L(A).

If &, is Lefschetz for one closed s € S, then it is Lefschetz for every
closed s € S (Theorem 3.29).

Step 1: Conjecture A holds for split Weil classes.

This is unknown and is the crux.

Let (A;,v;,41) be a split Weil triple relative to a CM-algebra E, and let
f: A — Sbe the Weil family containing (A, v;, 4;) — it is defined over
Q2. If (A1, v, ;) lifts (up to isogeny) to a triple in the family whose
Weil classes satisfy Conjecture A, then the same is true for (Ay, vy, 4).
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Let &, be a Lefschetz class on (A; ), of dimension d = dim A, /[E : Q],
and let (A,,7,,4,) be a member of the family of the form B ® O.
There exists a complete smooth curve C in S, such that (A;,v;,4,)
and (A,, v,,4,) lie in the pullback f-: Ac = Cof fy: Ay — Sp. If C
can be chosen so that §, extends to a global section & of Rx feAd),
d + d’ = dim A, fixed by L(An-), then, for all Weil classes y on A/S,

((r1)o - 61) ={(r2)o - 629

lies in Q because y, is algebraic and &, is Lefschetz (Step 0).

Step 2: Use Step 1 to show that Conjecture A holds for CM abelian varieties.

This again follows from Theorem 1.39 because pullbacks of Hodge
classes satisfying Conjecture A satisfy Conjecture A (this uses that push-
forwards of Lefschetz classes on abelian varieties are Lefschetz; see
2.5).

Step 3: Use Step 2 to show that Conjecture A holds for all abelian varieties over Q with
good reduction at w.

This is largely known. Let A; be an abelian variety over Q% with good
reduction at w, and let y; be a Hodge class on A;. Choose a polarization
A, of A;. There exists a universal family of polarized abelian varieties
f: A — Sover Q¥ containing (4;,4,) in which y, extends to a global
section of R** f,A(n). Moreover, S is a Shimura variety. Under some
hypotheses on S, the pair (A;, 1), lifts (up to isogeny) to a CM pair
(A,, 1,) in the family in the family (Kisin, Vasiu, ...). Now ((y1)o - §) =
{((¥2)o - 6), which lies in Q by Step 2.°

For an inductive approach to proving Conjecture A, see Theorem 2.18. For an
alternative variational approach, see 3.29.

Outline of the article

After collecting various preliminaries in §1, we discuss in §§2,3 possible proofs of Con-
jecture A, and a variant Conjecture B, for CM abelian varieties. As outlined above, one
approach is to mimic the argument in Deligne 1982.

In §4, we show that Conjecture A for CM abelian varieties implies Conjecture C
for CM abelian varieties. In particular, it implies that we have the notion of a rational
Tate class on an abelian variety over F and that Hodge classes on CM abelian varieties
specialize to rational Tate classes. In §5 we investigate how to extend this last property
to more general abelian varieties. This comes down to a question of the existence of
CM-lifts of abelian varieties in families.

In §6, we describe the motivic paradise that results from Conjecture A. In particular,
we show how (given Conjecture A), it is possible to construct tannakian categories of
abelian motives over various schemes. This allows us in the remaining sections to realize

5Thus, to extend the reduction map from CM(Q*) to Mot”(Q®), we need to know that points on Shimura
varieties over [ lift to (up to isogeny) to CM-points. There is a partial converse: given R : Mot”(Q%) —
Mot([F), it is possible to show that every point in Sh(F) lifts to a CM point (at least when the derived group
is simply connected...). See Langlands and Rapoport 1987, 5.4; Milne 1992, 4.8.
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Shimura varieties of abelian type with rational weight as moduli varieties, even in mixed
characteristic (still in progress).
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Notation

Throughout,

and ¢ is a prime number # p,
¢ # p, 0.

We sometimes let Q, = R.

The symbol Q% denotes an algebraic closure of Q, w denotes a prime of Q2 lying
over p, and F is the residue field at w. We let t or z — Z denote complex conjugation on
C and its subfields.

Let R be a Q-algebra. By a Q-structure on an R-module M, we mean a Q-subspace V
such that the mapr @ v = rv: R ®g V — M is an isomorphism.

By a Hodge class on an abelian variety A over a field of characteristic zero, we mean
an absolute Hodge class in the sense of Deligne 1982. We write B*(A) for the Q-algebra
of Hodge classes on A and D*(A) for the Lefschetz classes (elements of the Q-algebra
generated by divisor classes).

We often regard abelian varieties as objects in the category with homomorphisms
HomO(A, B) (in which isogenies become isomorphisms).

For a complete smooth variety over a perfect field k of characteristic p, we let H},(X)
denote the crystalline cohomology group H"(X /B), where B is the field of fractions of
the ring of Witt vectors of k. It is an F-isocrystal over k.

For a complete smooth variety X over an algebraically closed field of characteristic
Zero,

def

H(X) £ (lim H}(X, Z/mZ) ®7 Q) X Hip (X),

m

and for a complete smooth variety X, over [,

def

H; (0 & (lim Hy (X, Z/mZ) ®7 Q) x Hy(X) ®gr) @,

ptm
where Q2 is the completion of Q' at w. If X has good reduction at w to X,, then

H;(X,Z/mZ) ~ H(X,, Z/mZ) for all m not divisible by p,
H3p (X) ®ga Qf) =~ Hp(Xo) @) Qg

and so there is a canonical specialization map H’ (X) — H’ (X,).

For a connected normal scheme S, we let 7 denote the generic point of S and 7 a
geometric generic point (if = Spec(K), then 77 = Spec(K*P)).

The quotient of an affine group scheme G by its action on itself by inner automor-
phisms is denoted by clG.

Commutative diagrams of categories and functors are required to commute “on the
nose” — the maps of objects and arrows defined by two paths are required to coincide.

X =Y means that X equals Y;

X ~ Y means that X is isomorphic to Y with a specific isomorphism (often only
implicitly described);

X =~ Y means that X is isomorphicto Y.
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1 Preliminaries

We collect various preliminaries, partly to fix notation.

Tannakian categories

1.1. We assume that the reader is familiar with tannakian categories. Let T be a tan-
nakian category over a field k. Recall that the fundamental group of T is the group
scheme 77(T) in T (better, Ind T) such that w(7(T)) = Aut®(w) for every fibre functor w.
If 7(T) is commutative, then it is an affine group scheme over k in the usual sense.

We briefly review the theory of quotients of tannakian categories (Milne 2007).

1.2. Let k be afield. An exact tensor functor g : T — Q of tannakian categories over k is
said to be a quotient functor if every object of Q is a subquotient of an object in the image
of g. Then the full subcategory T4 of T consisting of the objects that become trivial® in Q
is a tannakian subcategory of T, and X ~ Hom(1, gX) is a k-valued fibre functor w? on
T4. In particular T4 is neutral. For X, Y in T,

Hom(gX, qY) ~ w4(FHom(X,Y)H), (1)

where H is the subgroup of 77(T) such that T¢ = T4,

Conversely, every k-valued fibre functor w, on a tannakian subcategory S of T arises
(as above) from a well-defined quotient functor T — T/w,. For example, when T is
semisimple, we can take T/w, to be the pseudo-abelian hull of the category with one
object gX for each object X of T and whose morphisms are given by (1).

1.3. Letg: T — Q be a quotient functor. Fix a unit object 1 in T, and let w? denote the
fibre functor Hom(1, g(—)) on T4. A fibre functor w on Q defines a fibre functor woq on
T, and the unique isomorphism of fibre functors Hom(1, —) — «|Q*Q determines an
isomorphism w? — (woq)|T4. Conversely, a pair consisting of a fibre functor »’ on T
and an isomorphism w? — «’|T4 arises from a unique fibre functor on Q.

CM abelian varieties

1.4. Let A be an abelian variety over an algebraically closed field k. The reduced degree’
of the Q-algebra EndO(A) is < 2dim A; when equality holds the abelian variety is said
to be CM. An isotypic abelian variety is CM if and only if End’(A) contains a field of
degree 2 dim A over Q, and an arbitrary abelian variety is CM if and only if each isotypic
isogeny factor of it is. Equivalent conditions:

(a) the Q-algebra EndO(A) contains an étale subalgebra of degree 2 dim A over Q;

(b) for a Weil cohomology X w H*(X) with coefficient field Q, the centralizer of
EndO(A) in End(H 1(A)) is commutative (in which case it equals C(A) ®q Q,
where C(A) is the centre of EndO(A));

(c) (characteristic zero) the Mumford-Tate group of A is commutative (hence a torus);

(d) (characteristic p # 0) A isisogenous to an abelian variety defined over [ (theorems
of Tate and Grothendieck).

®That is, isomorphic to a direct sum of copies of 1
"The reduced degree of a simple Q-algebra R with centre Cis [C : Q][R : C]/2.
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Abelian motives

DEFINITION

To define a category of motives, we need a collection of smooth projective varieties
over a field k and a theory of correspondences, i.e., a graded Q-algebra C*(X) for each
variety X in the collection together with, for each morphism ¢ : X — Y, pull-back and
push-forward maps®

P*: C*(Y) » C*(X)

¢* : @*(X) - @*t dim Y—dimX(Y)
satisfying certain obvious axioms. Here Q is usually a field. The corresponding category
of motives M (k) is defined as follows: an object is a triple (X, e, m), where X is a variety in

the collection, e is an idempotent in the Q-algebra 4™ X (X x X), and m € Z; morphisms
are defined by

Hom((X,e,m),(Y, f,n)) = f - CVmHdmX(x x y) . e.
The category M(k) has a tensor product structure
X,em)Q (Y, f,n)=XXY,e® f,m+n)

with unit object
1 £ (Speck, id, 0).

In all the cases in this article, the Kiinneth components of the diagonal lie in €*, and we
use them to modify the commutativity constraint. In good cases, M (k) is a tannakian
category over the Q.

Let k be an algebraically closed field of characteristic zero. We define the category
Mot(k) of abelian motives over k to be the category of motives based on the abelian
varieties over k using the (absolute) Hodge classes as correspondences.

CM MOTIVES

Let k be an algebraically closed field of characteristic zero. We define the category CM(k)
of CM motives over k to be the category of motives based on the CM abelian varieties
over k using the (absolute) Hodge classes as correspondences.

1.5. Let K be a CM subfield of @al, finite and Galois over Q. The Serre torus SX is the
quotient of (G, )k /g such that

X*(SK) ={f: Gal(K/Q) — Z | f(c) + f(toc) = constant}.

The constant value f(o) + f(to0) is called the weight of f. For K’ O K, there is a norm
map SK" - SK and the Serre protorus is

S € lim SK.
(—

81n the formulas, we are assuming, for simplicity, that the varieties have pure dimension.
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1.6. The category of CM motives over k is a tannakian category over Q. The choice of
an embedding k < C defines a (Betti) fibre functor wg on CM(k), and

S ~ Aut®(wp).
In particular, we see that the functor (extension of the base field),
CM(k) — CM(C)

is an equivalence of tensor categories.

ABELIAN MOTIVES OVER THE COMPLEX NUMBERS

Let wg denote the Betti fibre functor on Mot(C), and let G = Aut®(wg). The functor
(coB)(R) : Mot(C)r) — Vecg

factors canonically through the category Hdg, of polarizable real Hodge structures, and
so defines a homomorphism h : S — Gg, where S = (Gm)c/m is the Deligne torus. We
wish to describe the pair (G, h). Let

E:S—>G%d

denote the composite of h with the quotient map G — G["?Rd.
Consider the following conditions on a homomorphism h: S — H of connected
algebraic groups over R:

SV1: the Hodge structure on the Lie algebra of H defined by Ad oh is of type
{(la _l)a (Oa 0): (_11 1)}1
SV2: inn(h(i)) is a Cartan involution of Hd.

THEOREM 1.7. Let (G, h) be the pair attached to (Mot(C), wg) as above.

(a) The quotient of G by its derived group is the Serre protorus (S, h).

(b) Let H be a semisimple algebraic group over Qand h: S/G,, - H &d a homomor-
phism generating H* and satisfying the conditions SV1,2. The pair (H,h) is a
quotient of (G, i) if and only if there exists an isogeny H' — H with H' a product
of almost-simple groups H l’ over Q such that either

i) Hl.’ is simply connected of type A, B, C, or DR, or

ii) H is of type D! (n > 5) and equals Resp g Hy for Hy the double covering of
an adjoint group that is a form of SO(2n).

The homomorphism G — S is defined by the exact tensor functor CM(C) < Mot(C).

PROOF. See Milne 1994b, 1.27. O
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ABELIAN MOTIVES OVER Q

Take Q2 to be the algebraic closure of Q in C, and let wg be the Betti fibre functor defined
by the inclusion Q% < C.

THEOREM 1.8. Let (G, h) be the pair attached to (Mot(Q¥), wg). The quotient of G by its
derived group is S, and the algebraic quotients of (G', h) have the same description as in
Theorem 1.7.

PROOF. (a) Almost by definition, the motivic Galois group of CM(C) is the Serre group
S. The functor A - A¢ defines an equivalence of categories CM(Q¥) — CM(C), and so
the motivic Galois group of CM(Q) is also S.

(b) Let H be a semisimple algebraic group over Q and & a homomorphism S/G,,, —
H [“}Rd generating H¢ and satisfying the conditions (SV1,2). Let H — GLy, be a symplectic
representation of (H, h). Recall (Milne 2013, 10.9), that this means that there exists a
commutative diagram

H

N

(H¥, k) «—— (G,h) —£— (G(), D))

in which 7 is a nondegenerate alternating form on V, G is a reductive group (over Q),
and h is a homomorphism S — Gp; the homomorphism H — G is required to have
image G9°. In particular, G2 ~ Hd,

Consider the map of Shimura varieties Sh(G, X) — Sh(H%, X2%) corresponding to
the map (G, h) — (H®, h). This is defined over @, and induces a finite surjective map

Shg(G,X)° — Shy.a(H2, x2d)°,

Since H* is a quotient of G, there is an abelian motive (4 structure) corresponding to a
point of the second connected Shimura variety, which lifts to the first Shimura variety.

CAUTION 1.9. The theorem characterizes the algebraic quotients of GYr where G is
the motivic Galois group of Mot(Q). The algebraic quotients of H, where H is the
motivic Galois group of Mot(C) have exactly the same description, but the two groups
are not isomorphic. For example, H%" has an uncountably product of copies of SL, as a
quotient, but G9°* has only a countable product as a quotient.

ABELIAN MOTIVES WITH GOOD REDUCTION.

We say that an abelian motive over Q has good reduction at w if some model of it over a
subfield of @ satisfies the Néron condition. We let Mot* (Q?') denote the full subcategory
of Mot(Q%') whose objects have good reduction at w. Note that CM(Q%) c Mot (Q).

THEOREM 1.10. Let (G, h) be the pair attached to (Mot*(Q®), wg). The quotient of G by
its derived group is S, and the algebraic quotients of (G', h) have the same description as
in Theorem 1.7.

PROOF. Omitted for the moment. 0
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In particular, G is not simply connected unless we exclude abelian varieties of
type DM in the definition of Mot*(Q).

ASIDE 1.11. It will be important to extend everything in this article to abelian varieties over Q2!
with (stable) bad reduction at w.

The Weil-number protorus

1.12. Let g € pV. An algebraic number is a Weil g-number of weight m if
(a) for every homomorphism p: Q[z] < C, p(7) - p(r) = ¢, and
(b) for some n > 0, g"r is an algebraic integer.

The set of Weil g-numbers in Q' is denoted by W(q). It is a subgroup of the multiplicative
group of Q2 stable under the action of I' = Gal(Q? /Q). We let P(q) denote the affine
group scheme of multiplicative type with

X*(P(q)) = W(Q).

There is a universal element 7,,;, € P(q)(Q) such that y () = 7 if y is the character
of P(q) corresponding to 7 — it is the element corresponding to the inclusion map under

P(q)(Q) ~ Hom(W(q), Q)G @"/@),
1.13. If n|n’, then 7 — a"/Mmisa homomorphism W(p") — W(p"/). Define
x0) — 15 n
W(p®) = lim W(p").
There is an action of Gal(Q® /Q) on W(p*), and the protorus P over Q such that
X*(P) =W(p™)

is called the Weil-number protorus.

The Shimura-Taniyama homomorphism

1.14. Again let K be a CM subfield of @2, finite and Galois over Q. After possibly
enlarging K, we may suppose that ¢ is not in the decomposition group at wg. Let p be the
prime ideal of O corresponding to wy. For some h, p" will be principal, say, p” = (a).
Let a = a®", where n = (U(K) : U(K,)). Then, for f € X*(SX), f(«) is independent of
the choice of a, and it is a Weil p>*/®/P)-number of weight equal to the weight of f. The
map f ~ f(a): X*(SX) - WX(p*®) is a surjective homomorphism (Milne 2001, A.8),
and so corresponds to an injective homomorphism pX : PX — SK. On passing to the
direct limit over the K ¢ Q2, we obtain an injective homomorphism

p:P—>S,
called the Shimura-Taniyama homomorphism.

1.15. The category CM(Q®) of CM motives over Q2 is the subcategory Mot(Q¥) gen-
erated by the abelian varieties of CM-type. For any embedding Q¥ < C, the functor
CM(Q¥) — CM(C) is an equivalence of categories, and so the fundamental group of
CM(Q) is the Serre group. All CM abelian varieties over Q2 have good reduction at w
(because they satisfy the Néron condition).
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1.16. The Shimura-Taniyama homomorphism P — S (see 1.14) has a geometric descrip-
tion. Let A be a CM abelian variety over a subfield k of Q. After possibly enlarging
k, we may suppose that A has good reduction at w and that some set of generators for
the Hodge classes on Aga and its powers is defined over k. Under these assumptions,
there is an endomorphism F of A reducing mod p to the Frobenius endomorphism
of Ay. Moreover, F lies in the Mumford-Tate group of A, and so defines a homomor-
phism P — MT(A). For varying A, these homomorphism define a homomorphism
P — lim MT(A) = S. The theory of complex multiplication (Shimura, Taniyama, Weil)
shows that this agrees with the Shimura-Taniyama homomorphism p defined earlier.

1.17. The Galois groupoid attached to the category CM(Q) and its Betti fibre functor
is called the Taniyama group. There is an explicit description of it, due to Deligne and
Langlands. See Milne 1990, §6.

The Galois representations defined by abelian motives

A morphism Mot’(Q*) — Mot(F) as in Conjecture D gives rise to a morphism
P — G of affine bands. Using a recent result of Kisin and Zhou (2025a, 2025b) we
show (unconditionally) that such a morphism exists.

In this subsection, @ is the algebraic closure of Q in C. We define the Mumford-Tate
group of an abelian motive M (or abelian variety A) over Q% to be the Mumford-Tate
group of the rational Hodge structure wg(M) (or wg(hlA)).

An abelian motive over Q? has visibly good reduction at w .if it is of the form (A, e, m)
with A an abelian variety with good reduction at w. Let Mot"**(Q%) denote the category
of abelian motives over Q% with visibly good reduction at w, and let

G = Aut®(wg | Mot*(Qah)).

Let ¢ # p. Let Mot"“(Q*;Q,) and Mot(F; Q,) denote the categories of abelian
motives defined using the ¢-adic Tate classes as correspondences. They are Q,-linear
tannakian categories with canonical Q,-valued fibre functors w,, and we let

G, = Aut®(w, | Mot"*(Q; Q,))
P, = Aut®(w, | Mot(F; Qp)).

From the reduction functor
Mot"*(Q2; Q,) — Mot(F; Qp),

we get a morphism u, : P, — G, of affine bands over Q,.
Suppose that there exists a commutative diagram of tannakian categories

Mot”(Q@¥) —— Mot"*(Q; Q)

l l

Mot(F) ——— Mot(F; Q),

such that
Mot(F)q,) = Mot(F; Q)
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is a tensor equivalence. From such a diagram, we get a commutative diagram of bands

Tu [ )

such that
Pg, = P¢

is an isomorphism. Here P is the Weil-number protorus.
Using the main result of Kisin and Zhou 2025a, we show that the diagram (*) exists
unconditionally.

THEOREM 1.18. There exists a unique morphism of bands
u:P->_G
over Q such that (*) commutes. It is independent of ¢ # p.

PROOF. To give a morphism P — G of bands amounts to giving a conjugacy class of
homomorphisms Pga — Gga stable under the action of Gal(Q%/Q).

Let A be an abelian variety over Q# with good reduction at w, and let G4 be its
Mumford-Tate group. From a model of A over a number field L c Q%, we get a
Frobenius element y, in (cIG 4)(Q,) (possibly after extending L). According to the main
theorem of Kisin and Zhou 2025a, this arises from an element y € (clG,)(Q) that is
independent of ¢. Let Iy, C [ be the residue field at w|L. For each lift 7 of y to G ,(Q),
there is a unique homomorphism P(q)ga — (G 4)ga of affine group schemes sending
the universal element 7,,;, € P(q)(Q) to y (apply Lemma 1.19 if this is not obvious). As
we vary the lift 7 of y, we get a conjugacy class of homomorphisms P(q)ga — (G 4)ga
stable under Gal(Q? /Q), which we regard as a morphism of affine bands P(q) — G,.
Now pass to the inverse limit over larger and larger abelian varieties,

A CA, C -,

and use that
pP= mP(q) and G = l(l%GA,
q

to obtain the required morphism of bands P — G. o

LEMMA 1.19. Let k be a field and R a k-algebra. Let X and Y be algebraic k-schemes with
X reduced and Y separated, and let ¥ C X (k) be Zariski dense in |X|. A morphism of
R-schemes ¢ : Xp — Yp arises from a morphism of k-schemes if and only if $(X) C Y (k).

PROOF. The necessity is obvious. Let S = Spec(k) and T = Spec(R). For the sufficiency,
we have to show that pri(¢) = pr;(¢), where pr; and pr, are the projections T Xg T — T.
Because X is reduced, X is schematically dense in X, and so its inverse image X’ in
X Xg (T Xg T) is schematically dense. As Y is separated and prj(¢) and pr;(¢) agree on
2'’, they must be equal. O
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APPLICATION 1.20. Let M be an abelian motive over a number field L ¢ Q2 with
good reduction at w|L, and let Gy, = Aut®(wp | (Mga)®) be its Mumford-Tate group.
Let ¢ # p be a prime number. After possibly replacing L with a finite extension, we
obtain a representation p: Gal(Q¥/L) — G,;(Q,), and hence a Frobenius element
ve € (clGy)(Qp). Assume that M has visibly good reduction at w|L, i.e., that M =
(A, e,m), where A is an abelian variety over L with good reduction at w|L. In the proof
of Theorem 1.18, we constructed a morphism of bands P(q) - G,4. As Gy, is a quotient
of G4, this gives us a morphism of bands P(q) — G, and hence a morphism of schemes
P(q) — clGy;. The image of 7, € P(q)(Q) in (clGyy) (Q) maps to y, € (clGp)(Qp)
and is independent of £. Thus, we obtain a version of the main theorem of Kisin and
Zhou 2025a for abelian motives. (See also 1.23 and Theorem 6.9 below.)

NOTES

1.21. Of course, it would be better to deduce Theorem 1.18 from the existence of a
diagram of tannakian categories.

1.22. Note that we proved Theorem 1.18 by deducing a statement about a cofinal col-
lection of algebraic quotients of G from the theorem of Kisin and Zhou, and then we
proved 1.20 by applying Theorem 1.18 to all algebraic quotients of G.

1.23. By applying the results of Kisin and Zhou 2025b, it is possible to extend some of
the above results to all abelian motives with good reduction at w, and even include p.
Specifically, let M be an abelian motive over a number field L ¢ Q¥ with good reduction
at w, i.e., satisfying the Néron condition. Let ¢ # p. After possibly extending L, we
get a Galois representation with values in G,;(Q,), which comes via the quotient map
G4 — Gy from a Weil-Deligne representation with values in G4(Q,). On applying the
main theorem ibid., we get an element y € (clG,;)(Q), which, as rise to a morphism
of bands P(q) — Gy,. On passing to the inverse limits, we get the required morphism
u: P->aG.

1.24. For CM abelian varieties, this is all much easier, because the Frobenius endomor-
phism on A lifts to A. See 1.16.

1.25. From the morphism of affine bands P — G we get an action of P on the objects of
Mot”(Q%), and hence we can define Mot“(Q¥)”. Constructing a commutative diagram

Mot”(Q*) —— Mot*(Q¥; Q,)

Iz Jx

Mot(F) ——— Mot(F; Qy),

amounts to showing that the Q,-valued fibre functor on Mot*(Q¥; Q,)? defined by the
right-hand arrow becomes Q-valued when restricted to Mot”(Q*)” (see 1.2). In other
words, for each object M of Mot* (@) we need a canonical Q-structure

“Homyoyr) (1, R(M))”

on HomMot([F;@g)(]l’ R(M)).
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1.26. We have a well-defined morphism of affine bands u: P — G. Does this arise
from a morphism of tannakian categories Mot“(Q) — Mot(F) making the diagram in
(*) commute up to isomorphism? This is question in cohomology. For what can be said
about it, see the discussion preceding Theorem 10.1 below.

Similarly, one can ask whether there exists a Q-valued functor w, on Mot”(Q&)?
such that wy, ® Q; ~ w; for all I? Again, this is a question in cohomology. For what can
be said about it, see Theorem 10.12 below.

1.27. For related results, see Noot 2009, 2013; Laskar 2014; Commelin 2019; Kisin and
Zhou 2025a,b

Lefschetz motives

1.28. For an adequate equivalence relation ~ and a smooth projective variety X over
a field k, we let D*(X) denote the Q-subalgebra of CHX (X) generated by the divisor
classes. The elements of D* (X) are called Lefschetz classes on X (for the relation ~).

1.29. Letk be an algebraically closed field. For abelian varieties, the equivalence relation
on Lefschetz classes defined by any Weil cohomology theory coincides with that defined
by numerical equivalence (Milne 1999b, 5.3). In particular, it is independent of the Weil
cohomology theory, and so we set

D*(A) = D (A) = Diym(A)

when A is an abelian variety. If f : A — Bisamorphism of abelian varieties (as varieties)
then f* and f, preserve Lefschetz classes (ibid. 5.5). This allows us to define LMot(k)
to be the category based on the abelian varieties over k using the Lefschetz classes as
correspondences. It is a semisimple tannakian category over Q through which the Weil
cohomologies factor.

1.30. Let H be a Weil cohomology theory with coefficient field Q, and let w; be the fibre
functor on LMot(k) it defines. For A an abelian variety, (hA)® denotes the tannakian
subcategory of LMot(k) generated by hA. Define the Lefschetz group of A by

L(A) = Aut®(wy |(hA)®).
It is an algebraic group over Q.

1.31. Let C(A) be the centralizer of Endo(A) in End(H'(A). The Rosati involution  of
any ample divisor on A preserves C(A), and its action on C(A) is independent of the
ample divisor. Now L(A) is the algebraic group over Q such that

LAXQ) ={r e C(A) | 'y € Q*}.

For a CM abelian variety A, C(A) = Cy(A) ®q Q, where Cy(A) is the centre of EndO(A).
In this case, we let L(A) denote the algebraic group over Q such that

L(AXQ) ={y € Co(A) | YTy € @

Recall (1.4) that all abelian varieties A over [F are CM, and that Cy(A) = Q{m4}.
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1.32. The inclusion D*(A) — H?*(A)(x) induces an isomorphism
D*(A) ®Q Q N HZ*(A)(*)L(A),

i.e., D*(A) is a Q-structure on H2*(A)(x)-A (ibid. 4.5, 5.3). An element of H2*(A)(x) is
said to be Lefschetz if it is in the image of D*(A) — H?*(A)(x) and weakly Lefschetz if it is
in the image of D*(A) ®q Q — H**(A)(x). Thus, an element of H?*(A)(*) is Lefschetz
if it is in the @-algebra generated by the divisor classes and weakly Lefschetz if is fixed
by L(A).

Similarly, an element of H/i*(A)(*) is Lefschetz (resp. weakly Lefschetz) if it is in the
image of D*(A) — Hf\*(A)(*) (resp. D*(A) Qg A — H/i*(A)(*)).

QUESTION 1.33. Let E be a CM field and [ an algebraic closure of [F,,. Does there exist a
simple abelian variety A over F such that End’(A) has centre E?

A positive answer would allow us to describe the fundamental group of LMot([F).’

ASIDE 1.34. Let X be a smooth projective variety of dimension d over an algebraically closed
field. A hyperplane section of X C P" defines an isomorphism

L2 HP(X,Qu(r)) » H*2(X,Q.(d = 1))

for r < d/2 (strong Lefschetz theorem). In analogy with the standard conjecture of Lefschetz
type, one can ask whether
LA=2 . Dr(X) - DI (X)

is an isomorphism for r < d/2. Apart from abelian varieties, for which it is proved in Milne
1999b, this is known for only a few special varieties, for example, toric varieties, full flag varieties,
and products of such varieties, and it fails already for blow-ups of such varieties and for partial
flag varieties.

NOTES. The original source of the above theory is Milne 1999b,c. For a more recent exposition,
see Kahn 2024.

Weil classes
In this subsection, H"(A) = H'(A,C) ~ H'(4,Q) ® C.

1.35. (Deligne 1982, §5.) Let A be a complex abelian variety and v a homomorphism
from a CM-algebra E into End’(A). If H°(A) is a free EQqC-module, then dimy H'(A, Q)
is even, equal to 2d say, and the subspace W;(A) = /\]2;1 H'(A,Q) of H*(A, Q) con-

sists of Hodge classes (Deligne 1982, 4.4). We say that (4, v) is of Weil type. '° When

°In arXiv:2505.09589, the following weaker statement is proved (Theorem 1.9): Let E be a CM field.
There exists a prime number p and a simple abelian variety A over [F;l such that End’ (A) has centre E.

10Tate, letter to Serre 02.02.65. “I wrote Weil about Mumford’s example of an abelian variety of dimension
4 of CM-type with a rational cycle of type 2, 2 which is not generated by divisors. He remarked that it is a
special case of a slightly more generic example, namely, a 4-dimensional family of examples, and then said

“As you and Mumford seem to believe Hodge’s conjecture, it is now up to you to exhibit
algebraic cycles corresponding to these abnormal classes. As I incline to disbelieve it, I shall
rather attempt to show that there is no such cycle; but I have no idea how this could be
done....” Cordially, A. Weil.

Well, I don’t think there is much danger that I will be able to find the algebraic cycle!. Let us move on to
formal groups.
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[E: Q] = 2, these classes were studied by Weil (1977), and for this reason are called
Weil classes. A polarization of (A, v) is a polarization 1 of A whose Rosati involution
stabilizes v(E) and acts on it as complex conjugation. We then call (A, v, 1) a Weil triple.
The Riemann form of such a polarization can be written

(x’y) g TrE/Q(f¢(x5 J’))

for some totally imaginary element f of E and E-hermitian form ¢ on H,(A, Q). If A can
be chosen so that ¢ is split (i.e., admits a totally isotropic subspace of dimension d), then
(A,v,A) is said to be of split Weil type.

EXAMPLE 1.36. Let E be a CM-algebra over Q, and let A = B @ Op, where B is an
abelian variety of dimension d. With the obvious action v of E, this is of Weil type. The
Weil classes on it are algebraic (Deligne 1982, 4.5).

1.37. (Deligne 1982, §5.) Let E be a CM-field, let ¢4, ..., ¢,, be CM-types on E, and
def

let A; be a complex abelian variety of CM-type (E, ¢;). If Zi pi(s)=pforalls e T =
Hom(E, @), then A = 11, Ai, equipped with the diagonal action of E, is of split Weil
type. LetI = {1,...,2p}. Then A has complex multiplication by the CM-algebra E’,
and Hom(E!,C) = I x T. When tensored with C, the inclusion Wz(A) < H?P(A, Q)
becomes,

Wg(A) ® C ——— H?P(A)

@ H?P(A)rqy —— @ H?P(A);.

teT JCIXT
[J1=2p

EXAMPLE 1.38. Let (A, v, 1) be a Weil triple relative to the CM field Q, and let

SU(¢) = {a € SLo(V(A)) | ¢(ax, ay) = ¢(x, y)}
U(¢) = {a € GLo(V(A)) | p(ax,ay) = ¢(x,y)}
GU(¢) = {a € SLo(V(A)) | ¢(ax, ay) = u(a)p(x,y), u(a) € Q*}

(unitary similitudes). When (A, v, 1) is general, there is an exact commutative diagram

1 1 1
1 —— SU(¢p) —— GU(¢) Q* 1
1 —— MT(A) L(A) Q* 1

It follows that for a general A,
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(a) the Weil classes are Hodge classes but not Lefschetz classes;

(b) if the Weil classes are algebraic, then the Hodge conjecture holds for A and its
powers.

THEOREM 1.39 (ANDRE 1992). Let A be a complex abelian variety of CM-type. There exist
CM abelian varieties A of split Weil type and homomorphisms f . A — A, such that
every Hodge class t on A can be written as a sum t = Y, fx(t5) with t, a split Weil class on
A,.

PROOF. Let p € N. After replacing A with an isogenous variety, we may suppose that it is
a product of simple abelian varieties A; (not necessarily distinct). Let E = Hl. EndO(Al-).
Then E is a CM-algebra, and A is of CM-type (E, ¢) for some CM-type ¢ on E. Let K be
a CM subfield of @al, finite and Galois over Q, splitting the centre of EndO(A), and let
S = Hom(E, K). Then

e®c e (se-c): E®K:HKS,

seS

where K; denotes the E-algebra (K, s). Let T = Gal(K/Q).
Let H'(A) = H'(A¢, Q) ®¢g K. Then

2p — 2p
H?(A) = P H*P(A)s,
where A runs over the subsets A of S of order 2p, and
p = 2p
B2 @o K = P, H*(A)a,
where A runs over the subsets satisfying
tANn®| =p allte Gal(K/Q). )

LetK, = HseA K, and let Ay, = A ®q K. Then A, is of split Weil type relative to the
diagonal action of K. Let f, : A - A, be the homomorphism such that

Hy(fa): Hi(A,Q) —» Hi(Ap, Q) ~ Hi(A,Q) Qg Ky

is the obvious inclusion. There is a diagram

Wi(Ay) ® Q¥ — H?P(A,)

P H*(A)axy — D H?P(Ay);,

teT JCAXT
[J1=2p

where H?P(A,); is the 1-dimensional subspace of H??(A,) on which a € K, acts as
HJ. oy J(@). Note that a € E acts on H P(Ap)axiy as multiplication by [1,ca(tos) (@),

andso f : H*P(Ap) — H*P(A) maps H?P(Ap)axg onto H?P(A),o,. Therefore,

H?*P(A); C fi(Wi(Ap)) ®g K C BP(A) ®@g K.
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As the subspaces H?P(A), for A satisfying (2) span BP(A) ® C, this shows that
Y [iWk(Ap) ®o K = BP(A) @ K.

A satisfies (2)

As fi(Wk(A,)) and BP(A) are both Q-subspaces of H 2P(A, Q), it follows (from 1.40)
that
Y [aWk(Ap) = BP(A).

A satisfies (2)
See Milne 2020b for more details. O

LEMMA 1.40. Let W and W' be subspaces of a k-vector space V, and let R be a k-algebra.
IfW ®; R C W' @R (insideV Q R), then W C W'.

PROOF. Because k is a field, the lattice of subspaces of V' is preserved when we tensor
with R. O

Weil families

1.41. Let (Ay,7;,4,) be a split Weil triple relative to a CM field E, and let f: A — S
(a polarized abelian scheme over S with an action of E) be the universal Weil family
containing (A, vy, 4,) (Deligne 1982, 4.8). Here S is a smooth variety over C and the
fibres of f are split Weil triples (including (A;,v;,4;)). There is a local subsystem
Wg(A/S) of R4 f,Q(d) such that W5(A/S), = Wg(A,) for all s € S(C). Here d =
dim(A)/[E: Q].

1.42. Let B be an abelian variety over C of dimension d. Then B ® O with its action
of E and a suitable polarization is a Weil triple (A,, v,, 4,). Because (A, v, 4,) is split,
(A,,v,, 4,) lies in the universal family containing (A4, v, 41).

1.43. The variety S has a unique model over Q¥ with the property that every CM-point
s € S(C) lies in S(Q®). This follows from the general theory of Shimura varieties; or
from the general theory of locally symmetric varieties (Faltings; Peters 2017); or (best)
from descent theory (Milne 1999a, 2.3) using that S is a moduli variety over C and that
the moduli problem is defined over Q. The morphism f is also defined over Q%, and
we will now simply write f : A — S for the family over Q2. There is a Q-local subsystem
Wg5(A/S) of R f, A(d) such that Wr(A/S), = Wx(A,) for all s € S(Q).

1.44. Now assume that (4;,v;,4;) and B are defined over Q2. Let s; and s, be the
points of S(Q) corresponding to (4;,v;,4,) and (A,, v,,1,). We assume that A; and B
both have good reduction at w. We also assume that s; and s, lie in the same connected
component of S, and we replace S with that connected component.

1.45. For technical reasons, we now assume that E is contains an imaginary quadratic
field in which the prime p splits.

1.46. The family f : A — S (without the action of E) defines a morphism from S into a
moduli variety M over Q2 for polarized abelian varieties with certain level structures. Let
M be the corresponding moduli scheme over O, and M* its minimal compactification
(Chai and Faltings 1990). Let 8* be the closure of S in M*. The complement of 8¢ N M
in 8¢ has codimension at least two (André 2006b, 2.4.2).
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1.47. Recall that s; and s, are points in S(Q¥) such that Ay = Aj;and Ay = BQ® Op.
As A, and B have good reduction, the points extend to points 4; and 3, of S* N M. Let 8
denote the blow-up of 8* centred at the closed subscheme defined by the image of 4, and
35, and let § be the open subscheme obtained by removing the strict transform of the
boundary §*\(8*NM). It follows from 1.46 that S is connected, and that any sufficiently
general linear section of relative dimension dim(S) — 1 in a projective embedding § <
IPJ(\D’ is a projective flat O,,-curve € contained in 8§ with smooth geometrically connected
geﬁueric fibre (André 2.5.1). Consider (A|C); — Cf.

1.48. After replacing Cr by its normalization C and pulling back (A|C), we are in the
following situation:

o Cis a complete smooth curve over F;

f: A= Cisapolarized abelian scheme over C with a compatible action of E;
there isa Q-local system W(A/C) over C that is a Q-structure on /\?EL; A RUfL(AX@);
there are points 1,2 € C(F) such that (4,4,7); = (A;,14,v1)y and (A, 4,7), ~
(A2, 22, v2)0-

L R

The realization categories

We construct categories Ry(F) for | = 2,3,5, ..., p, ..., 0. Each is a tannkian category
over Q; with commutative fundamental group P,;. There is a canonical homomorphism
P; — Pg, which we can use to modify the category so that its fundamental group is
Pg, — we denote the new category by V;(F).1! Under the Tate and standard conjectures,
there are (realization) functors #; : Mot,,,(F) — R;(F) on Grothendieck’s category of
numerical motives inducing equivalences of ();-linear tensor categories

Otnum(ﬂ:)(@l) — Vl([F)~

THE REALIZATION CATEGORY AT ¢ # p,

1.49. Let R/(F,n) denote the category of ﬁnlte dimensional Q,-vector spaces equipped
with a continuous semisimple action of I', = Gal(F/ Fpm). It is a tannakian category
over Q, with the forgetful functor w as fibre functor. The affine group scheme T, =
Aut®(w) is the algebraic hull of I', over Q;, and R (F pm) =~ Repgf(Tm). In particular,
T, is commutative, and it is of multiplicative type because R¢(F,») is semisimple. On
extending scalars to @21’ we see that Repr(Tm)(Q?n) = Rep@?(Tm) is the category of

continuous semisimple representations of Gal(FF/F,») on finite-dimensional Q;l—vector
spaces. One shows easily that this is the category of diagonalizable representations of
Gal(F/Fp») on finite-dimensional @zl-vector spaces such that the eigenvalues of the
Frobenius element in Gal(F/F,n) are ¢-adic units. The simple representations are
one-dimensional, parametrized by the units in (_‘)@21. Therefore

X*(Tm) = Qal

"' An object V,(F) is object of R(F) together with an action of Pg, compatible with the action of P;.
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The map on characters corresponding to Ry (F,m) = Re(F,w) is a = a™/m LetT =Tj.
There is an exact sequence

1—>T°—>T—>FQ€—>1,
where I'g, is the profinite Q,-group defined by Gal(F/F ).

1.50. Let Ry(F) = lim R¢(F,»). This is a tannakian category over Q, with a canonical
—
Qg-valued fibre functor w, namely, the forgetful functor.

THE CRYSTALLINE REALIZATION CATEGORY.

1.51. When (M, F) is an isocrystal over [Fq, qg = p",welet ), = F". It is an endomor-
phism of M regarded as a vector space over the field of fractions of W(F,).
1.52. The following conditions on an isocrystal (M, F) over [, are equivalent:
(a) (M, F)issemisimple, i.e., it is a direct sum of simple isocrystals over Fgs
(b) End(M, F) is semisimple;
(c) 7y is a semisimple endomorphism of M.
When these conditions hold, the centre of End(M, F) is Q,[7)/]. See, for example, Milne
199%4a, 2.10.

1.53. Let R,(F,) be the category of semisimple F-isocrystals over ;. When V' is an
object of weight 0,
VEE{v eV |Fv=u}

is a Qp-structure on V' . The functor V.« VFisa @p-valued fibre functor on the
tannakian subcategory of isocrystals of weight 0

1.54. LetR,(F) = h_II)l R,(Fg). Then R,(F) is a semisimple tannakian category over Q,,.
CAUTION 1.55. The canonical functor
li_rr)llsoc([Fq) — Isoc([F)

is faithful and essentially surjective, but not full. For example, if A; and A, are ordinary
elliptic curves over [, with different j-invariants, and A, and A, are their Dieudonné
isocrystals, then
Homyim Isoc(F,) (A1, Az) = Hom(A g, Ayp) = 0, but
HomIsoc(ﬂ:)(AI,AZ) ~ @p @D Qp-

THE REALIZATION CATEGORY AT INFINITY.

1.56. Let R, be the category of pairs (V, F) consisting of a Z-graded finite-dimensional
complex vector space V = @m <z V"™ and an t-semilinear endomorphism F such that
F? = (—1)" on V"™, With the obvious tensor structure, R, becomes a tannakian category
over R with fundamental group G,,. The objects fixed by G,, are those of weight zero. If
(V,F) is of weight zero, then

VEE eV |Fu=u}

is an R-structure on V. The functor V V¥ is an R-valued fibre functor on Rg’".
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The local realizations

In this subsection, we construct, for each prime [ (including p and o), an exact tensor
functor £, from Mot”(Q®) to the Q;-linear tannakian category R;(F),

£ 1 Mot“(Q¥) = Ry(F).

The main goal of this article is to construct a universal factorization of these functors
through a Q-linear tannakian category,

&
/\
Mot*“(Q@*) —— Mot(F) —— Ri(P).

Each of the functors &; defines a fibre functor'?
w; . Mot“(Q*)F - Vec(Q)),
and, to achieve our goal, we need to define a fibre functor
wp . Mot*(Q*) - Vec(Q)

that is a Q-structure on the restricted product of the w; (see §5).

THE LOCAL REALIZATION AT ¢.

1.57. For each ¢ # p, 0, we let £, and w, denote the functors on Mot (Q) defined by
¢-adic étale cohomology.

THE LOCAL REALIZATION AT p.

1.58. The map
(A,e,m) & e+ Hipyo(Ag)(m)

extends to an exact tensor functor
£, Mot”(Q%) - R,(F).

Let x,, denote the homomorphism G — Ga, defined by §,,. We obtain a Q,-valued fibre

functor w, on Mot (Q¥)® as follows:

p

@p

Mot (Q2H)® 0 RS

12Gee 1.18 for the action of P on Mot”(Q%).

Vec(Qp).

VwVF
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THE LOCAL REALIZATION AT co.

1.59. Let (V, h) be a real Hodge structure, and let C act on V' as h(i). Then the square of
the operator v — CU acts as (—1)"™ on V™. Therefore, C ®r V endowed with its weight
gradation and this operator is an object of R,. We let

£t Mot¥(Q) 5> Ry, X w (wp(X)g, O),

denote the functor sending X to the object of R, defined by the real Hodge structure
wp(X)r. Then &, is an exact tensor functor, and the cocharacter x, : G,, — Gp it
defines is equal to wg. We obtain an R-valued fibre functor w,, on Mot”(Q¥)® as
follows:

WDeo

G
Re"

Mot"(Q)Gm Vec(R).

VwVF

fo

The proper-smooth base change theorem

Let S be a connected normal scheme and f : X — S a smooth proper morphism. Then
R"f,Q, is a locally constant sheaf. Let

M = (er*Qf)ﬁ = Hr(Xﬁ1 Qf)

Then
H(S, R f,.Q;) = MM,

and, for any closed point s of S,

(R f.Qp), = H'(X,,Qp) = MG

The Leray spectral sequence

THEOREM 1.60 (BLANCHARD, DELIGNE). If f : X — S is smooth projective morphism
of smooth varieties over C, then the Leray spectral sequence,

HP(S,RIf,Q) = HPTI(X,Q),
degenerates at E,.

PROOF. The relative Lefschetz operator L = ¢;(£)U- acts on the whole spectral sequence,
and induces a Lefschetz decomposition

qu*Q = ®r Lr(Rq_zrf*Q)prim-

It suffices to prove that d,a = 0 for & € HP(S, (Rf,Q)prim)- In the diagram,

HP(S, (Rf,Q)prim) —2— HP*(S,RI-1£,Q)

Oan—qH zan—qH

Hp(S,RZn—q+2@) _d_2> Hp+2(S,R2n_Q+1Q),

the map at left is zero because L"~9*! is zero on (RIf «Q)prim and the map at right is
an isomorphism because L"~9*! : RI71f Q — R?"~9*1 f Q is an isomorphism. Hence
dZO( = O O
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Grothendieck conjectured the degeneration of the Leray spectral sequence by consid-
eration of weights. Blanchard 1956 proved the result when the base is simply connected,
and Deligne 1968 proved it in general. See also Griffiths and Harris 1978, p. 466.

Now consider an abelian scheme f: A — S. Forn € N, let ,, denote the endo-
morphism of A/S acting as multiplication by n on the fibres. By a standard argument
(Kleiman 1968, p. 374), 6; acts as n/ on R/ f,Q. As 6} commutes with the differentials
d, of the Leray spectral sequence H'(S,R/f,Q) = Ht/(A,Q),

HP(S,RIf,Q) &, HP*2(S,RI71f, Q)

nqlen anllen

HP(S,RIf,Q) —2 HPY(S,RI71f,Q),

we see that the spectral sequence degenerates at the E,-term and

H¥(A,Q)~ P H!(S.R/f.Q)

i+j=2r

with H(S, R/ f,Q) the subspace of H*' (4, Q) on which 8,, acts as n/. As 6; preserves
algebraic classes, this induces a decomposition

aH(A,Q) = P aH'(S,RIf,Q)
i+j=2r
of the subspaces of algebraic classes.

THEOREM 1.61 (DELIGNE 1971, 4.1.1). Let f : X — S be a smooth proper morphism of
smooth varieties over C.

(a) The Leray spectral sequence
H"(S,R°f,Q)=> H™(X,Q)
degenerates at E,; in particular, the edge morphism
H"(X,Q) - I'(S,R"f,Q)

is surjective.

(b) IfX is a smooth compactification of X with X ~ X a union of smooth divisors with
normal crossings, then the canonical morphism

H"(X,Q) —» H°(S,R"f,Q)

is surjective.

(c) Let (R"f.Q)° be the largest constant local subsystem of R"7,Q (so (R"f,Q)° =
I'(S,R"f.Q) forall s € S(C)). Foreach s € S, (R"f,Q)° is a Hodge substructure
of (R"f,Q), = H"(X,,Q), and the induced Hodge structure on I'(S,R" f,Q) is
independent of s.

In particular, the map
HH(X’ Q) - Hn(XS’ Q)

has image (R" f,Q)°, and its kernel is independent of s.
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Part (b) follows from (a) and the theory of weights. There is an ¢-adic variant of
Theorem 1.61.

THEOREM 1.62. Let S be a smooth connected scheme over an algebraically closed field
k, let f: X — S be a smooth projective morphism, and let X be a smooth projective
compactification of X. For all n, the canonical map

H™"(X,Qy¢) — H(S,R"f,Q¢)
is surjective.

PROOF. When k has characteristic zero, this follows from the case k = C. When k = F,
the same argument as in the case k = C applies when one takes weights in the sense
of Deligne 1980. Otherwise, in characteristic p, it can be proved by a specialization
argument (see André 2006b, 1.1.1). O

ASIDE 1.63. Let f : X — S be a smooth projective morphism of smooth algebraic varieties over
C. Then the Leray spectral sequence degenerates at E,, so

H'(X,Q) ~ @ HI(S, R f,Q).

Moreover, H' (X, Q) is equipped with a mixed Hodge structure. Each summand H'(S,R" ' f,Q)
is equipped with a pure Hodge structure if S is complete, but not in general otherwise.

2 Conjecture A

In this section, we state the rationality conjecture (Conjecture A), and we suggest possible
proofs of it.

Throughout, Q% is the algebraic closure of Q in C, w is a prime of Q@ lying over p,
and [ is the residue field at p.

Statement of the conjecture

DEFINITION 2.1. Let X be a smooth projective variety over Q% with good reduction at
w to a variety X, over [F. An absolute Hodge class y on X is w-rational if (y, - §) € Q for
all Lefschetz classes 6§ on X, of complementary dimension.

Note that algebraic classes are w-rational.

CONJECTURE (A). Let A be an abelian variety over Q* with good reduction at w. All
(absolute) Hodge classes on A are w-rational.'3

In more detail, a Hodge class on A is an element y of H i* (A)(x), and its specialization
Yo is an element of H /2;(140)(*)- If §,,...,9,, where r = dim(y), are divisor classes on A,
then
(yo- 61+ 6,) € H¥(Ap)(d) = Al X Q¥ d=dimA.

The conjecture says that it lies in Q C A;ﬁ x Q3.

BThe conjecture should also be stated, mutatis mutandis, for abelian varieties over Q with bad
(semistable) reduction.
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2.2. If y is algebraic, then y, is algebraic, and so Conjecture A holds for y. Thus,
Conjecture A holds for A if the Hodge conjecture holds for A, for example, if A has no
exotic Hodge classes.

PROPOSITION 2.3. IfEnd(A) ~ End(A), then Conjecture A holds for A and its powers.

PROOF. The hypothesis implies that L(A) ~ L(A,). If follows that, for all n, the special-
ization map D*(A") — D*(Aj) becomes an isomorphism when tensored with Q, (any

¢ # p),
D*(A") ®o Q, — HZ*(An, @f(*))L(A)

| -

D*(AD) ®q Qp —— H*(Af, Qp ()",

Therefore, it is an isomorphism, i.e., every Lefschetz class § on Af lifts uniquely to a
Lefschetz class 8’ on A". If y is a Hodge class on A" and § is a Lefschetz class on A, of
complementary dimension, then

(Youd)=(rud)ea. o

The hypothesis in 2.3 holds if A is CM and A, is a product of simple ordinary abelian
varieties, no two of which are isogenous.

PROPOSITION 2.4. Let X and Y be smooth projective varieties over Q* with good reduction
atw, and let f : X — Y be a morphism. If y is w-rational on X, then f.y is w-rational on
B.

PROOF. Let & be a Lefschetz class on Y of complementary dimension to f,y. Then

((fe7)g - ) = fox¥o - 6) = (fo:(¥o - f56)) =(¥o - fy6) €EQ

because [ is Lefschetz. o

PROPOSITION 2.5. Let A and B be abelian varieties over Q* with good reduction at w, and
let f: A - B a morphism. If y is w-rational on B, then f*y is w-rational on A.

PROOF. Let § be a Lefschetz class on A, of complementary dimension to f*y. Then
(7)o - 8) = (fovo - 8) = (fos(fg70 - 8)) = (o - f0.0) € Q
because f..6 is Lefschetz (Milne 1999c, 5.5). O

Let X be a smooth projective variety of dimension n and L a Lefschetz operator. The
following is one form of the Lefschetz standard conjecture:

A(X,L) : Themap L"%" : A"(X) — A" "(X)is an isomorphism for all r < n/2.
Equivalently, a cohomology class y lies in A"(X) if L"~?"y lies in A"~ (X).

PROPOSITION 2.6. Assume that X has good reduction at w. If A(X, Ly) holds for Lefschetz
classes on X, then A(X, L) holds for w-rational classes.
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PROOF. To see this, let y be a Hodge class on X of codimension r such that L"~?"y is
w-rational, and let § be a Lefschetz class on X, of codimension n — r. Then § = L(’)’_zr &’
for some Lefschetz class &’ of codimension r on X,,, and

(o 8)=(y -Ly™8") = (L") - &) € Q.

In particular, we see that A(X, L) holds for w-rational classes when X is an abelian
variety. Therefore, % preserves w-Lefschetz classes on an abelian variety, the Hodge
standard conjecture holds, and conjecture D(X) holds. O

COROLLARY 2.7. Let A be an abelian variety over Q* with good reduction at w. The
Lefschetz standard conjecture holds for w-rational classes on A.

PROOF. The Lefschetz standard conjecture holds for Lefschetz classes on abelian vari-
eties. O

Nifty abelian varieties

We let MT(A) denote the Mumford-Tate group of an abelian variety, and SMT(A) its
special Mumford-Tate group.

DEFINITION 2.8. Let A be an abelian variety over Q¥ with good reduction at w. We say
that A is nifty if MT(A) - L(A,) = L(A); equivalently, SMT(A) - S(A4,) = S(A).

As SMT(A) = SMT(A"), S(Ap) = S(Ap), and S(A) = S(A") for all r > 1, A" is nifty
if Ais.
EXAMPLE 2.9. An abelian variety A is nifty if MT(A) = L(A), i.e., if all Hodge classes

on A and its powers are Lefschetz. There is a large literature listing abelian varieties
satisfying this condition.

EXAMPLE 2.10. If End’(A) = EndO(AO), then A is nifty. This only happens when A is
CM.

PROPOSITION 2.11. Nifty abelian varieties satisfy Conjecture A.

PROOF. Let A be a nifty abelian variety over Q%, and let (A); and (A); denote the
tannakian subcategories of Mot(Q¥) and LMot(Q®) generated by A. To simplify, we
assume that A is CM (so that the groups involved are commutative). Let P denote the
kernel of the homomorphism MT(A) — L(A)/L(A,), and consider the diagrams

(AP —— (A MT(A)/P —— L(A)/L(A,)

l l T T

(A)y «— (A)r MT(A) — L(A)
; | J |
(Ag) «---- (A1 P — L(A))

of tannakian categories and their fundamental groups. The category (A); is a quotient
of (A);, and we let w denote the fibre functor on (A)i(AO) corresponding to it. Because the
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homomorphism MT(A)/P — L(A)/L(Ay) is an isomorphism, the functor (A)i(AO) -
(A)Z is an equivalence of tensor categories, and so w defines a fibre functor on (A)?,
which we again denote by w. Define (A,) to be the quotient of (A)y/w of (A)y.

Let y be a Hodge class on A and & a Lefschetz class on A, of complementary dimen-
sion. Then it is obvious from the diagram that (y,), - 64 € Q because the intersection
takes place inside the Q-algebra

Hom(1, hA,),

where hA, is the object of (4,) = (A)y /e defined by A,. o

Weil families

DEFINITION 2.12. Let (A, v,1) be a Weil triple over Q2.

(a) We say (A, 4,v) has good reduction at w if A has good reduction at w (then 4
specializes to a polarization on A;).

(b) We say that (A, 4,7v)is CM if A is CM.

DEFINITION 2.13. Let (4,4, ;) and (A,, 4,, v,) be two Weil triples over k C C relative
to the CM-algebra E. We say that (A;, 4, v;) and (A,, 4,, v,) lie in the same Weil family
if there exists an E-linear isomorphism

H (A1, Q) — Hy(A;, Q)
under which the Riemann forms of A; and A, correspond up to an element of Q*.

In fact, they do then lie in the same Weil family (see Deligne 1982, proof of Theorem
4.8).

LEMMA 2.14. Let (Ay,4;,v,) and (A,, A5, v,) be Weil triples over Q! having good reduc-
tion to isogenous triples over . If (A;, A1, V1) and (A5, 4,5, V) lie in the same Weil family,
then the E-vector spaces of Weil classes on A and A’ specialize to the same E-subspace of

H,Z_\d((Al)o)(d) = Hf\d((Az)o)(d)-

PROOF. Let f: A — S be the universal family over C containing (A;,4;,v;) and
(A,, A,,7,) (see Deligne 1982, 4.8). Then f has a unique model over Q%, also denoted
f: A = S, such that the special points of S(C) lie in S(Q®). The Weil classes form a
local Q-subsystem Wy(A/S) of R f,A(d), where d = dim A/[E : Q]. By assumption,
the points in S(Q) corresponding to (A;,4;,v;) and (A,, 5, v,) specialize to the same
point in S(F) (or a translate), from which the statement follows. O

An inductive approach to proving Conjecture A

We suggest an approach to proving Conjecture A for CM abelian varieties by induction
on the codimension of y.

PROPOSITION 2.15. Let A be an abelian variety over Q¥ with good reduction at w, and let
r € N. If all Hodge classes of codimension r on A are w-rational, then the same is true of
the Hodge classes of dimension r on A.
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PROOF. Let g = dim A. Let y be a Hodge class of dimension r on A, and let § be a
Lefschetz class on A, of codimension r. Let A be a polarization of A, and let £ be the
corresponding ample divisor.

Suppose first that 2r < g. In this case, there is an isomorphism

820 HY(A)(r) — H 7 (A)g —1).

As the Lefschetz standard conjecture holds for Hodge classes, we can write y = £87%" .3/,
where y’ is a Hodge class of codimension r on A. Now

(o 8) = ((E& ¥ - y")y - 8) = (yh - (€57 - &),

which lies in Q by the hypothesis.

When 2r > g, we can replace the Lefschetz operator L : x — £ - x in the argument
with its quasi-inverse A (Kleiman 1994, §4). As A is a Lefschetz class (Milne 1999b, 5.9),
the same argument applies. o

DEFINITION 2.16. Let (A4, ,1) be a CM Weil triple over Q2. We say that a divisor d
on A, is liftable if there exists a CM Weil triple (A, v;,4;) in the same Weil family as
(A,v,4) and a divisor d; on A; such that (A;, v, 4, d;), is isogenous to (A, Vg, g, d).
We say that a Lefschetz class § of codimension r on A, is weakly liftable if it is in the Q
span of the classes d; -+ d, with at least one of the d; liftable.

QUESTION 2.17. Let (A4, v,1) be a CM Weil triple over Q2. Is every Lefschetz class of
codimension dim(A)/[E : Q] on A, weakly liftable?

THEOREM 2.18. If Question 2.17 has a positive answer, then Conjecture A is true for all
CM abelian varieties.

PROOF. We have to prove that every Hodge class y on a CM abelian variety A is w-
rational. Hodge classes of codimension < 1 are w-rational because they are algebraic.
We prove the theorem by induction on the codimension of y. Let codim(y) = r > 1, and
assume that every Hodge class of codim < r on a CM abelian variety is w-rational.

After Theorem 1.39 and 2.5, we may suppose that y is a Weil class on a CM Weil
triple (A, v, 1), still of codimension r,sor = dim A/[E : Q].

Let g = dim A and let § be a Lefschetz class of codimension g — r on A,. We have to
show that (y, - §) € Q.

Let £ be the divisor class on A attached to A. The isomorphism (strong Lefschetz)

5 HY (A))(r) = HE ™ (Ag)g — 1)

induces an isomorphism
D'(Ag) = DET(Ap)
on Lefschetz classes (Milne 1999b, 5.9). Therefore,

§=¢77. 8
with &’ a Lefschetz class of codimension r on A,,.

Since we are assuming that Question 2.17 has a positive answer, we may suppose
that 8’ = d - 6" with d a liftable divisor on A,. This means that there exists a CM Weil
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triple (A;, v;, 4;) in the same Weil family as (A, v, 1) and a divisor class d; on A; such
that (A, Vg, g, d) is isogenous to (A, V1,44, d;)o. According to 2.14, there exists a Weil
class y; on A, such that y, = (y;)o. Now

o 8)=(ro- & "8 =(ro- & d-8") =(0r - & di)o - 8.
This lies in Q because y, - §‘1g_2r - d; is a Hodge class of codimension
r+g-2r+l=g—-(r-1)

on A, hence of dimension r — 1, and so we can apply Proposition 2.15 and the induction
hypothesis. O

2.19. If Conjecture A holds for CM abelian varieties over Q%, then Conjecture C holds
for the same class. Once the arguments in §5 have been completed, this will imply that
Conjecture C holds for all abelian varieties over C with good reduction at w.

Thus, an affirmative answer to Question 2.17 would allow us to extend Deligne’s
theory of absolute Hodge classes on abelian varieties to characteristic p. As Tate once
wrote in a similar context,'* “we have a completely down-to-earth question which could
be explained to a bright freshman and which should be settled one way of the other.”

A VARIANT INDUCTIVE ARGUMENT

2.20. Of course, there are variations of the above argument, for example, by dropping
CM in the definition of liftable.

NOTES

2.21. Let (A, 1) be a polarized abelian variety over a field k. Then
NS%(A) ~ {o € End’(A) | a' = a}

(Mumford 1970, p. 208). Thus, Questions 2.17 can be restated in terms of symmetric
endomorphisms, or even in terms of the subalgebras they generate. Not all subfields
of endomorphism algebras of abelian varieties can be lifted to characteristic zero. For
example, a subfield E of EndO(A) such that [E : Q] = 2dim A must be CM in character-
istic zero, but need not be so in characteristic p. In particular, a real quadratic subfield
of the endomorphism algebra of an elliptic curve does not lift to characteristic zero.
However, with some obvious restrictions, every endomorphism lifts (up to isogeny). See,
for example, Zink 1983, 2.7.

2.22. Itmay be possible to use the natural Jordan algebra structure on NSO(A) (Mumford
1970, p. 208).

2.23. Let A be an abelian variety over F. If A; is a model of A over a finite subfield k of
[F such that Endg A4) = Endg(A), then we let Q{z} denote the Q-subalgebra of Endg(A)
generated by the Frobenius endomorphism of A; (relative to k). It is independent of the
choice of the model.

4Tate 1965, p. 107. Tate’s question was answered (negatively) by Mumford.
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THEOREM 2.24. Let A, be a simple abelian variety over F, and let L be a CM subfield of
EndO(A) such that

(a) L contains Q{r},

(b) L splits EndO(A), and

(¢) [L: Q] =2dimA.
Theré, up to isogeny, A, lifts to an abelian variety A in characteristic zero such that L. C
End (A).

PROOF. See Tate 1968, Thm 2. o

THEOREM 2.25 (?). Let (A,v, 1) be a Weil triple over Q* with respect to E. Assume that
the degree of A is prime to p and that p is unramified in E. Let R C End%(A) be a product
of CM fields respecting the polarization and of degree 2 dim A over Q. There exists a Weil
triple (A’,v', 1") over Q% in the same family as (A, v, 1) equipped with an action of R such
that (A’,v', ), R), is isogenous to (A, v, 1, R),.

PROOF. Compare Zink 1983, especially Theorem 2.7. o

I expect that it will be possible to use Theorem 2.18 to prove Conjecture A for abelian
varieties with CM by a field E unramified over p. The general case is less certain.

A variational approach to proving Conjecture A for Weil classes

As explained in the introduction, the key to proving the conjectures is to prove that split
Weil classes are w-rational. Not having a proof, here we simply make some remarks.

Let (A;,v;,4,) be a split Weil triple over Q¥ (relative to a CM algebra E) with good
reduction at w.

2.26. If (Ay,v;,4,)is of the form (B® O, ...), then the Weil classes on A; are w-rational
because they are algebraic (Deligne 1982, 4.5).

2.27. Consider the Weil family f : A — S over Q2 containing (A4, v;,4;) (see 1.43). If
(Aq,v1, A1) lifts (up to isogeny) to a triple in the family whose Weil classes are w-rational,
then the Weil classes on A; are w-rational (obviously).

2.28. Let &; be a Lefschetz class on (A;),. If B and the family f : S — C in 1.48 can be
chosen so that &, extends to a section § of R f, A(d") satisfying the hypothesis of 3.29
(or 3.30), then, for all global sections y of W(A/S),

((r1)o - 61) = {(r2)o - 62)s
which lies in Q because y, is algebraic (2.26) and &, is Lefschetz (3.29).

3 Conjecture B

Every CM abelian variety A over Q¥ has good reduction at w to an abelian variety
A over F. The Hodge classes on A define a Q-structure on the part of Hf\*(A)(*)
fixed by the Mumford-Tate group of A, and the Lefschetz classes on A, define a
Q-structure on the part of H f\* (Ap)(x) fixed by the Lefschetz group of Ay. The weak
rationality conjecture says that the two structures are compatible.
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In this section, we state the weak rationality conjecture (Conjecture B), which is a
variant of Conjecture A, and we suggest an variational proof of it for CM abelian varieties.

Statement of the conjecture
Let A be an abelian variety over Q% with good reduction at w. Let y be a Hodge class in
HZ*(A)(x) and y, its image in H3"(A)(x).

DEFINITION 3.1. We say that y is w-Lefschetz if y, is Lefschetz and weakly w-Lefschetz if
¥, is weakly Lefschetz.

Thus y is w-Lefschetz (resp. weakly w-Lefschetz) if y is in the Q-algebra (resp. A-
algebra) generated by the divisor classes.

CONJECTURE (B). Let A be an abelian variety over Q* with good reduction at w, and let
y be a Hodge class on A. Ify is weakly w-Lefschetz, then it is w-Lefschetz.

PROPOSITION 3.2. Let A be an abelian variety over Q2 with good reduction at w, and let
y be a Hodge class on A. Ify is w-rational (e.g., algebraic) and weakly w-Lefschetz, then it
is w-Lefschetz.

PROOF. Let y be a w-rational Hodge class of codimension r on A. Choose a Q-basis
e, ..., ¢; for the space of Lefschetz classes of codimension r on A, and let f4, ..., f; be
the dual basis for the space of Lefschetz classes of complementary dimension (here we
use 1.29). If y is weakly w-Lefschetz, then y, = )] ¢;e; with ¢; € A. Now

U fp)=cj
and c; lies in Q because y is w-rational. o
COROLLARY 3.3. If Conjecture A holds for A, then so does Conjecture B.
PROOF. Conjecture A says that all the Hodge classes on A are w-rational o

If Conjecture B holds for all CM abelian varieties over Q%, then so does Conjecture
A (see §4).

Homomorphisms in families

In this subsection, we study how homomorphisms of abelian varieties behave in families.
We shall need one trivial lemma and two theorems.

LEMMA 3.4. Let Q be a field and R a Q-algebra. Consider a commutative diagram of
linear maps

!
w w W,V Q-vector spaces

la lb W', V' R-modules,

Vv —V/

If either a or b is injective and the horizontal arrows are such that
WQyR—=W, VRV, (**)
then both a and b are injective, and

wW=vnw (intersection in V).
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b
PROOF. Ifb is injective, then a is injective because W — W’ — V' is injective. Consider
the diagram

W — WQyR — W'

L e

V — V@R ——V

®1
If a is injective, then b is injective because W ® R Ey ® R — V' is injective and
W ® R — W' is surjective. For the remaining statement, we may replace W’ and V'
with W @ RandV Q R. LetV =W @ U, andletv =w +u € V. Then

VR1=w®l+u®le(WQR)® (UQR).
fo®leWQ®R,thenu=0andsov=we&W. O

THEOREM 3.5. Let A and B be abelian schemes over a connected noetherian normal
scheme S. Every homomorphism A, — B, of the generic fibres extends uniquely to a
homomorphism A — B over S.

PROOF. When dim(S) = 1, B is the Néron model of B, s0 this follows from the universal
property of such models. For a proof that the general case follows from this case, see
Chai and Faltings 1990, I, Proposition 2.7. o

THEOREM 3.6 (TATE, DE JONG). LetG and H be p-divisible groups over a connected noethe-
rian normal scheme S. Every homomorphism G, — H, of the generic fibres extends
uniquely to a homomorphism G — H over S.

PROOF. Let7 = Spec K. When K has characteristic zero, this is Theorem 4 of Tate 1967,
and when K has characteristic p # 0, it is Theorem 2 of de Jong 1998. O

For an abelian scheme A over a scheme S and integer n > 0, we let
A, =Ker(n: A — A).

This is a finite flat group scheme over S, and we let TA denote the projective system
(A,),- Then A ~ TA is a faithful functor, compatible with base change.

THEOREM 3.7. Let A and B be abelian schemes over a connected normal scheme S of finite
type over a field k, and let u . TA — TB be a homomorphism. If there exists a closed point
s € S such that ug: TA; — TBg equals Tw for some w : Ay — By, then there exists an
integer n > 0 and a homomorphismv . A — B such thatTv = nu.

PROOF. Grothendieck (1966, p. 60) states this as a conjecture, but remarks that it is a
consequence of the Tate conjecture. We explain how. In proving the theorem, we may
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suppose that the field k is a finitely generated field (ibid. 2.2).!> Consider the diagram

Hom(A,, B,) —— Hom(TA,,TB,)

] j

Hom(A,B) ——— Hom(T A, TB)
|+ Jo
Hom(Ag, Bg)) —— Hom(T Ay, TBy).

The restriction maps

Hom(A, B) — Hom(A4,, B,)
Hom(T A, TB) - Hom(TA,,TB,)

are bijective by Theorems 3.5 and 3.6. The top and bottom horizontal maps induce
isomorphisms

Hom®(4,,B,) ®y A — Hom(TA,, TB,)q 3)
Hom’(A,, B,) ®q A - Hom(T A, TBy)q. (4)

by the Tate conjecture (proved in this case by Tate, Zarhin, and Faltings). The map
a is injective because Hom(T A, T;B) — Hom(T,Ay, T|B;) is obviously injective. On
applying Lemma 3.4 to the bottom square, we find that

Hom’(A, B) = Hom’(A, B;) N Hom(T A, TB)q
(intersection inside Hom(T Ay, T'By)g) as required. O
COROLLARY 3.8. With the notation of the theorem,
Hom’(A, B) = Hom’(Ay, By) n Hom(TA,, TB,) ® Q
(intersection inside Hom(T A, TB;) ® Q).

REMARK 3.9. A dévissage (Grothendieck 1966, 1.2) shows that the Theorem 3.7 is true
over any reduced connected scheme S, locally of finite type over Spec(Z) or a field.

Divisor classes in families

Let A be an abelian variety. We say that an element of Hf\"(A)(n) is algebraic if it is in
the Q-span of the classes of algebraic cycles, i.e., if it is in the image of the cycle class
map CH"(4) @ Q — H*(A)(n).

THEOREM 3.10. Let f : A — S be an abelian scheme over a connected normal scheme S
of finite type over a field k, and let y be a global section of R*f ,A(1). If y, € H*(A,, A(1))
is algebraic for one closed s € S, then it is algebraic for all closed s € S.

15Alternatively, replace Hom(T A, TB) etc. with h_r)n Hom(TA’, TB')), where the limit runs over the models
of A — S, B — S over finitely generated subfields of k).
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As Grothendieck (1966, p. 66) notes, because of the correspondence between en-
domorphisms of abelian varieties and divisor classes, this is essentially equivalent to
Theorem 3.7.

. ® .
We explain how to prove Theorem 3.10. Recall that M — N means that M is a
Q-structure on N, i.e., that M @ A ~ N.
For an abelian scheme A over S, we let
Pic(A)
Pic(S) "
Recall that, for abelian schemes A and B over a scheme S,
. Pic(A xs B/S
DCy(A, By DA Xs B/S)
pr} Pic(A/S) + pr; Pic(B/S)
DCS(A, B) ~ HomS(A,BV),

Pic(A/S) = Picy/s(S) =

and that the map u*—pr] —pr; : Pic(A/S) — Pic(AxgA/S) factors through an injection
NS(A/S) & Pic(A x5 A/S).
Consider the diagram

W*—Ppr] —pr;
NS(A,) ———— DC(A,, 4,) ~ Hom(A,, A})

*

T W*—pry —pr; T

NS(A/S) ———— DC(A, A) ~ Homg(A4, A)

*

l H*—pry —pr; [

NS(4,) ————— DC(4,, 4,) ~ Hom(A4,, AY).

The composite of each map u* — pry — pr; with A* is multiplication by 2. Therefore,
after tensoring with @, we get the left hand side of the following diagram,

NS°(4,) —2— H2(4))m®

| 1

NS°(A/8) —%= HO(S,R2f,A(1)) —— H2(A5(1)"®

[ [

NS°(4,) —2— HZ(A)()mO,

As in the previous case, in proving the theorem, we may suppose that the field k is
finitely generated, which allows us to apply the Tate conjecture (known in this case) to
the top and bottom rows of the diagram. From the diagram, we see that d is injective.
The map e is injective, and it follows from the diagram that it is an isomorphism. Hence
the map d induces an isomorphism

NS°(A/S) ® A — HO(S, R:f,A(1)).

On applying Lemma 3.4 to the bottom square, we obtain the theorem.
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COROLLARY 3.11. With the notation of the theorem, for any closed point s of S,
NS%(A/S) = NS°(Ay) n HO(S,R*f.A(1))
(intersection inside H3 (A;)(1)).

REMARK 3.12. When f: A — S is an abelian scheme over a connected normal scheme
S, we define D'(A/S) to be the image of NS°(A/S) in H°(S,R%f,A(1)). In the above
proof, when S is of finite type over a field, we obtained a diagram

DUA/S) —2— HO(S, RAf,A(1))

[ [

DU(A;) —— HA(A,(DYO),

ASIDE 3.13. See also Conjecture 1.4 of Grothendieck 1966 and Theorem 0.2 (= Theorem 1.4) of
Morrow 2019.

Algebraic classes in families

For an abelian variety A, we let A*(A) denote the Q-algebra of algebraic classes in
HZ (A)(n).

Let f : A — S be an abelian scheme over a connected normal scheme S over a finite
field k. Let s be a closed point of S and 7 the generic point. Consider the diagram

A"(Ay) _® H2(A7)(nyn®

AYA/S) —2 HO(S, R f,A(n)) —— HZ(A7)(n)"®

| [

Ar(A) —2— H2(A)MO)

The maps d and e are injective, so c is injective.

THEOREM 3.14. Assume that A"(A/S) — A"(A,) is surjective and that the Tate conjec-
tures holds for algebraic cycles of codimension n on A, and A;.Then

A"(A/S) = A"(Ay) N H(S,R*" f . A(n))
(intersection inside H"(A )™ ),

PROOF. Under the assumptions, ¢ and e are isomorphisms, so d becomes an isomor-
phism when A"(A/S) is tensored with A. Now apply Lemma 3.4 to the lower square.g

COROLLARY 3.15. With the assumptions of the theorem, ify € H°(S, R*" f ,A(n)) is alge-
braic for one closed s, then it is algebraic for all closed s.

PROOF. If y is algebraic for one s, then the theorem shows that it lies in A"(A/S), and
hence its image in H /i”(As) lies in A"(A,) for all s. O
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NOTES

3.16. This section is only of heuristic significance. We certainly do not want to assume
the Tate conjecture.

Weakly Lefschetz classes in families

3.17. Let G be a group (abstract, profinite, algebraic, ...) acting on a finite-dimensional
vector space V over a field k of characteristic 0. The k-algebra (®* V)G is generated by
G-invariant tensors of degree 2 in each of the following cases:

(a) G = Sp(¢) with ¢ a nondegenerate skew-symmetric form on V;

(b) G = O(¢) with ¢ a nondegenerate symmetric form on V;

©) G=GLW)andV =W WV,

(d) T is a torus and the weights &1, ..., &,,, of T on V can be numbered in such a

way that the Z-module of relations among the §; is generated by the relations
§i+81=0, i=1,..,m.

See Milne 1999b, 3.6, 3.8.

3.18. Let G be a group acting on a finite-dimensional vector space V over a field k. If

« G

the k-algebra (® V) is generated by G-invariant tensors of degree 2, then the same is
« G

true of ( A V) .

QUESTION 3.19. Let f: A — S be an abelian scheme over a connected normal scheme
of finite type over an algebraically closed field k, and let y be a global section of R*" f . Q,(n).
If y, is weakly Lefschetz for one closed s € S, then is it weakly Lefschetz for all closed
ses?

After replacing k with a finitely generated subfield, we have a diagram

DY (A/S) — DY (A/S) ® Qy —— H(S,R*f,Q(1))

l [ [

DA —— DN(A) ® Ay —— H(A;, Qu(1))"V

(see the proof of 3.10), which shows that the answer is positive forn = 1. Let V =
H'(A;, Q). The question comes down the following. Let y € H°(S,R*f,.Q.(n)) =

( /\2n V)(n)™). Suppose that, when regarded as an element of ( /\2n V)(n)"1®), y lies in
the Q,-algebra generated by /\2 V(1)"1®). Does this imply that y lies in the Q,-algebra

2 . o
generated by /\” V(1)™®)? The answer is surely negative in general, but there may be
useful conditions on S that ensure that the answer is positive.

Lefschetz groups in families

3.20. Let A be an abelian variety over a separably closed field k, and let ¢ be a prime
number # char(k). Let C,(A) denote the centralizer of EndO(A) in Endg, (V¢A). This
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is a semisimple algebra over Q, with an involution ¥ (defined by any Rosati involution).
The Lefschetz group of A (relative to H,) is the algebraic group L(A) over Q, with
L(A)(Q,) ={a € C,(A) | a'a € Q}}
(see Milne 1999c, 4.4). When k = I,
Cr(A) = Co(A) ®@q Q,
where Cy(A) is the centre of EndO(A), so Cy(A) = Qfx}.

DEFINITION 3.21. Let f: A — Sbean abelian scheme over a connected normal scheme
of finite type over an algebraically closed field k, and let s € S(k). When we identify
Ve(A,) with Ve(A,), we have C¢(A) C Cy(A,). We say that [ is general if the Q-
algebras C(Ay), s € S(k), generate Cy(Ay).

EXAMPLE 3.22. Letk = . For s € S(k), we have
End’(4,) «— End’(4/S) — End’(4,),

0 Co(As) C Ce(Ay). So f is general if the Q-algebras Cy(A;) generate the centralizer of
EndO(An-) in Endg, (V¢(A,)).

EXAMPLE 3.23. Let f be the universal elliptic curve over the affine line (k = F). Then
Ce(Ap) = End(V¢Ay) = M,(Qy). On the other hand, Cy(Ay) is either Q or F, where F is
an imaginary quadratic number field, and all quadratic imaginary number fields occur.
Therefore, f is general.

EXAMPLE 3.24. Let f : A — S be a constant abelian variety (k = F). Then End(A) =
End(A,) for all closed s € S. Therefore C(A,) = C(A,) for all closed s, and f is again
general.

PROPOSITION 3.25. If f : A — S is general, then the algebraic group L(Ay) is generated
by its subgroups L(Ay), s € S(k).

PROOF. This follows from the above description on L(A). O

PROPOSITION 3.26. Let S be a smooth projective curve over F and f . A — S an abelian
scheme such that the k(n)/k-trace of A, is zero. Then f is general.

PROOF. This follows from applying a Chebotarev density theorem to a model of f over
a finite subfield of [F. O

QUESTION 3.27. Are all abelian schemes general?

REMARK 3.28. There is an extensive literature on Mumford-Tate groups and their vari-
ation in families (see Milne 2013, §6, for a summary), much of which carries over to
Lefschetz groups.
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Lefschetz classes in families

THEOREM 3.29. Let f : A — S be an abelian scheme over a connected normal scheme of
finite type over an algebraically closed field k, and let § be a global section of R** f ,A(n)
such that & is fixed by L(Ay). If 8 is Lefschetz for one closed s € S, then it is Lefschetz for
all closed s € S.

PROOF. Let D*(A/S) denote the Q-subalgebra of
HO(S, R fLA(x)) = H(A)(n)"®

generated by the image of NS(A/S). Consider the diagram

DY(Ay) —— H(Ay, A()H*)
DYA/S) —2— HO(S, R, A(n))" 47

[ [

DY(Ay) —2— H?(A,, A(n))HA),

For the top and bottom arrows, see 1.32. The map a is surjective when n = 1 (see the
proof of Theorem 3.10), and so it is surjective for all n. The maps b and c are injective,
from which it follows that a and ¢ are isomorphisms and that b induces an isomorphism

D"(A/S) ® A — HO(S, R f , A(n))-“4».
On applying Lemma 3.4 to the bottom square, we find that
D"(A/S) = D"(A;) N HO(S, R f A(n)) 7.

If the element & is such that §; € D"(A,) for one s, then it lies in D*(A/S), and so
d;, € D'(A,) for all s. o

COROLLARY 3.30. Let f: A — S be as in the statement of the theorem. Assume that f is
general, and let § be a global section of R* f . A(n). If § is weakly Lefschetz for all closed
s € S and Lefschetz for one closed s € S, then it is Lefschetz for all closed s.

PROOF. The hypotheses imply that § is fixed by L(Ay). O

A variational approach to proving Conjecture B for Weil classes.

The key to proving the conjectures is to prove that Conjecture B holds for split Weil
classes. Not having a proof, we simply make some remarks.

Let (A;,v;,4,) be a split Weil triple over Q2 (relative to a CM-algebra E) with good
reduction at w.

3.31. If (A4, v;,4y)isof the form (B O, ...), then the Weil classes on A, are w-Lefschetz
if they are weakly w-Lefschetz (because they are algebraic).
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3.32. Consider the universal Weil family f : A — S over Q% containing (4, v;,4). If
the Weil classes on A; are weakly w-Lefschetz, and (A, v, 4;), lifts (up to isogeny) to a
triple in the family whose Weil classes are w-Lefschetz, then the Weil classes on A; are
w-Lefschetz (obviously).

3.33. Assume that the Weil classes on A; are weakly w-Lefschetz. If B and the family
f: A — Cin1.48 can be chosen so that the Weil classes y on A (i.e, the global sections
of Wi(A/C)) are fixed by L(A;), then y; is Lefschetz for all closed s € C. In particular,
the Weil classes on A; are w-Lefschetz.

CM abelian varieties
Let Q% be the algebraic closure of Q in C, and let w be a prime of Q! lying over p.

THEOREM 3.34. Let A be an abelian variety over Q¥ of CM-type. There exist abelian
varieties A, of split Weil type and homomorphisms f : A — Ay such that every Hodge
class y on A can be written as a sumy = ) f(y5) with y, a Weil class on Ay. If y is
weakly w-Lefschetz on A, then the y, can be chosen to be weakly w-Lefschetz on A,.

PROOF. Let E, be the centre of End(A,) and L, its Lefschetz group. Then the Q-vector
space of weakly w-Lefschetz classe is BP(A)M. This is equal to the sum Y, A Sa(Wk(An),
where A runs over the classes A satisfying (2) and such that the elements of

@ H2P(Ap)axisy

teT

are fixed by L. See 1.39. o

COROLLARY 3.35. If Conjecture B holds for split Weil classes then it holds for all Hodge
classes on CM abelian varieties.

PROOF. The pullback of a w-Lefschetz class by a morphism of abelian varieties is w-
Lefschetz (because the pullback of a Lefschetz class is Lefschetz). O

REMARK 3.36. It is not true that all Weil classes on abelian varieties of Weil type over
Q2 are weakly w-Lefschetz because that would imply that all Hodge classes on CM
abelian varieties specialize to Lefschetz classes, which is false.

4 Conjecture A implies Cand D

For CM abelian varieties, there is a proof (Milne 2009, §4), using tannakian categories,
that Conjecture B implies Conjecture D, hence also Conjecture C. In the second subsec-
tion below, we discuss an elementary approach to proving that Conjecture B implies
Conjecture C, and in the third subsection we explain the tannakian proof. Recall that
Conjecture A implies Conjecture B.
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Preliminaries

4.1. Recall that a representation of an affine group scheme over R on an R-module V'
corresponds to co-action p: V — V ® O(G) of the Hopf algebra O(G) of G on V. We
define

Ve=eV]|p)=v®1}

Its definition commutes with base change. See Milne 2017, 4.i.

4.2. Let Q be afield and R a Q-algebra. Let M be an R-module. Recall that a Q-structure
on M is a Q-submodule V' of M such that the mapv @ r > rm: V ®o R - M is an

®
isomorphism. We write V' — M to signify that V' is a Q-structure on M.
4.3. Let A and B be abelian varieties such that Hom(A, B) = 0. Then
D*(A X B) ~ D*(A) @ D*(B).

The corresponding statement for Hodge classes, Tate classes, rational Tate classes... is
false. However, for example, B*(A) = f*(B*(A X B)), where f : A — A X B is the map
aw (a,o).

Conjecture B implies Conjecture C

4.4. Let A be a CM abelian variety over Q% and A, its reduction over F. The inclu-
sion EndO(A) < EndO(AO) maps the centre C(A) of EndO(A) onto a Q-subalgebra of
EndO(AO) containing its centre C(A,), and hence it defines an inclusion L(A,) < L(A).
We have a commutative diagram

MT(A) — L(A)

] ]

P(Ay) —— L(A),

where P(A,) is the smallest algebraic subgroup of L(A,) containing a Frobenius element
for A, (cf. Milne 2009, 3.2).
Let H"(A) = H; (A)(r). Recall (Deligne 1982) that
Br(A) E} :]_[r(A)MT(A)’
and (1.32)
®
D'(Ag) — FH(Ag)H o).,

Using the projection H"(A) — H"(Ap), we identify B"(A) with its image in H"(A,),
and then
®
B'(A) — H' (AT (5)

PROPOSITION 4.5. Conjecture B for A implies that
r r ® grr( 4 \MT(A)-L(A)
B"(A)ND"(Ag) — H'(Ap) 0

(intersection in H"(Ayp)).



4 CONJECTURE A IMPLIES CAND D 47

PROOF. On taking fixed points with respect to L(Ay) in (5), we find that

Br(A)LAD) 2 H(AgMTA LA

If a € B'(A) is fixed by L(A,), then it is weakly w-Lefschetz, hence w-Lefschetz by
Conjecture B. Therefore B"(A)LA0) = B"(A) N D'(Ap). -

Assume that Conjecture B holds for A. From the split-exact sequence

x(x,X) (X, y)=x=y

0 —— H"(Ap) F"(Ap) @ F'(Ap) H"(A)) — 0,

we get the bottom row of the following exact commutative diagram,

0 — B(A)ND'(A)) — B'(A) @ D'(A) —— B'(A)+ D'(Ay) —> 0
1
e e |
0 — f]{r(AO)MT(A)‘L(AO) N _r]{r(AO)MT(A)) @ .’}(r(AO)L(AO) N .’}(r(AO)MT(A)nL(AO)
From the diagram, we see that the dashed arrow exists and that
(B"(A) + D"(Ag)) @ A — HT(Ag)MTANL(A),
As P(Ay) C MT(A) N L(A,), we obtain an injection
(B"(A) + D"(Ap) ® Ay — T"(A).
This will not usually be an isomorphism.

QUESTION 4.6. If P(A;) = MT(A) N L(Ay), is R*(A4) the smallest Q-subalgebra of
T*(A,) containing B*(A) and D*(Ay)?

The question only makes sense because (B*(A) + D*(A4y)) ® Ay — T*(Ay) is injec-
tive (assuming Conjecture B).

Let K be a CM subfield of C that is finite and Galois over Q. We say that K splits a
CM abelian variety A if End’(4) ®q K is a product of matrix algebras over K. Let AX be
a CM abelian variety over Q split by K and so large that every simple abelian variety
over Q¥ split by K is isogenous to an abelian subvariety of A. Then Ag is an abelian
variety over [F such that every simple abelian variety over [ split by K is isogenous to an
abelian subvariety of A{f . For AKX, we have

P(AK) = MT(AX) nL(AY),

(Milne 1999c, Theorem 6.1). Is the Q-subalgebra of J* (Aé< ) generated by B*(AK) and
ﬂ*(Aé{ ) a Q-structure on J° *(A(I){ )? If so, we could define R*(A,) to be this Q-algebra.
For any other abelian variety B over [, there exists a homomorphism f : B — Ag with
finite kernel for some K, and we could define

R*(B) = f*R*(Ao)
This would give an elementary construction of the family of rational Tate classes.

SUMMARY 4.7. Assume that conjecture B holds for CM abelian varieties over Q. Then
there exists a unique family R*(A) of Q-structures on the A ;-algebras 7*(A), indexed
by the abelian varieties over [, satisfying (R1) and (R2) and such that Hodge classes on
CM abelian varieties over Q* specialize to rational Tate classes.

Without Conjecture B, the map (B"(A) + D"(Ay)) ® Ay — JT"(Ap) need not be
injective.
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Conjecture B implies Conjecture D

In this section, we assume that Conjecture B holds for all CM abelian varieties over Qal,
and we construct the category of motives Mot(F) over F. This section is largely a review
of earlier work of the author.

STATEMENTS

4.8. Assuming Conjecture B for CM abelian varieties, we construct commutative dia-
grams

S Sa, cM(@™)
T T \ lR & l=2,..,p,.., (6)
p Pg, «—— P, Mot(F) —2— R,(F)
where
o CM(Q%) is the subcategory of Mot“(Q) of motives of CM-type;

<o

Mot([F) is a tannakian category over Q with fundamental group P;
o P — Sis the Shimura-Taniyama homomorphism (1.14)

R: CM(Q*) = Mot(F) is a quotient functor bound by P — S;

& 1 CM(Q%) — R,(F) is the realization functor (1.57, 1.58).

o 0

A CONSTRUCTION

Let LCM(Q%) denote the tannakian subcategory of LMot(Q?) generated by the abelian va-
rieties of CM-type. There are canonical exact tensor functors J : LCM(Q¥) — CM(Q%)
and R: LCM(Q¥) — LMot(F) giving rise to homomorphisms S < T and L < T
of (commutative) fundamental groups. We shall shall construct quotient functors
q: CM(Q) - Mot'(F) and q’ : LMot(F) — Mot’(F) with the following properties:
(a) the diagram at left commutes and corresponds to the diagram of fundamental
groups at right

CM(@) —L— Lcm@a)

]

Mot'(F) «—— LMot(F)

('_)T
;_)L

(b) the functors & : CM(Q®) — R,(F) factor through gq.

The functors R and J are both quotient functors, and so correspond to Q-valued
functor w® and @’ on LCM(Q*)* and LCM(Q®)® respectively (see 1.2). Conjecture B
for CM abelian varieties says exactly that these two functors restrict to the same fibre
functor w, on LCM(Q*)XS and that w, is a Q-structure on the adélic fibre functor on
LCM(Q)E-S defined by the standard Weil cohomology theories. As P = S N L (Milne
1999c, 6.1), the sequence

0->S/P->T/L->T/(L-S)—0
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is exact. Therefore J| : LCM(Q*)t — CM(Q¥)” is a quotient functor and
(Lem@H)*’ = Lem(@ys:

cm@y? L Lem@d)t —— Lem(ats S/P — T/L —> T/L-S

l l l .

cM@) «<L— LeM(@Y) —— Lem@)s T T/S
L

S
I I y
Mot'(F) «—— LMot(F) P

From w, and the equality w; = w&|, we get a fibre functor w, on CM(Q¥)? (see 1.3) such
that

() wo|lLCM(@™)E =k,

(b) w, is a Q-structure on x; forl = 2, ..., p, ....
We define Mot’ () to be the quotient CM(Q2)/w,. Because of (a), the functor goJ factors
through R, say, goJ = q’oR. The triple (Mot'(F), q, ') has the properties (a) and (b). See
Milne 2009, §4, for more details.

—_—

5 Extending the reduction functor

In this section, we assume that Conjecture B holds for all CM abelian varieties over Q3
and we investigate whether the reduction functor R : CM(Q¥) — Mot(F) extends to
Mot“(Q2).

Statements

Let Mot’(Q2') be a tannakian subcategory of Mot (Q?) containing CM(Q®), and consider
the following statements.

THEOREM 5.1. The reduction functor R : CM(Q®) — Mot(F) extends uniquely to a func-
tor R : Mot'(Q*) — Mot(F) with the following properties:
(a) ifhA € obMot'(Q¥), then R(hA) = hA,, and
(b) the diagrams
Mot’ (@)
o N
R

Mot(F) —=— Ry(F)

commute for all prime numbers l.

If Mot (Q%) is generated by the abelian varieties it contains, then the uniqueness is
obvious.

COROLLARY 5.2. Let A be an abelian variety over Q. If hA lies in Mot'(Q), then Hodge
classes on A specialize to rational Tate classes on Ay.
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PROOF. Obvious from the definitions. O

COROLLARY 5.3. Conjecture A holds for all abelian varieties over Q¥ such that hA €
Mot (Q).

PROOF. Obvious from Corollary 5.2. o

For an abelian motive M over Q% c C, we let G, denote the Mumford-Tate group
of the rational Hodge structure wgz(M).

COROLLARY 5.4. Let M be a motive in Mot'(Q). The Galois representation attached to
any model of M over a sufficiently large algebraic number field in Q¥ takes values in G,
and is strictly compatible.

PROOF. The first part of the statement is obvious, and the second follows from the
properties of the motive R(M). See 6.9. O

When Mot (@) = CM(Q?), Theorem 5.1 says nothing new. When Mot’(Q) is the
category generated by the abelian varieties with very good reduction, we prove this in
5.15 below. When Mot (Q%) consists of the abelian motives with visibly good reduction,
we suggest two approaches to proving it. When Mot’(Q?) = Mot“(Q), it is left as an
exercise for the reader.

NOTES

5.5. For a collection 4 of abelian varieties over Q2! with good reduction at w, we define
Mot’(Q%) to be the tannakian subcategory of Mot (Q?) generated by 4. Clearly Theorem
5.1 holds for Mot’(Q) if and only if the Hodge classes on the abelian varieties in 3
specialize to rational Tate classes.

5.6. We would like to prove Theorem 5.1 in the general case using as little of the theory
of Shimura varieties as possible. One of the goals of this article is to recover the theory of
Shimura varieties from the theory of motives, not merely enhance it.

5.7. Let A be an abelian variety over a number field K. Kisin and Zhou 2025b show that,
after replacing K with a finite extension, the Weil-Deligne representation attached to A
takes values in the Mumford-Tate group of A and is strictly compatible. In other words,
a version of Corollary 5.4 holds for all abelian varieties over Q%, not just those with good
reduction at w. This suggests, as noted elsewhere, that many statements concerning
abelian varieties with good reduction at w should extend mutatis mutandis to all abelian
varieties over Q2.

CM lifts

Up to isogeny, every abelian variety over [ lifts to a CM abelian variety in characteristic
zero (2.24). There is the following more precise conjecture.

CONJECTURE 5.8. Let A be an abelian variety over Q* with good reduction at w and let y
be a Hodge class on A. There exist a CM abelian variety A’ over Q% and a Hodge class y’
on A" such that (A, y)y ~ (A,y")o, i.e., such that there exists an isogeny A, — A sending

Yo to -
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5.9. If Conjecture 5.8 holds for all y on the abelian variety A, then A satisfies Conjecture
A. Indeed, the condition implies that y, is a rational Tate class on A, and intersections
of rational Tate classes of complementary dimension are rational numbers.

5.10. An abelian motive M over Q¥ is said to have visibly good reduction if it can be
expressed in the form h(A, e, m) with A an abelian variety with good reduction at w. We
write Mot"*(Q%) for the category of abelian motives over Q (tannakian subcategory of

Mot® (Q2)).

5.11. Conjecture 5.8 implies that Conjecture B holds for all abelian varieties over
Q3! with good reduction at w. The same argument as in §5 then allows us to define
Mot(F) to be Mot"*(Q?!) /w for a suitable fibre functor w on Mot"*(Q)?, and the functor
CM(Q%) - Mot"*(Q?) induces an equivalence CM(Q¥)/w — Mot"*(Q*)/w. Therefore
Conjecture 5.8 implies Theorem 5.1 for abelian motives with visibly good reduction.

5.12. There is a converse to the last statement. Let Sh,(G,X) be a Shimura variety
abelian type with rational weight satisfying the condition to have good reduction at p.
From Theorem 5.1 for Mot ([F), we obtain an integral canonical model of the Shimura
variety and a description of it as a moduli variety for abelian motives (see the next section).
Proceeding as in Langlands and Rapoport 1987, we then attach to each point of Sh,(F)
an admissible homomorphism 8 - ;. Now a cohomological argument (assuming
G is simply connected) shows that ¢ is the homomorphism attached to a special point
(op. cit. 5.3). In this way, we see that every point of Sh,(F) lifts to a special point. Cf. §4
of Milne 1992, especially Theorem 4.6.

5.13. There are many results in the literature concerning Conjecture 5.8. For example,
Kisin and Zhou 2025a prove that every point in the u-ordinary locus of the special fibre
of a Shimura variety lifts to a special point.

Nifty abelian varieties

Recall that an abelian variety A over Q¥ with good reduction at w is nifty if MT(A) -
L(Ap) = L(A).

PROPOSITION 5.14. Hodge classes on nifty abelian varieties specialize to rational Tate
classes.

PROOF. Omitted for the moment. o

Abelian varieties with very good reduction

We say that an abelian variety A has very good reduction at w if it has good reduction
at w and the adjoint group of MT(A) is unramified at p. Note that products of abelian
varieties with very good reduction have very good reduction, and that all CM abelian
varieties over Q2 have very good reduction.

Let Mot"8(Q¥) denote the category of abelian motives over Q* generated by the
abelian varieties with very good reduction. We explain in this subsection how to extend
R to Mot"8(Q2)).
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Let A have very good reduction at w, and let (G, h) be the Mumford-Tate group
of A. Let X be the conjugacy class of h. Then (G, X) is a Shimura datum, and so, for
every compact open K C G(A ), we have a variety Shg(G, X) over C. We assume that
K = K, x KP with K, a hyperspecial subgroup of G(Q,) and K? a sufficiently small
subgroup of G(A?). The action of G on the Q-vector space V = 1(A, Q) allows us
to realize Shy (G, X) as the solution to a moduli problem over C. The moduli problem
is defined over @2, and descent theory shows that Shg(G, X) has a canonical model
over Q2, which we denote Sga, and which is the solution to a moduli problem over Q2.
Specifically, Squ parametrizes triples (B, ¥, 1) where B is an abelian variety over Q, ¥ is
a family of Hodge tensors on B and its powers, and A is a level structure on B. We choose
f to be the family of all Hodge classes on A and its powers. We assume that K has been
chosen small enough to force B to have good reduction at w. Results of Kisin and Vasiu,
show that Sga extends to a smooth canonical model S over O, and that the point of
S(F) defined by (A, £, 1) is isogenous to the reduction of a special point. Specifically, this
means that there exists an abelian variety B over Q¥ and an isogeny Ay — By such that

(a) Bisof CM-type;

(b) let y be a Hodge class on Aga and ¥’ the corresponding Hodge class on B; then,
under the isogeny under the isogeny, y; maps to yl’ forall y.

Therefore, there exists an exact Q-linear tensor functor (A)® — Mot(F) such that the
diagram
(A)®
[
R
Mot(F) —= R,(F)

commutes. Let A’ be a second abelian variety over Q¥ with very good reduction at w.
On repeating the argument for A X A’, we can extend the above diagram to a diagram

(Ax A®

N

Mot(F) —2— Mot(F).

As the set of isogeny classes of abelian varieties over Q¥ with very good reduction is
countable, this will eventually lead to a functor R : Mot'8(Q%) — Mot(F) such that
the diagrams (7) commute (by the axiom of dependent choice). We have proved the
following statement.

THEOREM 5.15. Thereduction functorR : CM(Q¥) — Mot(F) extends uniquely to Mot"5(Q%),
and makes the diagrams (7) commute.

COROLLARY 5.16. Let A be an abelian variety over Q2. If A has very good reduction at w,
then Hodge classes on A specialize to rational Tate classes on A,.

COROLLARY 5.17. Conjecture A holds for abelian varieties with very good reduction.

PROOF. Obvious from Corollary 5.16. O
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COROLLARY 5.18. Let M be a motive in Mot"8(Q®). The Galois representation attached
to any model of M over a sufficiently large algebraic number field in Q% takes values in Gy,
and is strictly compatible.

REMARK 5.19. The hypothesis that we have made in this section that MT(A4)*! be un-
ramified at p, i.e., quasi-split over Q, and splits over an unramified extension, is un-
necessarily strong. For example, if Conjecture 1 of Kisin et al. 2022 holds, then we can
replace it with the requirement that MT(A) be quasi-split over Q,. See also Reimann
1997, B3.12.

Abelian motives with visibly good reduction

In this subsection, we investigate the following statement, which implies that Theorem
5.1 holds for abelian motives over Q¥ with visibly good reduction at w (cf. 5.10, 5.11).

5.20. For every abelian variety A over Q with good reduction at w, Hodge classes on
A specialize to rational Tate classes.

FIRST APPROACH

5.21. Asin §6 of Deligne 1982, embed (A, y) in a family of abelian varieties with addi-
tional structure over C. In particular, y extends to a global section of the family. Now
the family is defined over a number field, and specializes to a family over F. Complete
the proof by showing that A, lifts to a CM abelian variety in the family (this seems to be
more general than known, or even conjectured, results).

SECOND APPROACH

We saw earlier (Theorem 6.19) that 5.20 holds under some hypotheses.

Abelian motives with good reduction

As mentioned earlier, all statements in this article for abelian varieties over Q¥ with
good reduction at w should hold mutatis mutandis also for those with bad reduction. In
particular, the second approach in the last subsection should yield a proof of Theorem
5.1 for Mot“(Qa).

6 Consequences of Conjecture A for motives

In this section, we assume the conjectures A, B, C, D with 4 the collection of CM abelian
varieties, and we investigate some of the applications of the conjectures.
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The category of motives over F

We define the category of motives!® over F and show that it has most of the
properties that Grothendieck’s category of numerical motives would have if
the Tate and standard conjectures were known over [F.

6.1. Let Mot(F) denote the category of motives based on the abelian varieties over [
using the rational Tate classes as correspondences. Specifically, its objects are triples
(A, e, m), where

o Aisavariety over F each of whose components admits the structure of an abelian

variety,
o ee RIMA(A x A)is such that e? = e, and
o meZz

and the Homs are given by
Hom((A, e, m), (B, f,n)=f - R"™ "™ (AxB) -e.

We use that the Kiinneth components of the diagonal are rational Tate classes to modify
the commutativity constraint.

6.2. The category Mot([F) is a tannakian category over Q with canonical functors
7 : Mot(F) - Ry(F), [ a prime number.

Its band is the Weil-number protorus P. The category Mot(F) has a canonical structure
of a Tate triple.

6.3. There is a canonical functor R making the diagrams in 4.8 commute. There is a
unique polarization on Mot(F) compatible with the canonical polarization on CM(Q).
This can be proved as in Milne 2002.

6.4. Grothendieck’s standard conjectures hold for abelian varieties over F and rational
Tate classes. For the Lefschetz standard conjecture, this follows from the fact that the
inverse Lefschetz operator is even Lefschetz. For the Hodge standard conjecture, it is a
restatement of 6.3

6.5. The functor Mot(F) — Mot(F; Q;) defines an equivalence
MOt([F)(@l) - MOt([F, @l)

Thus, we can regard the tannakian category Mot(F) as being (simultaneously) a Q-
structure on the tannakian categories being a Mot(FF)g,) — V;(F) are equivalences of
categories.

18The reader may ask why we call this the category of motives over F rather than the category of abelian
motives. Conjecturally, the two are the same. Specifically, when we assume the Tate and standard conjec-
tures over [, the simple objects of Mot(F) are classified by the conjugacy classes of Weil numbers, and the
abelian motives exhaust the possible Weil numbers (Milne 1994a, 2.7).
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The category of motives over a finite field.

6.6. In Grothendieck’s motivic paradise, Mot(F,) is a tannakian category over Q with

fundamental group P(q) (see 1.12), and Mot([F) is a tannakian category over Q with fun-
damental group the Weil-number protorus P (see Milne 1994a). The functor Mot(F,) —
Mot(F) identifies Mot([F,) with the category whose objects are pairs consisting of an
object of Mot(F) and an action of P(q) on the object consistent with the action of P (see
the author’s book on Tannakian Categories). To give such an action, it suffices to endow
the object with a suitable Frobenius endomorphism.

6.7. In particular, the preceding remark suggests the following definition. Every object
Mot([F) is equipped with an action of P. In particular, it has a germ of Frobenius endo-
morphisms. We define Mot([F,) to be the category whose objects are the pairs (M, ),
where M is an object of Mot(F) and ), is a Frobenius endomorphism representing the
germ and such that p(7y,) - p(7pr) = ™. The resulting category Mot([,) has essentially
all the properties that the category of numerical motives has in Grothendieck’s motivic
paradise. (See Milne 1994a.)

6.8. The category Mot(F,) is semisimple. The Frobenius element 7, of a simple motive
M is a Weil g-number of weight m. The isomorphism classes of simple motives are
classified by the orbits of I' & Gal(Q?/Q) acting on W(q),

E(Mot(F,)) ~ T\ W(q).

Let M be a simple motive over F,. Then E & End(M)isa simple Q-algbra with centre
7y, and its invariant at a prime v of Q[7,,] is given by

1/2if v is real and M has odd weight,

ord,(7x) ) )
W [Ql7x], + Qplifulp,

0 otherwise.

inv,(E) =

Abelian motives in characteristic zero

Assume now that the reduction functor R extends to Mot (Q). This allows us to prove
results, otherwise unknown, about abelian motives in characteristic zero (in the sense
of Deligne 1982).

Let P be the Weil-number protorus and let G = Aut®(wz|Mot”(Q¥)) — they are
both affine group schemes over Q. The reduction functor

R: Mot”(Q@*) - Mot(F)
defines a morphism of the associated bands
bP — bG.

We make this explicit. The choice of a @ -valued fibre functor on Mot(F) and an isomor-
phism wy ® Q% — woR defines a homomorphism

PQal I G@al
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that is independent of the choices up to an inner automorphism of Gga. In this way
we get a conjugacy class of homomorphisms Pga — Gga stable under Gal(Q? /K). Let
clG denote the scheme of conjugacy classes in G (quotient of G by its action on itself
by inner automorphisms). The composite Pga — Gga — (clG)ga is independent of all
choices and is defined over Q,

PQal — G@al E— (ClG)Qal

T T

P clG.

We need a variant of this. Let L ¢ Q2 be a number field, and let Mot”(L) be the
category of abelian motives over L with good reduction at w|L, i.e., which satisfy the
Néron condition. Let [F, C I be the residue field at w|L. The functor R : Mot“(Q?) —
Mot([F) defines an exact tensor functor

R: Mot“(L) = Mot(F,),
and hence a morphism of bands
P(q) > G, G = Aut(wg | Mot”(L)).
As before, this defines a morphism of schemes over Q,
P(q) — clG.

Let M € obMot“(L), and let Gy; = Aut®(wp|(Mga)®). Let M, denote the special-
ization of M in Mot(F,). Let ¢ # p be a prime number. After possibly replacing L with a
finite extension, we obtain a representation

pe: Gal(@'/L) — Gpr(Qp).
Let y, denote the image of Frob,, in (cIGy;)(Qp).
THEOREM 6.9. There exists ay € (clGy)(Q) that mapstoy, € (clGy)(Qy), all € # p.
PROOF. We have a morphism (over Q),
P(q) — clG — clGy,.
We can take y to be the image of the universal element 7,,,;, € P(q)(Q). O

NOTES. Theorem 6.9 is proved for abelian varieties in Kisin and Zhou 2025a after earlier work
of Laskar and Noot. See also Commelin 2019.

Integral motives

Let k = [F, or F. For the definition of the categories R* (k; 7) and R*(k; A 1), we refer
the reader to Milne and Ramachandran 2004. We let Mot™ (k) denote the subcategory of
Mot(k) of effective motives (triples (A, e, m) with m > 0).
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DEFINITION 6.10. The category of effective integral motives Mot* (k, Z) over k is the
full subcategory of the fibre product category

R*(k;Z) x Mot*(k)
R*(k;A[)

whose objects (X r, Xy, xr) are those for which the prime-to-p torsion subgroup of X is
finite.

Thus, an effective integral motive is a triple (X 72 X0, X f) consisting of
(a) an object X; = (X)), of R*(k; Z) such that X] is torsion-free for almost all [,
(b) as effective motive X, and
(c) anisomorphism x; : (X;)g = @7(X,) in R*(k; Af).
For M in R;;([Fq), let r(M) denote the rank of M and s(M) the sum of the slopes of

M. Thus, if
Py(M) =T+ +c,

then r(M) = h and s(M) = ord,(c)/ ord,(q).
THEOREM 6.11. Let X and Y be effective motives over I (i.e., objects of Mot+([Fq) ). The
group Ext'(X,Y) is finite, and

i SXY®Y) iy [EX(X,Y)] DX, Y)
s—0 (1 — q—S)P(X,Y) [Hom(X, Y)tors] . [Hom(Y’X)tOrs] s

where
o XX, Y) =sXpr(Yp),
o D(X,Y) is the discriminant of the pairing

trace

Hom(Y,X) x Hom(X,Y) —» End(Y) — Z.
PROOF. See Milne and Ramachandran 2004, 10.1. o

ASIDE 6.12. Compare 6.11 with the following result (Milne 1968). If A and B are abelian varieties
over [Fq, then

. . a;
qim@am®) TT (1= 2) = [Bxi! (A, B)] - D(A.B)
ai#bj ]
where
o (a1<i<2dima and (by)i<i<2dimp are the roots of the characteristic polynomials of the
Frobenius endomorphisms of A and B,
o D(A,B) is the discriminant of the pairing

trace

Hom(B, A) X Hom(A, B) - End(B) — Z.
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Almost rational Tate classes

6.13. Assuming Conjecture B for CM abelian varietes over Q%, we have shown how
to construct tannakian categories of abelian motives Mot(F,») for all p and n. We now
explain how to obtain tannakian categories of abelian motives Mot(k) for all fields k.
For simplicity, we take k to be algebraically closed.

6.14. Let A be an abelian variety over k. An almost-RT class of codimension n on A is
an elementy € H/i”(A)(n) such that there exists a cartesian square

X ——A

i

«—— Spec(k)

and a global section 7 of R*" f,A(n) satisfying the following conditions

o S is aconnected normal scheme of finite type over Spec Z;

¢ f: X — Sisan abelian scheme over S;

o the fibre of 7 over Spec(k) is y, and the specialization of 7 at s is rational Tate for
all closed points s in a dense open subset U of S.

Note that the residue field x(s) at a closed point of S is finite, so it makes sense to require
7, to be rational Tate.

6.15. Let Mot(k) denote the category of motives based on the abelian varieties over k
using the almost-RT classes as correspondences. Then Mot(k) is a tannakian category
over Q with many of the properties anticipated for Grothendieck’s category of abelian
motives.

QUESTION 6.16. Does the Tate conjecture for almost-RT classes on abelian varieties hold
over finitely generated fields?

QUESTION 6.17. Let f: A — S be an abelian scheme over a connected normal scheme
S of finite type over Z. Is the set of closed s € S such that y, is rational Tate closed?

PROPOSITION 6.18. Assume that 6.16 and 6.17 have positive answers. Let f : A — S be
an abelian scheme over a connected normal scheme of finite type over F, and let y be a
global section of R** f . A(n). If y, € Hi”(As)(n) is a rational Tate class for one s € S(IF),
then it is a rational Tate class for all s € S(F).

PROOF. As in the proof of 3.7, we may replace F with a finite subfield. Consider the
diagram

RM(Ay) —— HZ(Am)"

] q

RM(A/S) —2— HO(S,R*f,A(n))

| [

RY(A) —— H (A",
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Because the Tate conjecture holds for rational Tate classes,
R(Ag) @ A = H (A)(m)m®.

Let R"(A,) denote the space of almost-RT classes on A,. Because we are assuming the
Tate conjecture for almost-RT classes (6.16),

R"(Ay) g A —> H2'(A,)(n)y"D.

Define R*(A/S) to be the space of global sections y of R*" f, A(n) such thaty, € H /in(As)(n)
is a rational Tate class for all s € S(F;). The map

RUA[S) — R"(A,)

is injective, and, because of (6.17), it is surjective. Now we can apply Lemma 3.4 to
obtain the equality,

R"(A/S) = R"(As) N H(S,R*" f . A(n))

(intersection inside Hf\"(AS)(n)). Thus, if y, is rational Tate for one s, it lies in R"(A/S),
which means that y is rational Tate for all s. o

THEOREM 6.19. Assume that 6.16 and 6.17 have positive answers. All Hodge classes on
abelian varieties over Q* with good reduction at w specialize to rational Tate classes.

PROOF. First prove this for split Weil classes (see the proof of Theorem 3.33). Then
deduce it for Hodge classes on CM abelian varieties (apply 1.39). Finally, deduce the
general case by the argument in §6 of Deligne 1982. O

COROLLARY 6.20. Under the assumptions of the theorem, all Hodge classes on abelian
varieties over fields of characteristic zero are almost-RT.

PROOF. For @2, this follows from Theorem 6.19. For the general case, specialize first to

1
Q*. O

Comparison with the constructions in Langlands and Rapoport 1987

Recall that we have canonically-defined tannakian categories and quotient functors,
cM(@™) < Lem@™) S LMot(F).
Let R be the functor on LCM(Q2)! defined by R, so
wR(X) = Hom(1, R(X)).
We have the following statement.
THEOREM 6.21. There exists a unique Q-valued fibre functor w, on CM(Q*)? such that
0T(X)) = R(X)

for all X in LCM(Q®). Moreover, w, provides a Q-structure for wp.
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Because LCM(Q) — CM(Q)? is a quotient functor, the uniqueness is obvious.
That wy is a Q-structure on wp follows from the fact that w® is a Q-structure on wy. The
proof of the existence requires Conjecture B (in fact, is equivalent to it).

Using cohomology, it is possible to prove only the following weaker result.

THEOREM 6.22. There exists a Q-valued fibre functor w on CM(Q¥)? such that w®Q; ~ w;
for all l. Any two become isomorphic on any algebraic subcategory of CM(Q). The set of
isomorphism classes of such w is a principal homogeneous space for l(iE? C(K), where ¥ is

the set of CM-subfields of Q2 finite over Q and C(K) is the ideal class group of K.

PROOF. As CM(Q%) has a canonical fibre functor wg, the isomorphism classes of Q-
valued fibre functors on CM(Q®)" are classified by the cohomology group H'(Q, S/P).
The proof of the existence of w occupies a large part of the article Langlands and Rapoport
1987. For the rest, see Theorem 4.1 of Milne 2003. o

We can now choose a Q-valued subfunctor w, of w, such that wy @g A = ws. We
define Mot(F) to be the quotient g : CM(Q*) — Mot(F) of CM(Q%) corresponding to
the functor w, on CM(Q¥)" (see Milne 2007). As CM(Q?®) is semisimple, this has an
explicit description (ibid. 2.12 et seq.). Apart from involving a choice, this definition
does not give an object with the wished for properties.

Comparison with Grothendieck’s categories of motives

Let CM,;, (@) and Mot,,,(F) be the categories of CM and abelian motives defined
using algebraic cycles modulo numerical equivalence.

PROPOSITION 6.23. The following statements are equivalent:

(@) the functor CMy,, (@) — Mot(F) factors through the functor CM,,(Q%) —
MOtnum(IF);

(b) an object M of Mot(F) is trivial if and only if the Frobenius element 7,y = 1;
(c) the Tate conjecture holds for all abelian varieties over [F.

PROOF. For the equivalence of (a) and (b), see Milne 2007d. For the equivalence of (b)
and (c), see Geisser 1998. O

Comparison with André’s categories

6.24. Fixaprime number ¢ # p, and let Mot(F; Q,) denote the Q,-linear category based
on abelian varieties and using Tate classes as correspondencees. For some countable
subfield Q of Q,, André defines a Q-linear category Mot(F; Q) based on abelian varieties
and using motivated classes as correspondences. The are canonical exact tensor functors

Mot(F) — Mot(F; Q) — Mot(F; Q,)
such that

Mot(F)q) — Mot(F; Q)
Mot([F; Q)(@g) — Mot(F; Q¢)
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are equivalences of tensor categories.

To prove this, note that André (2006a, 2006b) shows that motivated classes on abelian
varieties satisfy the conditions (R1), (R2), (R3), and (R4) of Conjecture C. Since the spaces
R*(A) ®¢ Q also satisfy these conditions, the argument in the proof of Theorem 0.2
shows that the two families coincide.

SUMMARY 6.25. Everyrational Tate class on an abelian variety over [F becomes motivated
over Q, and the space of rational Tate classes is a Q-structure on the Q-space of motivated
classes.

7 Shimura varieties of abelian type

In this section, we assume that there exists a commutative diagram

LMot™ (@) —— Mot™(Q?)

lR lR \5,‘ (7)
LMot(F) ———— Mot(F) ——— Mot(F;Ay)

\/

&

such that the functor
Mot([F)(Af) — Mot(F; A y)

is a tensor equivalence, and we investigate its applications to Shimura varieties.

Introduction

7.1. Since the 1970s, Deligne has been promoting the idea that Shimura varieties with
rational weight should be thought of as moduli schemes for motives with additional struc-
ture. Indeed this is a powerful tool for discovery, which has been used most prominently
by Langlands in his work on understanding the zeta functions of Shimura varieties. In
his Corvallis article (1979), Langlands applied it to find a conjectural description of the
conjugate of a Shimura variety — this is needed to compute the factors at infinity of
the zeta function. In his article with Rapoport (1987), Langlands applied it to find a
conjectural description of the points of the Shimura variety modulo p — this is needed
to compute the factors at the finite places of the zeta function.

7.2. Recall that the Shimura varieties of abelian type are, by definition, exactly those
for which Deligne proved the existence of a canonical model in his Corvallis article
(1979). Let (G, X) be a Shimura datum of abelian type with rational weight, and chose
an algebra (V, t) over Q such that G = Aut(V,t).}7 Such a choice realizes Sh(G, X) as
a moduli scheme (in the category of complex analytic spaces) for polarizable rational
Hodge structures with algebra and level structure. It follows from Theorem 1.7 that the

17See Milne 2020a. By an algebra over Q we mean a finite-dimensional Q-vector space V together with a
linear map V ® V — V (no conditions). Readers may prefer to take any V' and family of tensors determining
G.
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pair (G, X) is of abelian type if and only if the Hodge structures in the moduli family are
in the essential image of the (fully faithful) Betti functor

Mot(C) — Hdgg-

From the theorem of Borel (1972), it follows that, when (G, X) is of abelian type, this
realization becomes a realization of Sh(G, X) as a moduli scheme (in the category of
algebraic schemes over C) for abelian motives with algebra and level structure. From this
modular realization, it is possible to read off a proof Langlands’s conjecture on conjugates.
Elementary descent theory gives a proof of the existence of canonical models that is both
simpler and more natural than the original — the Shimura variety is defined over the
number field because the moduli probem is defined over the number field. Moreover,
this approach provides a description of the canonical model as a moduli scheme, whereas
Deligne’s original approach (1979) provides only a characterization of it in terms of
reciprocity laws at the special points.

7.3. When the existence of the diagram (7, p. 61) is assumed, the theory outlined above
extends to characteristic p. Specifically, suppose that G is unramified at p, and suppose
that the Q-algebra (V,t) is chosen to satisfy the condition 3.2.3 of Kisin 2020. The
moduli problem over the reflex field can be extended over its ring of integers, and the
corresponding moduli scheme is smooth. This gives us a smooth integral model of
Sh(G, X) and a modular interpretation of its functor of points. The modular description
of the points with coordinates in [F can be regarded as a categorification of the conjectural
description in Langlands and Rapoport (1987). To obtain their original description is
an exercise in tannakian theory. Besides the integral model of the Shimura variety, one
obtains in this way an integral model of the standard principal bundle, and hence integral
models of the automorphic vector bundles on the Shimura variety.

Characteristic zero

7.4. Recall that, for a field k of characteristic zero, Mot(k) denotes the category of abelian

motives over k (defined using absolute Hodge classes). Let S be a connected smooth
algebraic scheme over a field k of characteristic zero, and let 7 be its generic point. We
define an abelian motive M over S to be an abelian motive M, over k(7) such that the
action of 77;(7,7]) on w (M) factors through 7;(S, 77). See Milne 1994b, 2.37.!8

7.5. Let (G, X) be a Shimura datum. In order for the Shimura variety Sh(G, X) to be a
moduli variety for motives, it is necessary that every special point be CM. This is true
when (G, X) satisfies the conditions:

(a) the central character wy is defined over @ and
(b) the connected centre of G is split by a CM field.

See Milne 1988, A.3. From now on, we always assume the condition (b).1°

18For hints on how to extend the definition to nonsmooth schemes, see ibid. 2.45.
9Tt is the author’s view that pairs (G, X) failing (b) are pathological and should be excluded, but Deligne
disagrees.
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7.6. Let (G, X) be a Shimura datum such that wy is rational. Let K be a (small) compact

open subgroup of G(A), and let (V, t) be an algebra such that G = Aut(V, £).2% Then
Shg(G, X) is the solution of a moduli problem J(x on the category of smooth algebraic
schemes over C. More precisely, for such a scheme S, Shx (G, X)(S) classifies certain
triples (V, t,n), where V is a variation of Hodge structureson S, t: V® V — Visan
algebra structure on V, and 7 is a K-level structure. If the largest R-split torus in Z(G)
is already split over Q, then Shg (G, X) is a fine moduli scheme. See Milne 1994b, 3.10,
3.11.

7.7. The elements of H i (C) (in 7.6) are the Betti realizations of abelian motives if and
only if (G, X) is of abelian type.?! When this is the case, Shg(G, X) is a moduli scheme
over C for abelian motives with additional structure, and a fine moduli scheme if Z(G)
satisfies the condition in 7.6. See Milne 1994b, 3.13.

7.8. Let (G, X) be a Shimura datum of abelian type with rational weight. From (7.7),
it is possible to read off a proof Langlands’s conjugation conjecture, except with the
Taniyama group in place of Langlands’s group. See Milne 1990, 4.2. To complete the
proof, one needs to use that the two groups are equal (1.17).

7.9. Let (G, X) be a Shimura datum of abelian type with rational weight, and let F be a
number field such that the moduli problem in 7.7 is defined over F. Then an elementary
descent argument (Milne 1999a) shows that Shx (G, X) has model over F that is a solution
to the moduli problem. When F C C is the reflex field, we get the canonical model of
Shg (G, X) in the original sense of Deligne 1979; otherwise, we get the canonical model
in the sense of Sempliner and Taylor 2025.

7.10. Let (G,X) be a Shimura datum, and let G denote the quotient of G by the largest
subtorus of Z(G) that is split over R but has no subtorus that is split over Q. Let

P(G,X) = G(Q\X X G*(C) X G(A)/G(Q)".

It is principal bundle G°-bundle with a flat connection, called the standard principal
bundle. There is a canonical equivariant morphismy : P(G,X) — XV. The automorphic
vector bundles are obtained as follows: start with a G¢-vector bundle on XV, pull it back
to P(G, X), and descend it to Sh(G, X). See Milne 1990, III.

Now assume that (G, X) is of abelian type and is a fine moduli scheme for abelian
motives with additional structure (7.7). The system

Shg(G, X) «— Px(G,X) — XV (8)
can be re-constructed from the universal abelian motive over Shg (G, X) (cf. Milne 1990,

3.3). From this, we can read off

(a) adescription of the conjugate of the entire system (8) by an automorphism of C,
extending Langlands’s description of the conjugate of Shg(G, X) (but necessarily
expressed in terms of the period torsor);

20See Milne 2020a. Here and elsewhere, the reader may prefer to take any vector space V and family of
tensors determining G.

ZThis can be proved by comparing Deligne’s characterization of the Shimura varieties he considers with
the characterization of the algebraic quotients of G in Theorem 1.7.
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(b) the existence of a canonical model of the system (8), extending the existence of
the canonical model of Sh(G, X).

7.11. For an arbitrary Shimura variety Sh(G, X) of abelian type, not necessarily with
rational weight, there are morphisms

Sh(G, X) x Sh(Z,,¢) — Sh(G,, X.,),

where Z, is a torus and Sh(G,, X,) is of abelian type with rational weight. These can be
used to deduce statements about Sh(G, X) from statements about Sh(G,, X,.). See Milne
1994b, 3.33-3.37.

NOTES. For more details, see Milne 1990, II,3; Milne 1994b, §3; Milne 2013.

Mixed characteristic

7.12 (SERRE-TATE). Let S = SpecR be an artinian local scheme with (closed) point
s such that k £ x(s) has characteristic p > 0. The functor A ~ (A, TpA,id) is an
equivalence from the category of abelian schemes over S to the category of triples
(Ag, X, @), where A is an abelian variety over k, X is a p-divisible group over S, and ¢

is an isomorphism X — T ,(A).

7.13 (FONTAINE). Let S be an artinian local scheme, as in 7.12. The functor sending a
p-divisible group X over S to (L, M), where M is the covariant Dieudonné module of X
and L is an R-submodule of M ® R such that L. @ k = VM /pM, is an equivalence of
categories.

7.14. Let S be an artinian local scheme, as in 7.12, but with k equal Fy or F. On
combining the last two statements, we see that, to give an abelian scheme over S is
equivalent to giving an abelian variety A, over k and a lifting of the filtration on the
covariant Dieudonné module of A,. This suggests defining an abelian motive over S to
be an abelian motive M over k (object of Mot(k)) and a lifting of the filtration on the
crystalline homology groups of M.

7.15. There is a similar statement (and definition) when S is the spectrum of a complete
noetherian local ring with residue field I, or .

7.16. More generally, we define an abelian motive over a perfectoid space S over [ to
be a triple (M, X, ¢), where M,, is an abelian motive over [F, X is a p-adic shtuka over S,
and @ is an isomorphism from X; to the p-adic shtuka of M,,.

7.17. Let (G, X) be a Shimura datum of abelian type satisfying the conditions (a) and (b)
of 7.5 (to be a moduli scheme). Assume that G is unramified at p, and let Sh,(G, X) =
Shgp K, (G,X)withK P hyperspecial. As explained above, when we write G = Aut(V,t),
then we obtain a model of Sh,(G, X) over the reflex field E and a description of it as a
moduli scheme for abelian motives with additional structure. Now assume that (V, t)
can be chosen to satisfy the condition 3.2.3 of Kisin 2020. Then the moduli problem
extends to schemes over @,,, where O is the ring of integers in E, and standard methods
show that it has a solution that is a smooth scheme over O,,. In this way, we get
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(a) an integral canonical model of Sh,(G, X) over O,;

(b) a description of the model as a moduli variety for abelian motives with algebra
and level structure (in particular, a categorification of the conjecture of Langlands
and Rapoport);

(c) an integral model of the system (8), extending that of Sh (G, X);

(d) an integral theory of automorphic vector bundles on Sh,(G, X).

SUMMARY 7.18. In conclusion, our theory of motives allows us to identify the functor
of points of a Shimura variety of abelian type with rational weight (which would delight
Grothendieck), but for those without rational weight we are forced to apply the trick of
Shimura (which would delight Serre).

8 Shimura varieties not of abelian type

What about Shimura varieties not of abelian type? It remains an open, and very interest-
ing question, whether the polarizable Hodge structures arising from all Shimura varieties
are motivic. Absent a proof of that, we are stuck with the old methods for proving Lang-
lands’s conjugacy conjecture and the existence of canonical models. Concerning these,
here is my response (June 14, 2025) to a query from Richard Taylor (slightly edited for
clarity).

Rather than revisiting the ad hoc methods I use in §6 of my 1983 paper to prove
compatibility for different special points, I think one should instead use the following
beautiful result of Borovoi.

THEOREM 1. Let G be a simply connected semisimple algebraic group over a totally real
algebraic number field F. Assume that G has an anisotropic maximal torus T that splits
over some totally imaginary quadratic extension K of the field F. Let IT be a base of the root
system R = R(Gg, Tx). Then G(F™) is generated by the subgroups G,(F*®), a € II (here
F™ is a totally real closure of F).

THEOREM 2. Under the conditions of Theorem 1, assume that G is a geometrically simple
group of totally hermitian type that is not totally compact. Then G(F') is generated by the
subgroups G,(F*™), a € R™.

In his 1983/84 paper, Borovoi made use of a stronger statement, which still hasn’t
been proved, but later he did prove Theorems 1 and 2 with the help of his Russian
colleagues. See,

The group of points of a semisimple group over a totally real closed field
Borovoi, M. V., Selecta Math. Soviet. 9 (1990), no. 4, 331-338.

In the last two sections of my 1988 Inventiones paper, I gave two proofs of the
compatibility, one with and one without Borovoi’s statement.

But, as I mentioned briefly at the [Tate 100] conference, I think the whole business
of canonical models (in the general case) needs to be rethought.
At present we
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(a) use Kazhdan’s theorem that conjugates of arithmetic varieties are arithmetic vari-
eties (arithmetic variety = bsd/arithmetic group);

(b) deduce the conjugation theorem for Shimura varieties (Borovoi-Milne);

(c) prove the conjugation theorem for the standard principal bundle (Milne, 1988,
Inventiones).

What Nori and Ragunathan (1993) show is that Kazhdan asked the wrong question.
Let D be a bounded symmetric domain and G a real algebraic group such that G(R) acts
transitively on D with compact isotropy groups. From an arithmetic I" we get a system

(Y,P,V,D",y), Y < (P,V)> DV,

where Y = I'\D, P is the principal bundle I'\D x G(C), V is a flat connection, D
is the compact dual, and y : P(I') — DV is defined by the Borel map. This system is
algebraic, and the correct question to ask is that the conjugate of such a system be again
such a system. Nori and Raghunathan characterize such systems and show that the
characterizing properties are preserved under conjugation. This is much much simpler
than Kazhdan.

From a Shimura datum (G, X), we get a similar system

(S,P,V,X",y), S<(@PV)LxY

and I think, similarly, that one should work directly with such systems instead of just the
Shimura variety. This should make everything simpler — the conjugation conjecture,
canonical models, and even integral canonical models. I talked about this at the Borel
conference at Hangzhou in 2004, but haven’t worked out the details.

A little history. Langlands made little progress in understanding the zeta functions
of Shimura varieties until Deligne explained to him his axioms (especially h!) and that
he should think of them as moduli varieties of motives. Langlands stated his Corvallis
conjecture in order to understand the factors of the zeta function at infinity, and his
conjecture with Rapoport to understand the factors at finite places. When I asked
Langlands how he came up with the “cocycle” for the conjugation conjecture, he just
said that it was the only thing he could think of. When he explained it to Deligne,
Deligne realized that it conjecturally gave an explicit description of the Taniyama group,
something that he and others had been searching for.

9 Mixed Shimura varieties

To be continued.

10 Appendix: The cohomological approach.

Tannakian categories and the functors between them are classified by cohomology sets.
In particular, our conjectures predicts the existence of certain cohomology classes with
particular properties. Here, we briefly look at three examples. The results are positive,
but inconclusive, and do not seem to be helpful in proving the existence of the categories
of motives.
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Tannakian theory and cohomology (0)

Recall (Theorem 1.18) that we have a commutative diagram of bands

G — G@al

[

P —— Pga.
A necessary condition for this to extend to a commutative diagram of tannakian categories

Mot*(Q%) —— Mot(Q¥; Q)

l |

Mot(F) ——— Mot(F; Q)

is that the class of Mot(F) in H*(Q, P) map to the trivial class in H*(Q, G). Certainly,
it maps to the trivial class in H*(Q;, G) for all I (including [ = p, ), so the necessary
condition holds if the Hasse principle holds for H>(Q, G). There is an exact sequence

1-5G% 56581,

For any CM field K, H?(G, SX) satisfies the Hasse principle and we can apply the follow-
ing theorem of Douai to the algebraic quotients of G4,

THEOREM 10.1. Let G be a semisimple algebraic group over a field k. The gerbes over Aff,
locally bound by G are trivial in each of the following cases:

(a) kisalocal field with finite residue field;
(b) k is a number field with no real prime;
(c) kisaglobal field and G is simply connected;

(d) k is a number field and G is a semisimple group of type ?A,,, B,, Cp, Dy, 2Dayi1,
’Eq, E,, Eg, Fy, or G,.

PROOF. See Douai 1975. O

Tannakian theory and cohomology (1)

We apply the theory of tannakian categories to the problem of extending the reduction
functor from CM(Q¥) to Mot”(Q?). We begin with a preliminary.

PROPOSITION 10.2. Let G be a semisimple algebraic group over a field k and T a torus in
G. If G is simply connected, then so also is the derived group of Cg(T).

PROOF. See, for example, Conrad 2014, 6.5.2(iv). O
Let T be a tannakian category over a field k. Then
def

FI1B(T) = HOM(T, Vecy)

is a gerbe over Aff,. We call its band G the band of T. For any fibre functor w of
T, G is represented by Aut®(w) equipped with its natural descent datum up to inner
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automorphisms. The gerbe FIB(T) defines a class in H%(k, G), which is trivial if and only
if T is neutral.

More generally, let C and D be tannakian categories over k, and letu : H — G be
a morphism from the band of D to that of C. The morphisms of tannakian categories
(exact tensor functors) C — D banded by u form a gerbe

Howm,(C,D)

over Aff,. Its band is the centralizer C,, of u (apply Giraud 1971, 1V, 2.3.2, to F1B(C) and
FIB(D)). The gerbe Hom,,(C, D) defines a class in H?(k, C,,), which is trivial if and only
if there exists a morphism of tannakian categories C — D banded by u.

Now let Mot'(Q%) denote the tannakian subcategory of Mot*(Q) generated by
the abelian varieties in Mot"(Q*) whose Mumford-Tate group has simply connected
derived group (cf. Theorem 1.8). The band G of Mot’(Q") has simply connected derived
group. Let u : P — G be the morphism of bands underlying the canonical morphisms
Pg, — Gq, (see 1.18). Consider the commutative diagram of gerbes over Affy,

HoMm,, (Mot (Q2), Mot(F)) —— Hom,(CM(Q?), Mot(F)

| l

Howm,,(Mot'(Q%), V/(F)) —— HoM,(CM(Q™), V,(F)).

Herev : P — Sisthe Shimura-Taniyama homomorphism, the horizontal morphisms are
defined by the inclusion CM(Q?) < Mot’(Q?), and the vertical morphisms are defined
by the exact tensor functors 7; : Mot(F) — V,(F). We have an object R : CM(Q¥) —
Mot(F) in the gerbe at top-right and an object £, : Mot (Q*) — V,(F) in the gerbe at
bottom-left, which map to the same object in the gerbe at bottom-right, and we seek an
object in the gerbe at top-left that maps to both R and ; (for all [). Let C = C, (centralizer
of u). Then C has a filtration whose quotients are

cder  atorus, S.

According to Proposition 10.2, C%° is simply connected.
To simplify things. we now pretend that the torus is trivial. Also, we ignore some of the
complexities of nonabelian cohomology. What follows is only heuristic.

PROPOSITION 10.3 (?). There exists a morphism of tannakian categories R’ : Mot'(Q¥) —
Mot(F) such that

(a) R'|CM(@") =R,

(b) R @ Q; x & foralll.

PROOF. Consider the maps
H*(Q,P) — H*(Q,C) » H*(Q, ).
Because R : CM(Q*) — Mot(F) exists, the class of Mot(F) in H>(Q, P) maps to “zero”

in H%(Q, S), but, by Douai’s theorem, the map H?(Q,C) — H?*(Q, S) is injective, and
so it maps to zero in H2(Q, C). Thus, R extends to a morphism of tannakian categories
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Mot'(Q¥) — Mot(F). Choose one extension R’. On comparing R’ ® Q; to &;, we get a
class q; € HY(Q, C). The (fake) exact sequence

0—-Clr - Cc—8-0,

gives rise to an exact commutative diagram

HY(Q, %y —— HY(Q,C) HY(Q,S)

! ! ]

H'(R,c%*) — T],H'(Q,,C) — [I,H'(@,,9),

in which the product signs mean restricted product. As C9 is simply connected,
HY(Q;,C%") = 0 forall I # co and the first vertical arrow is an isomorphism (e.g.,
Milne 2017, 25.61, 25.63). Moreover, the map H'(Q,C) — H'(Q,S) is surjective by
the theorem of Douai, and the map H(Q, S) — 1I,H 1(Qy, S) is an isomorphism, at
least on the finite level (see Milne 2003, §3). Now a diagram chase starting from (q;), €
I1,H'(Q;,C) gives us an element of H'(Q, C) that can be used to modify R’ to obtain a
morphism with the required properties. o

Note that Proposition 10.3 is not what we need. Specifically, we need the statement
with Mot (Q¥) for Mot’ (@) and, more crucially, with R’ ® Q,; = £, (not isomorphic).

REMARK 10.4. It would be better to fix a “large” CM subfield K of C, finite and Galois
over Q, and consider only abelian varieties over Q% such that EndO(A) ®q K is a product
of matrix algebras over K. Also, things simplify when we consider only abelian varieties
with good ordinary reduction.

EXERCISE 10.5. Strengthen the above argument

(a) to take account of the torus;
(b) toobtain a morphism Mot”(Q2) — Mot(F) whose image in HOM,,(CM(Q2), Mot(FF))
is equal to R and whose image in HOM,,(Mor’ (@), V,(F)) is equal to &,.

EXERCISE 10.6. We are given a morphism of tannakian categories over A,
MOtw(@al)(A) - MOt(I}:)(A).

Use a super-version of Lemma 1.19 to deduce that this morphism arises from a morphism
of tannakian categories over Q,

Mot”(Q) — Mot(F).

NOTES. Results obtained using cohomology, while comforting — if Proposition 10.3 were false,
then at least one of the Hodge, Tate, or standard conjectures would be false — are not strong
enough to allow to construct a motivic paradise because, as in the above proposition, they
only allow us to prove that two objects are isomorphic whereas we need that they are equal.
Nevertheless, they can be useful, for example, they allowed Langlands and Rapoport to state
their conjecture, and perhaps can be combined with geometric results to allow us to obtain the
true results.
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Tannakian theory and cohomology (2)

Recall that we have a morphism of bands P — G, and hence an action of P on Mot“(Q%).
A quotient morphism R : CM(Q®) — Mot(F) corresponds to a Q-valued fibre functor
wo on Mot(F)’. To extend R to a quotient morphism Mot*(Q%) — Mot(F), we need to
extend w, to Mot”(Q)?. We briefly discuss this problem.

We begin with some preliminaries. For simplicity, we assume that k has characteristic
ZETO.

10.7. Let G be a semisimple algebraic group over a field k, and let G, ..., G,, be the set
of almost-simple normal algebraic subgroups of G. The multiplication map

G X XG, =G

is a central isogeny (Milne 2017, 24.3). If G is simply connected, then the map is an
isomorphism and each G; is simply connected; moreover, every connected normal
subgroup N of G is a product of some of the G;, and so both N and G/N are simply
connected semisimple algebraic groups.

Now let G be a reductive group. Let T be a torus in G, and let N be the smallest
normal subgroup of G containing T (intersection of the normal algebraic subgroups of
G containing 7).

10.8. The algebraic group N is connected. Indeed, N° contains T and is normal in G
(because it is a characteristic subgroup of N, ibid. 1.52).

10.9. The algebraic group N is reductive. We may suppose that k is algebraically closed.
Let R, () be the unipotent radical of N (largest connected normal unipotent algebraic
subgroup of N). From its definition, R, (N) is clearly a characteristic subgroup of N, and
so it is normal in G. Thus R,(N) C R,(G) = e.

Now assume that G4°" is simply connected.

10.10. We have N ¢ G9r (obviously). Therefore N9 is simply connected, and
G9er /N9 is simply connected. If N9 = G9¢' 1 N, then we have an exact sequece

1 — G¥" /N 5 G/N = S/my(N) = 1
with G/N%" = (G/N)" and simply connected.

10.11. Is GY'NN connected? If so, then, as it is normal in G, the quotient G¢* /G9°* N
N is simply connected. Now we can use the exact sequence

1-G¥/GY" NN - G/N — S/my(N) > 1

in the next section. Alas, this doesn’t seem to be always true. Consider, for example,
G = GL,, and T = G, the centre of G. Then N = T and GY" " N = u,. Hence
G /GYT N\ N = SL, /u, = PGL,, which is not simply connected..

Let Q¥ be the algebraic closure of Q in C, and let G = Aut®(wp), where wg is the
Betti fibre functor.
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THEOREM 10.12 (?). Let w, be the Q-valued fibre functor on CM(Q®) defined by the
quotient functor R : CM(Q*) — Mot(F) (see 1.2). Up to isomorphism, w, extends to a
Q-valued fibre functor w on Mot“(Q*)? such that

w®Q ¢
forall l.

PROOF. Let N be the normal closure of P in G. Then Mot”(Q)? = Mot*(Q*)N. Using
the Betti fibre functors, we can identify fibre functors with torsors, which are classified
by their cohomology classes. When we do this, the theorem becomes the following
statement: let y, be class of w, in H(Q, S/P); then y, lifts to a class in y in H'(Q, G/N)
such that y; = y; for all I (including p and o). Let G’ be the derived group of G and let
N’ = G’ n N'. From the snake lemma applied to

N’ N p 1
1 G’ G S,

we get an exact sequence
1-G'/N' - G/N—>S/P—1.

We assume that G’ /N’ is simply connected. Consider the diagram

HY(Q,G’'/N") —— HYQ,G/N) H'Y(Q,S/P)

l l l

H'R,G'/N'") — [],H"(Q,G/N) — T],H"(Q;,S/P).

As G’ /N’ is simply connected, H'(Q;,G’/N’) = 0 for all | # oo and the first vertical
arrow is an isomorphism (Milne 2017, 25.61, 25.63). Moreover, the map H'(Q,G/N) —
H'(Q, S/P) is surjective by the theorem of Douai. Start with the given element a
of [],H'(Q;,G/N). 1Its image b in J], H'(Q;,S/P) is the image of an element ¢ of
H'(Q,S/P). According to Douai’s theorem, this lifts to an element d of H'(Q, G/N).
Let d’ be the image of d in [], H'(Q;,G/N). Now a — d’ is the image of an element e in
HY(R,G’/N’), which in turn is the image of an element f in H'(Q,G’/N’). Let f’ be
the image of f in H'(Q,G’/N’). Now d + f’ is the element sought. o

Of course, we want to extend w, (on the nose) to a fibre functor w on Mot*(Q®)”
such that w ® Q; and & are equal (not simply isomorphic).

We now drop the assumption that G/N’ is simply connected. Assume G’ is simply
connected. We can still sometimes apply Douai’s theorem.
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